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PREFACE 


This book is intended for engineering students who have completed the 
study of the elementaiy calculus and for graduate engineers seeking to 
bolster their present knowledge of mathematics. Its purpose is two-fold. 
It is intended to strengthen the student in algebra and to provide him 
vith certain mathematical tools which depend on the calculus. 

The topics covered in this book with the exception of the chapters on 
vector algebra made. up the subject matter of a co\use taught by the 
author for some yeai's to engineering students at Cornell Universit 3 ^ 
The sections on vector algebra were added as a result of suggestions made 
bj'’ college gi’aduates who were using the author’s notes in conjimction 
with a calculus text to re^w and strengthen their college mathematics.- 
College graduates working in the fields of engineering, statistics, ph 5 '’sics 
and meteorolog}’’ wiU find much of interest in this book. Chapters 13 
and 14 are special applications of the material of Chaptera 7 and 10 and 
are primarilj’- for phj’^sicists and electrical engineers. 

The theorj'- of deteiminants comes earlj'- in the book, being taken up in 
the second chapter. Determinants and matrix theorj’’ are used through- 
out the remainder of the book wherever it seems adAusable to do so. 

The treatment of the algebra is unusual in places since it is possible to 
use the concept of limit and derivative to simplif}’- some of the proofs. 
The method of identifjdng multiple roots of algebraic equations has been 
sj'stematized bj’- the author more completely than is done in most alge- 
bra books. Tests for integer roots and rational roots have been omitted 
vith more emphasis being placed on methods of approximating all the 
roots whether rational or nrational. 

The analj^sis of the result of an approximate Fourier analysis is an origi- 
nal work b}’^ the author. The conclusion that an approximate anal 3 ^sis 
based on the trapezoidal rule is more to be relied on than one based on 
Simpson’s mle vill be a surprise to man 3 '- readers. 

Certain sections containing elementar 3 '' material have been marked with 
an asterisk. This has been done for the convenience of engineering 
graduates using the text for re\dew. Such students might safely skip most 
of the marked sections. 

HiUmT SOHON 

Philadelphia, Pa. 

May, 1944 
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CHAPTER 1 

INTERPOLATION FORMULAS 

1.1 Interpolation. Interpolation is the process of finding approxi- 
mateh^j from given values of a function, other intermediate values. One 
usuall}' represents the function a pohmomial whose curve passes through 
some of the given points. The poljmomial cim-e may be a straight line 
passing tlirough two pomts, a parabola passing through three points, a 
third degi’ee curr’e passing thi'ough four points, etc. If the given values 
are for arguments close together in comparison vith the change in the 
value of the frmction, as in the usual table of common logarithms, and 
tables of trigonometric functions, the straight line between given points is 
quite satisfactorj*. This is interpolation by proportional parts. If the 
given values are for arguments far apart, as in tables of hj'perbolic func- 
tions, Bessel’s functions, etc., it is essential that the pol 3 ’nomial be at least 
of the second degree. 



1.2 Figure 1-1 shows three consecutive points plotted from a table 
that requires interpolation only by proportional parts. Note that the 
straight line through two points passes ver^^ near to the third point. Fig- 
ure 1-2 shows three consecutive points plotted from a table in wliich inter- 
polation by proportional parts is not satisfactor 5 ^ It would be much 
better to pass a smooth curve through the three points in Fig. 1-2. On 
the other hand the increased accurac 3 " obtained by passing a smooth ciu^re 
through the three points in Fig. 1-1 would not be worth the trouble. 
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1.3 The comparison in the preceding paragraph is illustrated further by 
the following numerical example. A table of common logarithms gives; 
log 1.10 = 0.0414, log 1.11 = 0.0453, and log 1.12 = 0.0492. Now 1.11 is 
halfway between 1.10 and 1.12 and 0.0453 is halfway between 0.0414 and 
0.0492; therefore, a straight line relation is satisfactory. Another table 
gives: log 1.100 = 0.041393, log 1.110 = 0.045323, and log 1.120 = 
0.049218. Now 1.110 is halfway between 1.100 and 1.120, but 0.045305 
instead of 0.045323 is halfway between 0.041393 and 0.049218; therefore, 
in this case the straight line assiunption is not justified. If a second de- 
gree curve is assumed to pass through the points 1.100, 1.120, and 1.140 
(log 1.140 = 0.056905), this curve ^ves log 1.110 = 0.045323 which checks 
to the last figure. 

1.4 The equation of the poljmomial which we pass through a certain 
number of the ^ven points is the interpolation formula. The equation of 
the polynomial can be written several ways, but it is still the same poly- 
nomial. However, if we do not use all the terms in the polynomial, then 
we find that the arrangement of the terms makes a difference. This 
accounts for the various interpolation formulas knovn as Newton’s 
formula, Stirling’s formula, Bessel’s formula, and LaGrange’s formula. 
We find a third, fourth, or fifth degree polynomial which approximates the 
function, then we find a first, second, or third degree peljuiomial which 
approximates the approximation. This soimds as if we are making things 
difficult, but if we require a value between two given values where the 
increments are large this is the easiest way to find it. 

1.6 Differences. Let y be a function of x, several values of which are 
tabulated. Suppose successive values of x differ by the constant value 
0 ) so that = Xo 0 ), X 2 = Xi + a, etc. Suppose yo corresponds to Xo, yi 
to Xi, etc. Let yi — ya = oi, yz — y\ = uj, etc. We can tabulate x, y, 
and a as follows: 


TABLE I-l 


X 

y 

a 

Xo 

yo 

ai 

Xi 

yi 

02 

X2 

yo 

Cf3 

Xz 

yo 



Each value of a is inserted in the line between the two values of y whose 
difference gives that value of a. Let 6i = aj - m, bi = az - a^, etc. 
Then b gives the differences of the values of a which in turn are the differ- 
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ences of tlie tabulated values of the function. The a’s are called first 
differences, the 6’s are called second differences, and differences of the 
second differences are called third differences, etc. The sjunbol for first 
differences is A^, the sjunbol for second differences is A-, and A” is the 
sjunbol for nth order differences. In Table 1-2 Ave have extended the en- 
tries, and included higher order diffei’ences. Each difference is obtained by 
subtracting the number above to the left from the number below to the left. 


TABLE 1-2 


X 

y 


A- 

A’ 

A< 

A® 

A® 

X-i 

y-i 

a-4 







y-^ 

0-3 

b-z 

C—z 




ax_2 

Cl 

1 

0—2 

b-2 

C—2 

d-2 

C-o 



i>-! 

0-1 

h-2 


d-2 

e-i 

/-s 

a*o 

Vo 

Ol 

bo 

Cl 

do 

Cl 

fo 


Vi 

02 

h 

Co 

do 

Co 

fi 

*5 

V: 

Oz 

ho 

Cz 

do 



*3 

2/s 

Oi 

bz 





Xt 

2/4 








1.6 The interpolation formula is a sj’'stematic method of representing 
a fimction by a polynomial. To make such a representation efficiently we 
should first decide what degree poljmomial is required. The manner in 
which the use of difference tables guide us is illustrated by consideration of 
the tables corresponding to some simple expressions. 


TABLE 1-3 


Table I-i 



X y = X- A- 

0 0 

1 

11 2 
3 

2 4 2 

5 

3 9 2 

7 

4 16 2 

9 

5 25 


A’ 

0 

0 

0 
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tabm: I-o 

X y = A^ A® 

0 0 

1 

116 

7 6 

2 8 12 0 

19 6 

3 27 18 0 

37 6 

4 64 24 

61 

5 125 

In Table 1-3, y is of the first degree in x and we see that the first differ- 
ences are equal and higher differences zero. In Table 1-4, y is of the 
second degree in x and the second differences are equal. Table 1-5 shows 
the case oi y — x^ where the third differences are equal. In general the 
student null find if i/ is a polynomial of the nth degi’ee in x that the nth 
order differences are all equal and higher order differences are zero. The 
proof of this statement is left to the student. 

If there is no column of differences all equal, then y cannot be expressed 
as a pol3momial in x. An interesting example of such a function isy = 2'. 
The difference table is shorni below. 

TABLE 1-6 

X y = 2‘ A* A= A’ A* A^ 

0 1 

1 

12 1 

2 1 

2 4 2 1 

4 2 1 

3 8 4 2 

8 4 

4 16 S 

16 

5 32 

Table 1-7 is the tjqje usually encormtered. An important question in 
making up a difference table is how far to carrj’- it. If all the items in one 
column are equal, aU the higher differences will be zero. In Table 1-7, 
the third differences are quite scattered and seem to be unreliable. Let us 
see whether they reallj’^ should be discarded. The value of y ^ven for x = 
1.08 is 0.9597; bj'^ this we understand that y is between 0.95965 and 0.95975; 
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anj’’ value of y in the table is understood to have an uncertainty of one half 
in the last place. If one value of y happens to be too big and the follovdng 
value too small, the difference might be off by imity in the last place. 
Similarlj’- the second differences have an uncertainty of two in the last 
place and the third differences of four in the last place. The second dif- 
ferences are 0.0008 ± 0.0002, etc., wliile the third differences are —0.0001 
± 0.0004, etc. Therefore, in the example of Table 1-7, all third differences 
listed may be considered zero. 


TABLE 1-7 


X 

y 

AI 

A= 

A» 

1.00 

1.0000 

-0.0112 



1.02 

0.9SSS 

-0.0104 

0.0008 

-0.0001 

1.04 

0.9784 

-0.0097 

0.0007 

0.0000 

1.06 

0.96S7 

-0.0090 

0.0007 

0.0000 

1.08 

0.9597 

-0.0083 

0.0007 

-0.0002 

1.10 

0.9514 

-0.0078 

0.0005 

0.0001 

1.12 

0.9436 

-0.0072 

0.0006 

0.0000 

1.14 

0.9364 

-0.0066 

0.0006 

-0.0001 

1.16 

0.929S 

-0.0061 

0.0005 


1.18 

0.9237 





1.7 Newton’s Formula. In order to get a formula for y in terms of x 
such that y = 2/0 when x = .Xo, y = yi when x == xi, etc., we can write 

y = Ao + (x — Xo)Ai -1- (x — xo) (x — x^Aa 

-f (X - .Xo)(x — Xi)(x - X 2 )As • • •. 

1\Tien X = Xo all the terms but the first vanish and we have yo = Ao- If 
X = Xi everj’- term but the first and second vanish and we now have 

yi = yo + (Xi - Xo)Ai. 

Now yi — yo = ai and Xi — xq — co; therefore, 

Ai = - ' 
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Ji X — X2, every term but the first three vanish and we have 
2/2 = Z/o + (Xi — a;o) — + (a;2 — Xo)ix2 — Xi)A2. 

CO 


2/2 - 2/0 = (2/2 - 2/i) + (2/1 - 2/o) =02 + 01 


.1:2 — Xo — 2o}, and X 2 — Xi = cc 


therefore, 


This can be written 


Therefore, 


Uo + Oi — 2ai d” 2tj^j4.2" 


2ct3"^2 ■ — O2 — CEl — bi. 


A “1 

+2 — ::r^ ■ 


When we let a: = Xa we have 


2/3 = 2/0 + (Xi - Xo) - + (X 3 - Xo) (xs ~ Xi) ^ 

CO 2co^ 

+ (X3 - Xo)(X3 — Xl)(X3 - X2)A3. 


When this is solved for As we find 


By the same process we find 


If k is the fractional distance between entries desired, then 
X — Xo , .-r — xi , ^ X — X2 

— Ky fc ~ 1, = K 2 • • 

CO CO CO 

We can now VTite Newton’s formula 

, , . fc(fc- 1), , k(k-l)(,k-2) 

2/ = 2/0 + A-oi + ■ — 61 d ^ ^ C2 

. kik - l)(k - 2){k - 3) , . 

+ d2 + ---. 
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The tei-ms taken from the difference table are in the diagonal ai, bi, Cz, 
do, 63 , fs, etc. T his formula is intended to enable us to obtain values for the 
function between x — Xo and x = with the help of the values at x = Xz 
and X = X3, etc. 

1.8 As an example of the use of Newton’s formula let us find y cor- 
responding to X = 1.01 in Table 1-7. We read from the table Vo = 1.0000, 
Oi = -0.0112, bi = 0.0008, higher order differences being negligible. 
X = 1.01 is halfway between 1.00 and 1.02; therefore, k = 0.5; we now 
have 


y = 1.0000 - (0.5) (0.0112) (O.OOOS) 

= 1.0000 - 0.0056 - 0.0001 = 0.9943. 


1.9 In the preceding paragraph the value of y corresponding to x = 1.01 
in Table 1-7 was found using first and second difference tenns in Newton’s 
formula. In order to obtain the difference terms for use in the formula, 
we had to make use of the values of y corresponding to the following four 
values of x: 1.00, 1.02, 1.04, and 1.06. Suppose we now requu-e the value 
of y corresponding to x = 1.062. Nevdon’s formula could be used again 
and we would obtain the difference terms from the values of y correspond- 
ing to the following values of x: 1.06, 1.08, 1.10, and 1.12. However, 
since we require a value corresponding to a value of x vei^'' close to 1.06, it 
is reasonable to suggest that x = 1.04 is as important as x = 1.08, and 
X = 1.02 is as important as x = 1.10 in finding the approximate value of y. 

Referring to Table 1-2, to obtain a value close to Xo, a_i is as important 
as Oi (we use their average and call it Oo). Instead of using 61 we should 
use 60, the average value of c_i and ci (called Co) instead of <h, and do instead 
of da, etc. T^lren Newton’s formula is rewritten to contain Oo, 60, Co, etc. 
instead of Oi, 61, co, etc., it is known as Stirling’s formula. 

1.10 Stirling’s Formula. We shall now derive Stirling’s formula from 
Newton’s formula by substituting for ai, bi, Cz, etc., then- values in terms 
of oo, bo, Co, etc., where oo = 0.5 (a_i -f oi), co = 0.5(c_i + Ci), etc., and 
bo, do, etc. are as defined in the difference table. Table 1-2. 

A simple way of deiRdng the fii-st four terms of Stirling’s formula is as 
folloM^s. Since only four terms are requh'ed the highest order difference in 
the result will be third differences. Then assume that foui-th and higher 
order diflterences in the table are zero and that third order differences are 
all equal. This assumption is only for the purpose of deri^dng fom terms 
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of Stirling’s formula. We must find from the table oi, &i, and C2 in terms of 
oo, bo, and Co. 

ai = ao + — 

61 = 60 Cl = 60 4 “ Co 


C 2 = Co 


Substitution in the first four terms of Neudon’s formula gives 


. , , fc(fc- 1), . l)(fc-2) 

2 / = 2/0 + ^cii 4 — Oi 4 C 2 


2! 


3! 


, • , 60 , - fc ^ , h^-k k^-3k^ + 2k 

= yo + kao + k — + ■ — bo 4 Co 4 Co. 


, k ‘^ ^ , fc(fc= - 1) 

2/ = 2/0 4- kao + ^1 "t 31 

This gives the first four terms of Stirling’s formula which is used to get 
values for y corresponding to values of x close to a:o. 

1.11 We cannot use Stirling’s formula to get the value of y correspond- 
ing to a; = 1.01 in Table 1-7 since we are unable to compute Oo, 60, etc., at 
the end of a table. Nevdon’s formula is used at the two ends of a table. 
To illustrate the use of Stirling’s formula let us find the value of y corre- 
sponding to a: = 1.062 in Table 1-7. We find from the table 

2/0 = 0.9687 

ao = 0.5 (-0.0097 - 0.0090) = -0.00935 
bo = 0.0007 

0.002 „ , 

0.020 ~ ■ 

0.9687 4- (0.1) (-0.00935) 4- (0.0007) 

0.9687 - 0.0009 = 0.9678 

1.12 Bessel’s Formula. Bessel’s interpolation formula is used to find 
the value of y corresponding to a value of x near the middle of the interval 
between a: = a:o and x = xi. It is written in terms of ai, Ci, ci, etc., as given 
in Table 1-2, and in terms of b (the aA’^erage of bo and 61), d (the average of 
do and di), etc. This means that Xo and Xi are depended on to the same 
extent, a;_i and a:2 are depended on together, and a;_2 and X 3 have the same 


k = 

y = 
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weight in determining the required value of y. It is evident then that 
Bessel’s fonnula can be used neither at the beginning of a table nor at the 
end of a table. Newton’s formula would be used at the ends of a table. 

Bessel’s formula can be derived from Nevdon’s formula by a process 
similnr to that used to derive Stirling’s formula. We require ai, h, and Cz 
in terms of Oi, b, and Ci to obtain the first four terms of Bessel’s formula. 
The result is 


, , , fc(fc-l). , k(k~l)(k-0.5) 

y = yo + IMi d ;;; 5 + Cl. 


2! 


3! 


Note that in those cases in which we interpolate using proportional parts, 
we are really using the fimt two terms of Newton’s formula or Bessel’s 
formula. 

1.13 Derivatives. The derivatives of a tabulated function can be found 
verj'^ readily udth interpolation formulas. Usually it will be found more 
satisfactorj'' to use an interpolation formula than to plot the function and 
measm-e the slope of the curve graphicall 3 ^ l^Tien finding the derivative 
of a function that has been obtained experimentally the value chosen 
for o) must be made as large as possible to minimize the effect of errors of 
observation. 

The formula for the derivative is obtained by differentiating one of the 
interpolation formulas. Since x = .-Co + ku, we have 

dy _ dy dk _ 1 dy 
dx dk dx u dk 


We need only differentiate the formula vdth respect to k and di\dde by w. 
Nevdon’s formula gives 

, , , k^-k^ . k^~3k^- + 2k 

2/ — 2/o + koi d — bi d Co d~ • • ’ 


% 

dx 


'x CO L 


6 


2/c - 1 , 3fc- - 6fc d- 2 

2 Co + 


at z = Xo, k ~ 0, and we have 



at — 2^0 Q j ^ 


0.5, and we have 
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To illustrate the use of these formulas let us find the derivative at 
X = 1.00 for the function tabulated in Table 1-7. The table gives the 
following values: oi = -0.0112, hi = 0.0008, c. is negligible, andco = 0.02; 


dx 


= — F-O.i 

0.02 L 


0112 - 


0.0008' 

2 


= (50) (-0.0116) = -0.5800. 


1.14 If Stirling’s formula is differentiated vdth respect to fc and divided 
by w we have 


dx 


_ 1 ' 
OJ 


Oo + fcho + 


3k^ 


1 ■ 
— Co 


at a: = Xo, fc = 0, and Stirhng’s formula gives 



Stirling’s formula is not used near k = 0.5; therefore, we shall not substi- 
tute fc = 0.5 in the expression above. 

1.16 The first three terms of Bessel’s formula for the derivative is 
found by the method outlined for Newton’s formula to be 


dx w 




b + 


- 6fc -1- 1 
12 



Bessel’s formula is not used near k = 0, but at fc = 0.5 we have 

a- 

1.16 Higher Derivatives. Higher derivatives are found by the same 
method that was used for first derivatives. For the second derivative 
differentiate twice with respect to fc and divide by For the third 
derivative differentiate three times rvith respect to fc and divide by to®. 

1.17 LaGrange’s Formula. The three interpolation formulas already 
discussed can be used only when values of the argument x increase by equal 
steps. If neither x nor y increase by equal steps we can use LaGrange’s 
formula. LaGrange’s formula is a systematic form of writing a polynom- 
ial passing through anj’' fixed niunber of given points. Instead of giving the 
general formula we give the formula for the special case of a curve passing 
through four points. The extension of the formula to include more than 
four points is obvious. 


(x - Xa)(x - X3)(x — xi)j/i . (x - xi)(x - X3)(x — x^yz 

y . — - — — ~ 

(Xi — Xi) (Xi - X3) (Xx — X4) (X2 — Xx) (X2 — X3) (X2 — X4) 

(x - Xi) (x — X2) (x — Xi)yz , (x - Xi) (x — X2) (x - xz)yi 
— ■ ■■ 

(X3 - Xx) (X3 - X2) (Xj — X4) (X4'— Xi) (X4 - X2) (X4 — X3) 
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This can be differentiated to obtain derivatives. The expressions for the 
derivatives do not simplify in general. The first derivative at a: = rci is 

/dy\ j/i yi , ill (X], — Xs.) (xi ~ Xi)y2 

\dx)l Xi — Xz Xi — Xz Xi — Xi (xz ~ Xi)(X 2 — X3)(X2 — X 4 ) 

(xi — X 2 ) (xi — Xi)yz _j_ (xi — X2)(xi ~ xz)yi ^ 
(Xz — Xi) (Xz — Xz) (Xz — Xi) {Xi — Xi) (Xi — Xo) (X4 — X 3 ) 

1.18 Taylor’s Theorem. In some cases Taylor’s theorem provides us 
with an expression that can be used easily as an interpolation formula. 

Si^) =/(®o) + (x — Xo)/'(Xo) -1 — f"(^o) + • • •• 

If we are interpolating in a table of sines and cosines the first two terms of 
Taylor’s series become 

sin X = sin Xo + (x — Xo) cos Xo 
coS X = cos Xo — (x — Xo) sin Xo 

where x and Xo are in radians. Since sin Xo and cos xo will usually be foimd 
tabulated side by side, interpolation this way is quite simple. 

1.19 Inverse Interpolation. If it is necessary to take second or higher 
order differences into account when finding the value of y corresponding to 
a given value of x, then it is of course necessary to take higher order differ- 
ences into account when finding the value of x corresponding to a given 
value of y. The various interpolation formulas discussed above do not 
lead to the inverse process very readily. The simplest way to do inverse 
interpolation is to make an approximation to the value of x (perhaps using 
proportional parts), then find y for the approximate value of x using the 
higher order differences. It maj'- be that the approximated value of x is 
close enough to a tabulated value so that interpolation by proportional 
parts (first differences) is satisfactory between them. Otherwise another 
approximation is necessaiy. It is possible to use LaGrange’s formula for 
backward interpolation but it is usually better to do as suggested above. 

If a lot of interpolation must be done in a table it is w^orthwhile to keep a 
record of interpolated values. In this way a new table will be compiled 
in which tabulated values may be close enough for interpolation by pro- 
portional parts. 


PROBLEMS ON CHAPTER 1 

1. Prove that if ?; is a pobmomial of the nth degree in x and if y is tabulated for 
equal increments of x that the nth order differences will be equal. 

2 . Derive the value for A 4 given in section 1.7 for Newton’s formula. 
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3. Derive the fifth term in Stirling’s interpolation formula, that is, the term 
containing the fourth difference do. 

4. Derive the fifth term in Bessel’s formula, that is, the term containing the 
fourth difference d. 

6. In the foUouang table find the values of y corresponding to the following 
values of x: 0.603; 0.604; 0.610; 0.615. 


X 

y 

z 

0.600 

0.56464 

0.82534 

0.620 

0.58104 

0.81388 

0.640 

0.59720 

0.80210 

0.660 

0.61312 

0.78999 

0.680 

0.62879 

0.77757 

0.700 

0.64422 

0.76484 


6. Find z corresponding to the following values of x in the table above: 0.604; 
0.605; 0.615. 

7. Find'i/ corresponding to the following values of x; in each case use the 
appropriate interpolation formula: 0.602; 0.615; 0.622; 0.629. 

8. Find z corresponding to each value of x in problem 7; in each case use the 
appropriate formula. 

9. Derive the fourth difference term for Stirling’s formula for the derivative 
at X = xo. 

10. Derive the fourth difference term for Bessel’s formula for the derivative 
halfway between xo and xi. 

11. Derive the first three terms of Newton’s formula for the second derivative 
at Xo. 

12. Find dy/dx corresponding to each value of x tabulated in the above table. 

13. Find dz/dx corresponding to each value of x tabulated in the above table. 

14. VSTiat does the solution to problems 12 and 13 indicate when compared 
uith the values tabulated? 

15. Write LaGrange’s formula for a cun'e passing through three given points. 

16. Write LaGrange’s formula for a cun^e passing through five given points. 

17. Write LaGrange’s formula for the first derivative of a curve passing 
through five given points. 

18. Find the value of x corresponding to the following values of y: 0.58510; 
0.59559. 

19. Find the value of x corresponding to the following values of z: 0.82000; 
0.80000. 



CHAPTER 2 


DETERMINAPITS 

2.1 Introduction. The anatysis of many problems in astronomy, 
mechanics, electrical circuits, and manj'- other phases of engineering leads 
to sets of smniltaneous linear algebraic equations in several unknomas. 
In order to systematize the solution of such a set of equations the earlj’- 
investigators, notably Leibnitz and Cramer, invented what may be called 
determinant analysis. 

The two equations in x and y 


OuX + any — 
QiiX “f* a^y — 1*2 


have for solution 


A‘i(i22 — hoOn 
X = > 


y 


— 021^1 
^11^^22 — 02lCfl2 


proadded auOss — anan is not zero. For example, the solution of the 
equations 


3x + 4y = 5, 

X — 2y = S 

can be found by substituting in the expressions above 


X = 


-10 - 32 
-6-4 


= 4.2, 


2 / 


24-5 

-6-4 

13 


-1.9. 
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The tliree equations in x, y, and z 

‘ ciiix + ciiiy + 0132 = ki, 

a^iX a^y + 0232 = fe, 
o-siX + dziy "h O 333 = kz, 


have for solution 


kiO^azz + kazzdiz + kzOaOzz — kiUzzO^z — k^ztincizz — kzaziOu 

^ _ _ — — ) 

011022033 + 021032013 + dziOlSOZZ — 011032023 ~ 021012033 — 031022013 
1 / = [ 011^2033 + chikzaxz + 031^1023 — OukzOiz — 021^1033 — Uzik^aiz], 


D' 


Z = — [011022^3 “h dzidzzkl “h OsiO^fe — 011032^2 021012^3 031022^1], 


where D is the denominator in the expression above for x and D ?^ 0. 

If we had eight equations in eight unknowns the solution would be 
■written in fraction form where the numerator and denominator each con- 
tained over 40,000 terms! Such a formula of course would be useless 
unless we could be sure that most of the terms were negligible, or unless 
we had some simplifying process. The purpose of this chapter is to explain 
the simplifying methods, and to lell ■n'hat to do ■when the expression that 
belongs in the denominator turns out to be zero. 

2.2 Certain mathematical expressions have been given names because 
they occur so frequently that it is expedient to do so. For example a + b 
is called a sum, ab is called a product, a ^ bis called a fraction, etc. ab is 
designated as a double product to distinguish it from a triple product abc, 
and from a quadi’uple product abed. Certain poljmomials that occur in 
algebra in the solution of simultaneous linfear equations are called determi- 
nants. The polynomial ab — cd is a determinant of the second order; 
aei -j- dhc 4- gbf — ahf — dbi — gee is b, determinant of the tlmd order. 
A determinant of the fourth order contains sums and differences of 24 
quadruple products, and in general a determinant of the nth order con- 
tains nl n-fold products. 

A sjmbol or short-hand notation has been agreed upon which is useful 
from two important points of view. First; it is much simpler to start 
with the short-hand notation and a few simple rules and obtain the re- 
quhed determinant. Second; a set of simultaneous equations w'hose 
solution results in the ratio of two determinants can be solved much more 
readily by using the s 3 Tnbolic notation rather than trjdng to ■write the 
determinants directly or obtain them step by step. 



2.3 


PERMUTATIONS 


15 


A determinant of tlie ?ith order is designated by an array of n- numbers 
in n columns and n rows, and this array is enclosed between two vertical 
lines. 

° \ designates the second order determinant: ad — bc.f ( 2 . 1 ) 

1 c d 

a b c designates the third order determinant: 

d e f (aei + dhc + gbf — alif — dhi — gee). (2.2) 

g h i 

A more useful convention is to use one letter with two numerical sub- 
scripts, as follows: 

fill fll 2 Qlo 

fi 2 i fi 22 0=3 designates a thii-d order determinant. (2.3) 

flai tt32 Oss 

In the discussion above we have defined a determinant of the second 
order and of the tliird order and have given a symbol to represent each. 
Before trjmg to establish a connection between a determinant and its 
symbol, and before trjdng to define a determinant of the fourth or higher 
order, it is desirable to make the following study of permutations. 

*2.3 Permutations. The numbers 1 and 2 can be arranged two difierent 
wa 3 ’'s: 

12 and 21 . 

The numbers 1, 2, and 3 can be arranged six different ways: 

123, 132, 213, 231, 312, 321. 

The numbers 1, 2 , 3, and 4 can be arranged twenty-four different ways. In 
general n different integeis can be arranged n\ different waj^. Each of 

t When we write 

45 ]= (2)(5) - (4) (3) = -2 

we have on the left the sjmbol of the determinant, in the middle we have the 
determinant, and on the right we have the value of the determinant. 

Some authors use the term determinant to designate the sjmibol rather than 
the poljmomial. The nomenclature used in this text is in agreement with that 
found in L. E. Dickson, “ Elementarj’- Theorj- of Equations,” John Wiley and 
Sons, New York, 1914; J. hi. Thomas, “ Theory of Equations," hlcGraw-Hill 
Book Company, New York, 1938; Garrett Birkhoff and Saunders hlacLane 
“ A Surrey of hlodern Algebra,” The Macmillan Company, New York, 1941 • 
and G. D. Birkhoff, Determinant,” The Encyclopaedia Britannica Four- 
teenth Edition, 1929. ’ 
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these arrangements is known as a permutation. There are two possible 
permutations of the numbers 1 and 2. There are six possible permutations 
of the numbers 1, 2, and 3 ; etc. 

*2A Inversions in a Permutation. Consider a permutation of the num- 
bers 1 to 4: 

3 2 14. 

Each pair of numbers not in the natural order is called an inversion. In 
this case 3 comes before 2; therefore, 32 is an inversion. Also 3 comes 
before 1; therefore, 31 is another inversion. There is one more inversion 
in this permutation; it is 21. The permutation 13542 contains the fol- 
lowing inversions: 32, 54, 52, 42. The permutation 51432 contains the 
following inversions: 51, 54, 53, 52, 43, 42, 32. 

Odd and Even Permutations. If a permutation contains an odd number 
of inversions it is called an odd permutation. If it contains an even 
number of inversions it is called an even permutation. The permutation 
13542 is even since it contains four inveisions, w'hUe the permutations 3214 
and 51432 are both odd permutations containing three and seven inversions 
respectively. 

*2.5 Theorem. The interchanging of any two numbers of a permuta- 
tion wall change the permutation from odd to even, or from even to odd. 
If we interchange two adjacent numbei-s the result will be to increase the 
number of invereions by one if the twm numbers interchanged were in the 
natural order at first. If the tw'o numbers interchanged were not in the 
natural order, then the interchange will decrease the number of inversions 
by one. In either case the number would change from odd to even or 
from even to odd. Suppose now' that tw'o numbers not adjacent are inter- 
changed. The result can be analyzed as follow's. 

Let the numbers that are to be interchanged be designated a and b w'here 
a is to the left of b. Suppose there are k numbers between a and b. Inter- 
change a wdth each of the k numbers to its right and tliis will put a adjacent 
to and to the left of b. Now' interchange a and 6; next interchange b with 
each of the k numbers to its left. The result n't!! be the same as just inter- 
changing a and b. In going through this process we have interchanged 
2k -k 1 pairs of adjacent numbers. Therefore the permutation changed 
from odd to even or from even to odd 2k -\- 1 times. Since 2fc + 1 is an 
odd number, the result of the interchange of any two numbers is to change 
the permutation from odd to even or from even to odd. 

*2.6 Theorem. Of all the permutations of a set of numbers, half are odd 
and half are even. Suppose w'e list the odd permutations in one column 
and the even permutations in another. If we interchange the first tw'o 
numbers in each of the odd permutations, each will be changed to an even 
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poriHiiijS/t-ion. sihcg tlic odd pGi'inut-iitions "u^gpg ull diffGrGnl IIig gvgii 

pGrmutations producGd arc all diffcrGnt. ThGi'GforG tliGro cannot be more 
odd' permutations than tliGi’G are even ones. 

A similar treatment of the column of even permutations shows that 
there cannot be more even permutations than there are odd permutations. 
Therefore there must be the same number of odd permutations as there are 
even ones. 

*2.7 Arranging Numbers in Natural Order. If the numbers in a per- 
mutation are in the natural order, the number of inversions is zero; there- 
fore such a permutation is an even pennutation. Any permutation can be 
arranged in the natural order bs’’ interchanging certain parrs of numbers. 
Since each interchange changes from odd to even or from even to odd it is 
e\ddent that an odd permutation will require an odd number of inter- 
changes to arrange its numbers in the natural order, and an even permuta- 
tion will require an even number of such interchanges. For example, to 
change 3214 to the natural order we need only interchange 1 and 3; there- 
fore 3214 is an odd permutation. To arrange 13542 in the natural order 
the steps could be: 13245, 12345. Two interchanges indicate 13542 is 
even. To arrange 51432 we can use the follovung steps: 15432, 12435, 
12345; three steps indicate 51432 is odd. 

Conversely, the number of interchanges required to obtain a certain 
permutation from the natural order will tell whether the permutation is 
odd or even. To illustrate this we merely go through the steps in the 
opposite order to what we did above. 

2.8 Second Order Determinant. The second order determinant 
3ua22 — flisOsi is designated by the sjmbol 

Oil Oi2 
G 2 I ^^22 

Note that the fii-st subscript indicates the row and the second subscript 
indicates the column. O 12 is in the first row and second column. 

The second order determinant aua 22 — 012021 contains double products of 
numbers in the sjmbol, one niunber taken from each column and row. 
When the numbeis in each product are arranged so that the first subscripts 
are in the natural order, if the second subscripts form an even permutation 
the product is given the sign plus. If the permutation of the second sub- 
scripts is odd the product is given the sign minus. 

2.9 Third Order Determinant. The third order determinant is in- 
dicated by the symbol 

Oil O12 Ois 
021 022 Q23 

Osi Q32 O33 
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The determinant itself contains triple products taking a number from each 
row and column. Six such products can be selected. 

(InCE22Ct33j ^*12^23031, 

OlldasCtsaj Cti2Ct2lCt33j fll3CE22Ct31' 

The numbers in the above products have been arranged so that the first 
subscripts are in the natural order. The second subscripts form even 
permutations in the first three products; therefore, they are given the sign 
plus. The second subscripts form odd permutations in the last three prod- 
ucts; therefore, they have the sign minus. This gives us the relation’ 

011022(133 d- 012023031 013021032 (2.4) 

— Oua23032 — 012021033 — 013022031. 

2.10 Determinant of Order n. The determinant of order four is defined 
in a manner similar to the preceding cases. It is indicated by the following 
symbol: 

Oil Oi2 013 Ol4 
O21 022 O23 

O31 032 O33 034 

fl41 Ct42 G 43 O 44 

It contains A? numbers which are arranged in 4! 4-fold products; the 
numbers in each product are chosen so that no two are in the same row or 
column in the above simbol. Each product is given a sign which is deter- 
mined by the following rule: arrange the numbers so that the first sub- 
scripts are in the natural order; if the second subscripts form an odd 
permutation use the sign minus, if the second subscripts form an even per- 
mutation use the sign plus. 

To define a determinant of order n we need only change 4 to in the 
above definition. In tliis case the sjonbol will be 

Oil ai2 <Il3 • • • din 
021 O22 O23 • • • 02 ti 


Onl (In2 UnS • • * 0/nn 

It is worth noting that the symbol is not only a short-hand notation for 
its determinant but it also simplifies the definition to some extent. 

2.11 Definitions. Each of the numbers in the determinant, e.g., an, 
023, etc., is called an element. Each of the products in the determinant 
(double products in second order; triple products in third order, etc.) is 
called a term. The elements in any line running left and right in the 




Oil 

Cti2 

013 

021 

CE 22 

023 

dll 

Ct32 

flss 
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sjmbol (2.6) constitute a row. The elements an, au, Ois in equation (2.4) 
make up the first row, etc. The elements in any fine running up and doum 
constitute a column. The elements ai«, 032 in equation (2.4) make up 
the second column, etc. The order of a determinant equals the number 
of rows. 

*2.12 Theorem. If in a determinant the rows are made into columns 
and the columns are made into rows so that the first row becomes the first 
coliunn, etc., and the first colunm becomes the first row, the determinant is 
unchanged. For example, 


an 

Qia 

Ol 3 


Ou 


Q3I 

C 721 

Coo 

Q23 

= 

UlO 

Q22 

a 32 

^31 

U32 

Q33 


fll 3 

^23 

O33 


Let D be the given determinant. Indicate the determinant formed by the 
above process by A. It is e^ddent from the definition of a determinant 
that D and A contain the same terms. There may be a question about'the 
signs of corresponding terms. Consider a term of D: aioastasc • • •; this 
has the sign plus if the permutation a, fe, c • • • is even, minus if odd. If 
we rearrange the elements in the term aioa2E,a3e • ■ • so that the numbers 
a, 6, c • • • are in the natural order, then the numbers 1, 2, 3 • ■ • will be put 
in a permutation that is even if a, 5, c • • • is an even permutation and is 
odd if a, 6, c • • • is an odd permutation; see section 2.7. The correspond- 
ing term in A is written vdth a, 6, c • • • in the natural order and is given a 
plus sign if the numbers 1, 2, 3 • • • form an even permutation, and a minus 
sign if 1, 2, 3 • • • form an odd permutation. Therefore every term in A 
has the same sign as the corresponding term in D, and A = D. 

2.13 Theorem. If two rows (columns) of a determinant are inter- 
changed, the result is to change the sign of the detei-minant. Let D be 
the given determinant and let A be the determinant that results when we 
interchange two columns of D. D and A contain the same terms. We 
must investigate the signs of the corresponding terms. Let ai„a 2 ba 3 c ■ • 
be a term of D. This is plus if a, &, c • • • is an even peimutation, minus if 
a, b, c • ■ • is an odd permutation. The corresponding term in A is identical 
except that two of the munbers are interchanged. The term in A is there- 
fore plus if o, b, c • • • is an odd permutation and minus if a, b, c • • • is an 
even permutation. Therefore every term of A is the negative of the 
corresponding term in D, and A = —D. 

If two rows are interchanged we have the following method of proof. 
Let D be the given determinant; let A be the determinant that results 
when two rows of D are interchanged. Let Di be the determinant that 
results when the rows and colrunns of D are interchanged so that the first 
row becomes the first column, etc., and the first column becomes the first 
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row, etc. Let Ai be the determinant that results when the rows and col- 
umns of A are interchanged so that the first row becomes the first column, 
etc., and the first column becomes the first row, etc. Ai is the same as Bi 
with two columns interchanged and, by the discussion above, Ai = — Di- 
By section 2.12, Di = D and Ai = A; therefore A = —D and the theorem 
is proved. 

2.14 Theorem. If the elements of two rows (columns) are alike the 
determinant equals zero. For example, 

Uii ai2 fl]2 
U21 U22 U22 “ 0 

0 31 £132 £132 


since the second and third columns are alike. 

To prove this we need only interchange the two rows (columns) that are 
alike. By the preceding section this changes the sign of the determinant 
D. But since the two rows (columns) are alike, interchanging them will 
make no change in D. Therefore D = —D and therefore D — 0. 

2.15 Theorem. If each element in a row (column) of a determinant 
be multiplied by the same factor the result is to multiply the determinant 
by the same factor. For example. 


an 

£Ii 2 

<Il3 

kan 

Q22 

013 

G21 

U22 

<£23 

= kon 

CI22 

O23 

Gsi 

£132 

033 

kazi 

O32 

O33 


Suppose eveiy element in the 4th column (row) of D is multiplied by fc. 
Each term in the determinant A which results will be equal to k times the 
corresponding term of D since each term of A contains exactly one element 
from the 4th column (row). Therefore k is a factor of A and when it is 
removed the quotient will be Z) or A = kD. 

2.16 Minors. If we remove from a determinant the row and column 
containing a specific element we have left a determinant called the minor 
of that element. For example, in the determinant of equation (2.3), 


On 

QJ2 

O21 

Q22 

On 

0.12 

a 31 

Os 2 


is the minor of 033 , 
is the minor of 053 . 


The minor of 033 is designated by M 33 , the minor of ai 2 by Mjz, etc. 


I Oil ai3 
I £I3X £133 
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2.17 Theorem. A determinant can be expanded by taking the ele- 
ments of the first column, multipljdng each b}’- its minor and, starting with 
the first element times its minor, assign plus and minus signs alternately. 
As an illustration. 


ail 

a 12 

ai3 

flsi 

a22 

fl23 

dzi 

032 

Q33 


aiiMii — 021^21 + 


For a determinant of order n we have 

ly — — a2lil^21 "b * ' * Unl-ilbnl. ( 2 ,/ ) 


First we shall show that everj' term on the right of (2.7) is in Z). Then 
we shall show that the terms have the correct sign in each case. Mn con- 
tains all possible products of the elements of D chosen one from each row 
and column, except first row and column, auil/n contains all terms of D 
that contain an as a factor. Similarly, a^Mn contains all terms of D con- 
taining 021 as a factor. Finally, the right-hand side of equation (2.7) con- 
tains all terms of D containing elements of the first column as factors, and 
therefore all the terms of D. It is also true that there is no term included 
on the right-hand side of equation (2.7) that is not a term of D. 

Consider a term of Cnil/u, 


O.llOiaOzbO'ic ' ' • Qnj. 

This is plus if a, 5, c • • • 5 is an even permutation, minus if an odd peimuta- 
tion. But as a term of D this is plus if 1, a, 6 ••• (7 is an even permutation, 
minus if an odd permutation. It is eAudent that 1, a,h ■ ■ ■ g and a,b, ■ • • q 
have the same number of inversions and therefore are both odd or both 
even; therefore, every term in anil/u has the same sign as the correspond- 
ing term in D. 

Now consider a term of a 2 iilZ 2 i, 


■ • • Qnr. 

This is plus if a, 6 , c ■ • ■ r is an even permutation, minus if an odd permuta- 
tion. As a term in D this is plus if o, 1, b • • • ?• is an even permutation, 
minus if an odd permutation. The permutation a, 1, 6 , c • • • ?• contains one 
inversion (namely al) not found in o, b, c • • • r; otherwise they have the 
same inversions. Therefore, if a, 1, b, c • • ■ r is even, a, b, c • • • r is odd 
and, if a, 1, b, c • • • r is odd, a, b, c - • • r is even. Therefore each term in 
OoiilAi has the opposite sign to the corresponding term in D, and therefore 
each term in —aziMzi has the same sign as the corresponding term in D. 

Consider next a term of anMzi, 


OziaiaOzbClicObd ' ' • Qns. 
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This is plus if a, &, c, d • • • s is an even permutation, minus if an odd pennu- 
tation. As a term of D this is plus if a, b, 1, c, d • • • s is an even permuta- 
tion, minus if odd. Now the permutation a, b, 1, c, d • ■ • s contains two 
more inversions than a, b, c, d • • ■ s, namely al and 61. Therefore the 
permutations are both even or both odd. And therefore each termiin 
oaiMsi has the same sign as the corresponding term in Z). 

Since the same type of argument holds for each term on the right of 
equation (2.7) the theorem is proved. 

2.18 Expansion of a Determinant on any Column or Row. A deter- 
minant can be expanded on any column (or row) by taking each element 
of that column (or row), multiplying by its minor, and assigning plus and 
minus signs as indicated by the following checkerboard diagram. 

+ - + - 
- + - + 

+ - + - 
_ + _ + 

We have shown in the preceding section that if the determinant is ex- 
panded on the first column the signs are — -f — etc. If the 
deteiminant is to be expanded on the second column, we can first inter- 
change the first and second columns, which will require a minus sign if the 
determinant is to remain unchanged. We now expand on the first column 
using signs -|- — -f — etc., but since we interchanged two columns 

the minus sign required to keep the determinant unchanged changes these 
signs to — -f — 4- etc. 

To expand the determinant on the third column interchange the third 
column successively with the second and first. Two interchanges leave 
the determinant unchanged and, when we expand on the new first column, 
we have -f — 4- — etc. for signs. Tins argument can be carried 

through step by step as is done above to show that the above diagram holds 
for expansion on any column. 

If a determinant is to be expanded on any row, we can fii’st interchange 
rows and columns making the first row the first column, etc., and the first 
column the first row, etc. This does not change the value of the determi- 
nant. We can now use the above diagram for expansion on any column. 
Since the diagram gives the same sequence of signs for the same row and 
column, it always gives the correct sign, and the theorem is proved. 

2.19 Theorem. If each element in any rbw (or in any column) is equal 
to zero, the determinant equals zero. To show this we need only expand 
the determinant on the row (or column) containing the zeros. 



2.21 


ADDITION OF DETERMINANTS 


23 


Oil 

0 

0]3 



0 

023 

= -0 

031 

0 

033 



= 0 . 


^21 

0.31 


023 

033 


+ 0 


On 

O31 


OlS 

O33 



Cl3 

033 


( 2 . 8 ) 


2.20 Niunerical Examples. A determinant can be evaluated readil}’’ 
by the method of the preceding section if several of its elements are equal 
to zero. 


4 0 5 
2 6 0 
0 2 3 


= 4 


6 0 
2 3 



5 

3 


= 4(6 X 3) - 2(-2 X 5) 
= 72 +20 

= 92. 

4 0 3 5 
3 8 0 0 
2 5 0 3 
0 6 7 7 


0 

3 

5 


4 

3 

5 

5 

0 

3 

+ 8 

2 

0 

3 

6 

7 

7 


0 

7 

7 


= 3-5 


3 

7 


5 

7 


+ 3-3 


0 3 
6 7 


8-2 


3 

7 


5 

7 


-8-3 


4 

0 


3 

7 


= 15(21 - 35) + 9(-18) - 16(21 - 35) - 24(28) 
= -210 - 162 + 224 - 672 
= -820. 


If the determinant to be evaluated contains few zero elements it is 
frequently better to reduce the order of the determinant by the method 
developed in the following sections. 

2.21 Addition of Determinants. If two determinants are identical 
except possibly for the elements in the sth coliunn (or row), then sum is 
equal to a determinant identical with the given detenninants except for 
the elements in the sth column (or row). The elements in the sth column 
(or row) of the siun equals the sums of the corresponding elements of the 
sth columns (or rows) of the given detei-minants. 

Assume that the given determinants are identical except for the elements 
in the first column. Let the elements in the first colunm of the first deter- 
minant be Oil, O21, 031 • * • o„i; and let the elements in the first column of 
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the second determinant be bn, 621 •• • h»i. The sum of the first two deter- 
minants expanded on their first columns is in terms of the elements in the 
first columns and their minors: 

Di + Di = aiiMii — <hiM 2 i + • * • ciniMni -}- bnMn 

— hiiMii bniMni- ( 2 . 9 ) 

The minor of an is identical to the minor of 611 since the two determinants 
differ only in the first column. The same is true for the other minors; 
the minor of an is exactly the same as the minor of bn for any value of 7c. 
For this reason we find Mn multiplied by both an and bn in equation ( 2 . 9 ). 
If we rearrange the right-hand side of equation ( 2 . 9 ) we have 

Dl -}- Do = (tin 6ll)il^u — (021 + i>2l)iljf21 -{-••• (a„l -f- bnT^Mnl. ( 2 . 10 ) 

The right-hand side of equation ( 2 . 10 ) is a determinant, call it D, identical 
to the given determinants except for the elements of the first column, and 
theielements of the first column of D are equal to the sums of the cor- 
responding elements of the first columns of the two given determinants. 
Tills proves the theorem for the special case of the first column. 

If the determinants are alike except for the sth columns, the sth columns 
can be interchanged with the first columns which w'ill change the signs of 
all three determinants. The discussion above nail show that the negatives 
of the determinants satisfy the theorem 

■ — Dl — D2 — — D. 

Therefore, the determinants themselves do, also. 

Dl -j- D2 = D. 

The theorem can be shown to obtain for rows by merely interchanging 
the rows and columns. 

2.22 Theorem. If a constant times the elements of a row (or column) 
are added to the corresponding elements of any other row (or column), the 
determinant is left unchanged. 

The preceding theorem shows that the following equation is true. 

an -j- A'ai2 012 Oi3 

2^ _ 021-1- 7:022 O22 

031 + 7:032 O 32 


Oil 

012 

Ol3 

• 


7:012 

012 

Ol3 • • 

0^1 

022 

O23 


+ 

7:022 

022 

023 • • 

asi 

032 

O33 • 

a 

7' 032 

032 

033 • ' • 


( 2 . 11 ) 
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Now, using section 2.15, we have 


cm 

ai2 

Ol3 


fll2 

O 12 

GlS 

G2I 

Q 22 

CTss • • 

+ k 

^22 


C!C3 


^^32 

flss 

O32 

O 32 

Q 33 • 

■ 

• 

• 



- 

• 


( 2 . 12 ) 


But, according to section 2.14 the second detei-minant on the right of 
equation (2.12) is zero. Therefore, 


Qll + 

Gi2 

flis 


Ou 


Ol 3 

Q2I "f" A'fl22 

O22 

Q23 


(121 

G22 

023 

flsi ^'^32 

G32 

^33 


Gsi 

G32 

O33 

• 

■ 

• 


• 

■ 

• 


(2.13) 


The theorem can now be shown to be true for columns other than the 
first, two by interchanging the columns to biing them into the first and 
second place. The validit}'' of the theorem for rows follows from the fact 
that columns and rows can be interchanged without changing the value 
of the determinant. 

It is recommended that the student review section 2.15 at this point. 
This section and section 2.15 describe two distinct properties of determi- 
nants that must not be confused. 

2.23 Theorem. If the element in the rth row and the sth column is 
not equal to zero, then all the other elements in the rth row and sth column 
can be made equal to zero without changing the value of the determinant. 

In the preceding section, if ais 0, let 


h 


Ou 

Oi2 


This gives zero in the upper left-hand comer. 


Ou 

Qi2 

Ol 3 • • 


0 

O12 

Ol 3 

021 

O22 

Q23 


QllQzi 

021 

012 

G 22 

023 

a 31 

032 

O33 


0 u 032 

O31 

Oi 2 

032 

O33 

• 

• 

• • 


• 

• 

• 


(2.14) 


If we now add —an / times the elements of the second column to the 
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elements of the third column, we get a zero at the top of the third column. 


an 

G 12 

Ul 3 



0 

012 

0 


022 

023 


Q2I 

QIIO22 

022 

O13O22 

Oai 


OI2 

023 — 

012 

U31 

O32 

O33 • 


O3I 

012 

032 

fll 3032 

O33 - 

O12 

• 

• 




* 

* 

' 


This process can be continued until every element in the first row but the 
second one becomes zero. Then by a similar process every element but 
the first one in the second column can be made zero. 

2.24 Reduction of the Order of a Determinant. If every element but 
one of any row (or column) equals zero, the determinant equals that ele- 
ment times its minor with the sign plus or minus assigned according to the 
checkerboard array; 


-}- — 4 " ~ 

— + — + 

+ — + “ 

This follows from section 2.18. We have therefore reduced the order of 
the determinant by one. As an illustration, 


On 

0 

Ol 3 

014 


Oil 

Ol 3 

Ol 4 

021 

0 

023 

-O24 

— ”032 

021 

O23 

024 

031 

032 

033 

034 

O41 

O43 

O44 

041 

0 

043 

044 






(2.16) 


We see from this and the preceding section that it is always possible to 
reduce the order of a determinant. If a given numerical determinant does 
not contain many zero elements it is sometimes better to reduce the deter- 
minant by the present method. A determinant with many zeros can 
usually be evaluated more easily by expanding it as described in section 
2.18. 

2.25 Diagonal Determinant. Theorem. If everj"' element on one side 
of the diagonal from the upper left-hand comer equals zero, the elements 
on the other side of the diagonal can be I’eplaced by zeros 'svithout changing 
the value of the determinant. The value of the determinant is equal to 
the product of the elements in the diagonal. 

Assume that all the elements below the leading diagonal are equal to 
zero. Now consider any term other than the product of the elements of 
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the leading diagonal. If the term does not contain an, it must contain 
one of the other elements in the first column; since all the other elements in 
the first column are equal to zero any term not containing an udll equal 
zero. Now consider a term containing an but not a^. The term cannot 
contain ai 2 since that is in the same row as an; therefore, it must contain 
some element of the second column other than and G^a- Since every 
element in the second colimm except an and O 22 is zero by hypothesis every 
term that does not contain On and 022 will be zero. This argument is con- 
tinued for every column but the last, and we find every term except the 
product of the elements in the leading diagonal is equal to zero, and there- 
fore the determinant is equal to the product of the elements in the leading 
diagonal. 


an 

<jtl2 

ai 3 • • 

0 

^22 

023 

0 

0 

033 • 

0 

0 

0 • 

• 

• 

• 


UiianO-zi ■ • ■. 


(2.17) 


If the determinant equals the product of the elements in theidiagonal 
when the elements on one side of the diagonal are all zero, then its value 
is independent of the values of the elements on the other side of the diagonal 
and they may be given any value we please. Therefore they may be made 
zero. 


Oil 

012 

Oia 

014 


Oil 

0 

0 

0 • • 

0 

022 

023 

Qsi 


0 

022 

0 

0 • • 

0 

0 

033 

034 • 

= 

0 

0 

033 

0 • - 

0 

0 

0 

044 


0 

0 

0 

044 • 


2.26 Theorem. Any determinant not equal to zero can be made into 
a diagonal determinant. This follows directly from section 2.23. In case 
the determinant is equal to zero see section 2.34. 

2.27 Cramer’s Rule. Given a set of n linear equations in n unknowns. 

anXi + ai2.T2 + ajaXs + • • • ai„Xn = ki 
a-ziXi + 0222^2 + aoaXz + • • • a^rX,, — ^2 


Onl-Ti + an2X2 + OnsXs + • • • a„„Xn = k„. 


(2.19) 
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Let D be the nth order determinant formed by the coefficients of the 
unknoT^Tis as they are written in the equations above. 

Ctii diz • • • Clin 

CZ 21 CI 22 023 • * • Cl 2 n 

D= ' ‘ ‘ ■ > (2.20) 

Onl CZn 2 Cln 3 • • • Onn 

Let Di be the determinant obtained when the elements of the first column 
of D are replaced by the constants on the right of equations (2.19). 

hi aj2 fll3 • • • Clin 

ki 022 O 23 • ■ ■ Clin 

Di= ' ' ‘ [ ■ (2.21) 

hn Clnl Cln 3 * * ' Clnn 

Let Di be the determinant obtained when the elements in the second 
column of D are replaced by the constants on the right of the equations 
similar to the way Di was obtained. Define Ds, Di, • • • D„ in a similar 
manner. 

Cramer’s rule states: If D 0, 


Di Di Dz 

^^d’ 


D ' 


The relation Zi = Di/D can be derived as follows. Application of section 
2.15 gives 

XlOll 012 Ois • • • Oln 

X1Q21 CI 22 ^23 ’ * ' 02 r? 

XiD= ' \ [ [ ■ (2.22) 

XxQ-nl CZn2 dnS • • * Q-nn 


Add X 2 times the elements of the second column to the corresponding ele- 
ments of the fii’st column: 


•"riOii -f- X2ai2 fli2 ais * • • Oin 

XlClii -b X2O22 O22 O23 • • ■ Clin 

XiD [ ■ I ■ [ . (2.23) 

XlUnl + XidnZ On* OnS * ‘ • Onn 
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Continue by adding Xz tunes the elements of the third column to the 
cori'esp ending elements of the first, then add Xi tunes the elements of the 
fourth column to the corresponding elements of the first, etc. We finally 
add x„ times the elements of the last column to the corresponding elements 
of the first column. 

The elements in the first column nill now be identical nith the left-hand 
sides of the given equations. We can therefore replace the elements in the 
fii-st column by the right-hand sides of the given equations. When we do 
this we get Dij therefore, 

XiD = Di. (2.24) 

If P 7 =^ 0 we can divide equation (2.24) bj' D gi%Tng 



The other relations can be found bj’’ similar reasoning. 

2.28 Matrix. In order to discuss the case omitted in the preceding 
section, when P = 0, and to know what to do when the number of equa- 
tions is not the same as the number of unknowns, it is convenient to use the 
concept of a matiix. 

A set of mn quantities arranged in a rectangular array having m ron^ 
and 71 columns is called a matrix. The rectangular array is usually enclosed 
betu’een two pairs of parallel lines. For example, 


2 

5 

8 3 

4 

0 

1 

2 

5 1 

5 

3 



2 

9 

6 


are matrices. 

A matrix does nof; have a numerical value in the same sense that a deter- 
minant does. However, bj'" crossing out certain rows and columns, we can 
get square arrays of munbeis which we maj’ consider determinants. Any 
determinant which can be obtained bj- this method is a determinant of the 
matiix. The matiix to the left above contains 3 second order deteimi- 
nants and 6 firet order determinants. The matrix on the right contains 
1 third order determinant, 9 second order detenninants, and 9 first order 
deteiminants. 

2.29 Rank of a Matrix. The rank of a matrix is said to be r if it con- 
tains at least one non-zero determinant of order 7', and aH its detenninants 
of order gi-eatei’ than ?• are zero. 

The rank of each of the following matrices is 2. 

1 2 3 2 4 7 

4 5 6 ^ 113 

3 5 10 
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2.30 Rank of a Determinant. The elements in a determinant maj"^ be 
considered as making up a square matrix. This matrix is called the 
matrix of the determinant. And conversely the highest order determinant 
of a square matrix is called the determinant of the matrix. The rank of a 
determinant is the same as the rank of the matrix of the determinant. 
The rank of the following determinant is two. 

2 4 7 

113 

3 5 10 

The rank of the following determinant is three. 

113 

2 1 4 

3 2 5 

2.31 Elementary Transformation of a Matrix. The following types of 
transformations are called elementary transformations : 

(1) Interchange of two columns (or rows). 

(2) Multiplication of each element of a column (or row) by the same 
non-zero constant. 

(3) The addition to the elements of a column (or row) of the correspond- 
ing elements of any other column (or row) each multiplied by the 
same constant. 

Note that, if it is possible to pass from the matrix M to the matrix N 
by any one of the elementary transformations, it is possible to pass from 
N to ilf by one of the elementary transformations. 

2.32 Equivalent Matrices. If it is possible to pass from one matrix to 
another by a finite number of elementary transformations, the matrices are 
said to be equivalent. 

2.33 Theorem. If two matrices are equivalent they are of the same 
rank. A transformation of the first type merely changes the sign of a 
determinant by the theorem of section 2.13. A transformation of the 
second type multiplies a determinant by a constant not zero by the theorem 
of section 2.15. Therefore the first two types of transformations do not 
affect the vanishing of a determinant in the matrix and therefore do not 
affect the rank of the matrix. 

Suppose we change matrix M into matrix N by adding k times the ele- 
ments of the tth row to the corresponding elements of the sth row. If M 
is of rank r every (r l)-rowed determinant of M is zero. Any (r -f 1)- 
rowed determinant of N which does not contain the sth row of M is un- 
changed and therefore equals zero. Any (r -|- l)-rowed determinant of N 
containing both the t and sth row of M is unchanged by section 2.22 and 
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therefore equals zero. Any (r + l)-rowed determinant of N containing 
the sth row of M and not the ith row can be written P + ^'Q, by section 
2.21, where P and Q are (r + l)-rowed determinants of M and are there- 
fore equal to zero. We have thus shown that every (r d- l)-rowed deter- 
minant of N is equal to zero. Therefore the rank of W is not greater than 
the rank of M. Interchanging M and N in the above discussion shows 
that the rank of M cannot be greater than the rank of N. Therefore M 
and N both have the same rank. 

2.34 Theorem. An}'- matrix of rank r can be put into the following 
form by means of elementary transformations: the element in the sth row 
and sth column equals unity where s ^ r, and every other element equals 
zero. To do this we need only rean-ange the columns and rows to obtain 
a nonvanishing ?-order determinant in the upper left-hand comer. This 
determinant can be changed to a diagonal determinant by section 2.26 
wliich makes use of the first and third elementaiy transformation. Using 
the second elementary transformation we can make each element in the 
diagonal equal to unity. It is now a simple matter to make every element 
of the matrix in the first r columns, below the 7 th row, equal to zero using 
the third transformation. Similarly we make every element in the first 
7-rows to the right of the 7*th column equal to zero. If any element below 
the 7'th row and to the right of the ?'th column is not equal to zero, by means 
of the first transformation we can move it to the (r 1) row and (r -f 1) 
column and we have a determinant of order (7' -f 1) not equal to zero. 
Therefore we have shown that we can always obtain the above form. 

2.36 Procedure for Finding the Rank of a Matrix. Finding the rank 
of a matrix tends to be a rather laborious process. For example, a square 
matrix ha-^ung five rows contains 1 fifth order, 25 fourth order, 100 third 
order, 100 second order, and 25 fust order determinants. To find that a 
given matrix havfing five rows and five columns is of rank two would require 
us to evaluate at least the 100 thii-d order determinants unless we could 
find some short cuts. 

If we go through some of the steps outlined in the preceding section we 
can do away with uimecessary and duplicate steps. To illustrate the 
recommended procedm-e we include the following examples. 

Example 1. 

5 2 2 3 4 

S'3 447- 
9 8 6 1 5 

Subtract the first row from the second row. 

5 2 2 3 4 

3 12 13- 
j 9 S 6 1 5 
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Subtract 2 times the second row from the first and subtract 8 times the second 
row from the third. 


-1 

0 

-2 

1 

-2 

3 

1 

2 

1 

3 

-15 

0 

-10 

-7 

-19 


Interchange the first and second rows. 


3 

1 

2 

1 

3 

-1 

0 

-2 

1 

-2 

-15 

0 

-10 

-7 

-19 


Interchange the first and second columns. 


1 

3 

2 

1 

3 

0 

-1 

-2 

1 

-2 

0 

-15 

-10 

-7 

-19 


Replace the elements in the first row other than the first by zeros. 


1 

0 

0 

0 

0 

0 

-1 

-2 

1 

-2 

0 

-15 

-10 

-7 

-19 


This is the same as subtracting 3 times the first column from the second 
column, etc. 

Now subtract 15 times the second row from the third row. 


1 

0 

0 

0 

0 

0 

-1 

-2 

1 

-2 

0 

0 

20 

-22 

11 


Since the determinant of the first three columns equals —20 ^ 0 the matrix is 
of rank three. 

Example 2. 


1 

4 

3 

7 

6 

-2 

7 

1 

2 

6 

-4 

2 

3 

-6 

3 

-5 

2 

7 

11 

-1 

8 

8 

4 

7 


Subtract 4 times the second row from the first row, add 6 times the second 
row to the third row, and add the second row to the fourth row. 


-27 

0 

-5 

-17 

22 

-10 

7 

1 

2 

6 

-4 

2 

45 

0 

15 

31 

-22 

19 

18 

0 

10 

14 

0 

9 


Interchange the first two columns and interchange the first two rows; we can 
replace the elements 7, 2, 6, —4, 2 in the new first row by zeros. 


1 

0 

0 

0 

0 

0 

0 

-27 

—5 

-17 

+22 

-lO 

0 

45 

15 

31 

-22 

19 

0 

18 

10 

14 

0 

9 
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Add the third row to the second row. 

1 0 0 0 0 0 

0 IS 10 W 0 +9 

0 45 15 31 -22 19 

0 IS 10 14 0 9 

Interchange the second and third rows and interchange the second and fifth 
columns] replace the elements 45, 15, 31, 19 in the old third row by zeros. 

1 0 0 0 0 0 

0 -22 0 0 0 0 

0 0 10 14 IS 9 ■ 

0 0 10 14 IS 0 

Subtract the third row from the fourth row. 

1 0 0 0 0 0 ]| 

0 -22 0 0 0 0 

0 0 10 14 IS 9 ' 

0 u 0 0 0 0 [( 

Therefore the ranlc is three. 

2.36 Definitions. If we have a set of linear equations in nunknowns, 

aiia^i + ciiiXi + OizXs + • • • + OmXn = 

Ojl-Vl + a^sXz + • • • + QjnXn = (2.26) 


Qml.'Cl + OmiXi -{-••• -h Q^^Xn — km- 

The matrix formed by taking the coefiicients of the unknowns as they 
stand in the equations, 

On fljo 

Q2I ^22 


^ ml O. m2 

is called the matrix of the system. 

If u e augment the matrix of the sj'^stem by including the constants 
wliich appear on the right of the given equations, in an extra column we 
have what is called the augmented matrix. 

The augmented matrix for the above equations is 

On Ois • • • oin ki 
Oa 022 • • * 02n 
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2.37 Theorem. The rank of the augmented matrix is not less than the 
rank of the matrix of the system. This must be so since every determinant 
of the matrix of the system is a determinant of the augmented matrix. 

2.38 Theorem. If the rank of the augmented matrix is greater than 
the rank of the matrix of the system, the equations are not consistent. 
This can be shown as follows. Assume the rank of the matrix of the system 
is T. Multiply the constant term in each equation by X (or any letter 
which does not already appear in the equations) and rewrite the equations 
so that the term containing X comes first. It is evident by the way X was 
introduced that X = 1 to satisfy the equations. Arrange the equations 
and other unknowns so that an (r + l)-rowed determinant not equal to 
zero is in the upper left corner of the matrix of the coefficients. If we now 
take the first (r + 1 ) equations and transpose the (n — r) last unknowns 
to the right of the equals sign, we can solve for X as a function of the n — r 
unknowns using Cramer’s rule. We get a denominator not equal to zero; 
and in the numerator we have (r + l)-rowed determinants of the matrix 
of the system (none of these contain the constants which are now coeffi- 
cients of X) which are all zero since the rank of the matrix of the system is r. 
Therefore, to satisfy the equations, X = 0. X cannot equal zero and 
unity; therefore the equations are inconsistent. 

As an example consider the equations, 

dnXi d- aiiXz •+• 013X3 = ki, 

osiXi -b 022 X 2 -b 023 X 3 = ki, (2.27) 

+ O32X2 “b O33X3 = fcs. 


Assume the matris of the system of rank 2. Therefore, we have 


Oil 

012 

Oi 3 

021 

022 

O23 


032 

O33 


(2.28) 


Assume the augmented matrix of rank 3. In particular assume 


h 

Ou 

012 



k2 

021 

022 

= A 0. 

(2.29) 

h 

031 

O32 




Rewrite the given equations 


hix — OiiXi — O12X2 = 013X3, 
^23! 02iXi — O22X2 = O23X3, 
kzX — 031X1 — 0323^ = O33X3. 


(2.30) 
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It is e^ddent the way these equations were obtained that a: = 1. Now, 
since A 0, we can use Cramer’s rule to solve equations (2.30) for x. 


013 X 3 

— On 

— Ovz 


Ol 3 

Oil 

O 12 

023 X 3 

“021 

— O 22 


Ozz 

O 2 I 

Ozz 

033 X 3 

“O 31 

— Ozz 

= X 3 

Ozz 

O 3 I 

Ozz 


m — 0^11 — Ciu 

hz — Oji — 

kz — 031 — O 32 


Since we agreed that a; = 1 and now have x = 0, the equations are not 
consistent. 

2.39 Theorem. If the rank of the augmented matrix equals the rank 
of the matrix of the system the equations are consistent. This can be 
shown as follows. Assume the rank of both matrices is r; then every 
(r + l)-rowed determinant of the augmented matrix equals zero. Ar- 
range the equations and unknowns so that the r-rowed determinant in the 
upper left corner of the matrix of the system is not zero. Transpose the 
other (n — r) unknowns to the right of the equals sign. Using Cramer’s 
rule on the first r equations, we can solve for the r unknowns on the left as 
functions of the constants and the {n — r) unknowns on the right. 

If we substitute the set of values of the r unknonms into any of the 
original equations we get a sum of (r -f l)-rowed determinants to be equal 
to zero if the equation is satisfied. Each of the (r l)-rowed determi- 
nants is zero because it has two rows identical or because it is an (r -f- 1)- 
rowed determinant of a matrix of rank r; therefore, the equation is satis- 
fied and the set of equations is consistent. 

As an illustration consider the equations 


+ 0,12X2 + 0133^3 = ki, 
021 X 1 -f- 022X2 d- 023X3 = kz, 
OziXi -f- a 32 .X 2 d- O 33 X 3 = kz. 


(2.32) 


where the augmented matrix is of rank 2, and assume in particular 


Oil Oiz 
021 022 


D 9^0. 


(2.33) 


If we take the first twm equations and write them 

OuXi d" ^12X2 = ki — O13X3, 
O 21 X 1 d- O22X2 = kz — O23X3. 


(2.34) 
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We can solve for xi and X2 using Cramer^s rule as follows : 

^3 — ^13X3 012 Q32 _ Q33 

7 7 ^3 

rCo — O232J3 O22 M ^22 ^23 

0.12 

O22 

a-i — 

On 0.12 


D 




021 0-22 





ail 

ki — CLiz^z 

On 


Oil 

Ol 3 

®21 

^2 — ^ 23^3 

O21 

T 

h ' 

021 

Q23 

X2 — 

Oil ai 2 


D 




021 «22 





Now, if we substitute these in the sth equation, we 

have 


ICi Cli2 

Ol 3 Oiz 


Oil ki 


0 X 1 013 

0.22 

- X} 

O23 022 

I J-, 

021 kz 

— iTs 

O21 023 

^81 

D 

T- O32 


D 



+ 0,3-'C3 — k,. 

If the values given above foi- a;i and X2 satisfy the sth equation this 
should be zero. Tliis result can be written 


1 r 

hi 

O12 

Ol3 

Q12 

, On 

h 

TT Oji 

k2 


asiXz 


+ Oj2 


D L 

022 

O 23 

022 

O 2 I 



On 

Ol3 

+ 0,3.T3 

Oil 

a 12 


On 

— a, 2 X 3 





kg 



O 21 

023 


021 

022 


O 21 

r 

012 

ki 

, Oil 

hi 


Oil 

021 

— 0,1 



+ 0,2 


hg 



L 

022 

O 21 

A 2 


O 12 

022 


OI2 

Ol 3 

On 

— 3:30,2 

Oi 3 

, Oil 

+ 

O12 

022 

O23 

021 

023 

O21 

O22 » 


0,1 

Oa 2 

fc. 

0,1 

0,2 

0,3 

- On 

Qi 2 

A-i 

+ X3 On 

O12 

Ol 3 

_ 021 

O22 

Ao 

021 

022 

O23 _ 


If s = 1 or 2, two rows are identical and therefore tins is zero. If 
s = 3 we have 3-rowed determinants of the augmented matrix which was 
given as of rank 2; therefore in this case, too, the determinants are zero. 
Consequently the values given above for xi and Xz satisfy all the equations. 

2.40 Theorem. A necessary and sufficient condition that a system of 
fn linear equations in n unknowns be consistent is that the matrix of the 
system have the same rairlc as the augmented matrix. If the rank of both 
matrices is r, then any r unknowirs we choose can be expressed as functions 
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of the constants and the remaining n — r unknowns, pro\dded that the 
matrix of the coefficients of the chosen unknoums is of rank r. 

The theorems of section 2.37 and 2.38 show that the above is a necessaiy 
condition. The theorem of section 2.39 shows that it is a sufficient condition. 
In the proof of the theorem of section 2.39 it was shown that, when the 
rank of the augmented matrix and the rank of the matrix of the system are 
both equal to r, r unknoums can be expressed in terms of the constants 
and the remaining n — ?’ unknowns, provided that the matrix of the 
coefficient of the chosen unknowns is of rank r. 

2.41 Theorem. A necessary condition that a set of 7i + 1 linear equa- 
tions in n unknowns be consistent is that the determinant of the augmented 
matrix be zero. (N ote that this is a necessary condition but not a sufficient 
condition.) 

The augmented matrix has 1 columns and 77-4-1 rows. If its 
determinant (see section 2.30) is not equal to zero the rank of the aug- 
mented matrix will be 7i -f 1. The matrix of the system contains n 
columns and 7i 4- 1 rows. Therefore. the rank of the matrix of the system 
cannot be greater than n. Therefoi'e, if the equations are consistent, the 
rank of the augmented matrix must not be greater than 77; then the deter- 
minant of the augmented matrix must be zero. 

2.42 Homogeneous Equations. The m linear equations in n -unknowns, 

Uua;i 4- aijxs 4- a^Xz A h «inX„ = 0 

Usi-Xl 4 - azzXz 023X3 02nX„ = 0 /n 


OrnlXi -f- Oni2X2 4 “ 07^3X3 • • • -4- dmn^n — 0 

are called homogeneous equations. The}* differ from equations (2.26) in 
section 2.36 in that all the constants are zero. 

If there are as many equations as there are unknowns {m = 77 ), the 
determinant of the matiix of the sj'^stem is called the determinant of the 
coefficients. 

2.43 Theorem. Any set of homogeneous linear equations is consistent. 
The augmented matrix of a set of homogeneous linear equations differs 

from the matrix of the sj^tem only in the presence of an additional column 
every element of which is zero. Therefore the rank of both matrices is the 
same, and the equations are consistent. Indeed it is apparent that 
Xi = .xo = Xs = • • • = x„ = 0 is a solution of any set of homogeneous 
equations. 

2.44 Theorem. A necessaiy and sufficient condition that a set of 77 
homogeneous equations in n unkno-nms have a solution other than the 
trivial one, where each unknovm equals zero, is that the determinant of the 
coefficients vanish. 
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If the determinant of the coefficients equals D 0 we can solve for the 
n unknowns using Cramer’s rule. In each case we have D in the denom- 
inator and a determinant containing a column of zeros in the numerator. 
Therefore each unknown equals zero. This shows that it is necessary that 
D = 0, if there is to be a solution other than the one where each unknown 
is zero. 

If the determinant of the coefficients equals zero, its rank is less than n; 
designate it by r < n. By the theorem of section 2.40 we can solve for 
r unknowns in terms of w — r unknowns provided that the matrix of the 
coefficients of the r unknovms is of rank r. We may assign any values we 
please to the n — r unknowns. By assigning the n — r unknowns values 
other than zero we obtain a set of values of the unknowns, not all equal to 
zero, which satisfies the given equations. 

As an example consider the equations 

a; -k 3t/ — 4z = 0, 

2x - 4?/ -b 5z = 0, • (2.35) 

a: -f y — 3 = 0. 

The determinant of the coefficients is 


X 


z 



1 3 

-4 


2 -4 

5 = -4, 


1 1 

-1 

0 

3 -4 

1 0 -4 

0 

-4 5 

2 0 5 

0 


1 0 -1 


-4 

-4 


1 3 0 

2-4 0 


Since the determinant of the coefficients above is not zero, x = j/ = z = 0 
is the only solution that can be found. 

As a second example consider the equations 

X + Zy — Az = Q, 

2x — 4y + 5z = 0, (2.36) 

3x — y + 3 = 0. 

The determinant of the coefficients is 

1 3 -4 

2- 4 5=0. 

3- 1 1 
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Solve the following sets of simultaneous equations: 


30. 2s + 31/ = 1 

3.x -by = 2 


31. X + 2i/ = 5 
2.x + 31/ = 1 


32. .X + 2i/ = '2 
X + 2s = 3 
2y+ s = 5 

34. 2x + y =1 
3y + z =2 


33. 2.r + 3i/ + z = 0 
3.x - 2i/ - 3s = 1 
X — y + 7z = 2 


2s + 10 = 3 
5.x + w = 4 

35. Specify the number of second order determinants in the matrix; 


1 

5 

8 

1 

2 

0 

7 

0 

0 

2 

3 

5 


36. Specify the number of third order determinants in the matrix of problem 

OS 

OD4 

37. Specif}' the number of determinants of each order from one to sLx in a 
square matrix having sLx rows and six columns. 

38. Specify the number of determinants of each order from one to five in a 
matrix having five rows and six columns. 

39. Determine the rank of the matrix of problem 35. 

40. Determine the ranlc of the determinant in problem 26. 

41. Determine the rank of the determinant in problem 29. 

42. Determine the rank of the following matrix : 


2 

1 

3 

1 

9 

11 

4 

1 

2 

1 

1 

2 

6 

2 

7 

1 

5 

9 

6 

2 

5 

8 

10 

13 

10 

3 

9 

2 

6 

11 


Discuss the following systems of equations: 


43. X + 2p + 3z = 5 
2x + 1 / - 7x = 2 
3x + 3i/ — 4z = 1 

45. x + 2i/ — 5x = 3 
2x + y - 3x = 2 
3x + 3i/ - $3 = 5 
2.x + 4?/ - 10s = 6 
3i/ — 7s = 4 

47. X + 2i/ - 3s = 0 
4x + 2i/ — 8s = 0 
5x + 4i/ — 11s = 0 

49. 2.x - y+Zz+ m = 0 

4x -f 3i/ — 8s 4- 2ix = 0 

6.x + 2i/ - 53 + 3to = 0 

Sx + 1 / — 2s + 4t« = 0 


44. ox — 2y + 3 e = 2 
3x + 7/ + 4s = — 1 
4x — 3y 4- s = 3 

46. X 4- 2i/ 4- 2s — w = 3 
2x — y — s 4- 7w = 4 
3x + 2/ + s 4- 6iy = 6 


48. 3x - 2i/ 4- 3s = 0 
4x 4- 2i/ 4- s = 0 
x 4- 2i/ — Ss = 0 
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8. Repeat problem 7 on the permutations in problem 3. 


Evaluate the following determinants: 


9. 


11 . 


13 . 


1 2 
3 4 

1 2 
2 4 

0 2 3 

2 4 0 

3 0 6 


10 . 


12 . 


14 . 


1 2 
2 1 

-1 2 
-2 3 

1 0 5 

2 2 6 
0 10 


15 . 


10 10 
0 10 1 
2 0 3 0 
0 5 0 2 


16 . 


12 0 0 
5 0 2 1 
0 8 10 
0 10 1 


17. Evaluate the minor of each element in the following determinants 


1 

2 1 

2 

4 

9 

3 

5 ) 

1 

5 

3 



0 

7 

6 


Check the follomng equations b}' evaluating the determinants: 


18. 

1 

0 2 



1 

2 5 



2 

1 3 

SI 


0 

1 7 



5 

7 0 



2 

3 0 


19. 

1 

0 2 




1 2 

0 

1 

2 

: 1 3 

S 


— 

2 3 

1 


5 

> 7 0| 




5 0 

7 

20. 

1 

0 6 







2 

1 3 5 

= 

= 0 



1 

2 

1 3 5 






21. 

1 

I 1 0 : 

2 1 



2 0 ; 

2 1 

2 

2 5 0 



4 5 0 


1 

1 0 3 ' 

7 1 



0 3 7 


Make the following determinants into diagonal determinants: 


22. 

0 3 


23. 

3 7 


1 2 5 



5 11 

24. 

0 5 

3 

25. 

2 3 6 


7 9 

2 


8 7 2 


4 0 

6 


15 4 


Evaluate the following determinants: 


26. 5 12 

3 2 8 

1 4 1 

28. 1 2 3 4 

2 3 4 5 

3 4 5 6 

4 5 6 7 


27. 


29 . 


12 3 

2 3 4 

3 4 5 

10 10 
0 10 1 
10 0 1 
0 110 
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Solve the following sets of simultaneous equations: 


30. 2x + 3?/ = 1 
3.-!; — oy = 2 


31. a- + 2i/ = 5 
2x + 3y = l 


32. 


34. 


x + 2y =-2 
a: + 23 = 3 
2y+ 3 = 5 

2x + y = 1 
3y + 3 =2 
23 + ■!« = 3 
5x + w = 4 


33. 2.T + 3y + 3 = 0 
3x -2y - 3z = 1 
X — y -{■ 7z — 2 


35. Specify the number of second order determinants in the matri.v: 

1 5 S 1 

2 0 7 0 
0 2 3 5 


36. Specify the number of tliird order determinants in the matrix of problem 
35. 

37. Specify the number of determinants of each order from one to six in a 
square matrix having six rows and six columns. 

38. Specify the number of determinants of each order from one to five in a 
matrix having five rows and six columns. 

39. Determine the rank of the matrix of problem 35. 

40. Determine the ranlc of the determinant in problem 26. 

41. Determine the rank of the determinant in problem 29. 

42. Determine the rank of the following matrix: 


2 

1 

3 

/ 

9 

11 

4 

1 

2 

1 

1 

2 

6 

2 

7 

1 

5 

9 

6 

2 

5 

S 

10 

13 

10 

3 

9 

2 

6 

11 


Discuss the following systems of equations: 


43. x + 2y + 3z = 5 
2x + y — Iz = 2 

3. T + 3?/ — 43 = 1 

45. .r + 2y - 5z = 3 
2x + y — 3z = 2 
3x + 3y — Sz = 5 
2x + 4y — 103 = 6 
3y — 73 = 4 

47. x + 2y- 33 = 0 

4. V + 2)/ — S3 = 0 
5x + 4?/ — lls = 0 

49. 2a: — y + 33 + w = 0 
4a; + 3y — Ss + 2!y = 0 
6x + 2;/ - 53 + 3w = 0 

5. T + 2 / — 23 + 4w = 0 


44. 5x — 2y + 3z — 2 

3x -f- y + 43 = — 1 

4a: — 3y + 3 = 3 

46. a: + 2y + 23 - w = 3 

2 x - y - 2 -f- = 4 

3a: + y + s + 6it> = 6 


48. 3x-2y + 3z = 0 
4x-4-2y + 3 = 0 
x + 2y -Sz = Q 



CHAPTER 3 

DIMENSIONAL ANALYSIS 

3.1 Introduction. Man’s study of natural philosophy, or the laws of 
nature, has been based on two points of view. An investigation into why 
certain actions are found in nature and the causes underlying these actions 
is the heart of metaphysics. A study to determine how natural processes 
take place so that they can be prevented or brought into being at the will 
of the student is the aim of the present day scientist and makes up the field 
of science in its broadest sense. 

In order to make a study of natmal phenomena it is necessary to be 
able to describe them so that they can be recognized whenever they occur. 
In horticulture we describe a flower by giving the colors, number of petals, 
sepals, stamens, etc. Color, petals, etc., are the dimensions by means of 
which we describe the flower. Whether we count petals singly, or in pairs, 
is determined by the unit chosen. 

3.2 Dimensional Formulas. A bar of iron has length, breadth, thick- 
ness, surface area, volume, mass, etc. If we use the foot for our unit of 
length we find the length to be p, the breadth q, the thickness r, the area s, 
the volume v, the mass m. If instead of the foot we use the inch for our 
unit of length we find the length of the bar to be 12p, the breadth 12q, the 
thickness 12r, the area 144s, the volume 1728y, the mass however is still m. 

The numerical values of some of the dimensions depend on the unit of 
length chosen, and some do not; in the example given above the mass is 
independent of the unit of length chosen. The volume, area, and thickness 
depend differently on the unit of length chosen; in fact the relations are: 

Thickness depends on L, 

Area depends on L^, 

Volume depends on L®. 

This dependence on the unit of length chosen is indicated by the dimen- 
sional formulas: 


Length = [L], 
Area = [L^], 
Volume = [L% 
42 
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A velocity can be expressed in miles per hour, or feet per second, or any 
of several ways. The numerical value of the velocity depends on the unit 
of length and also on the unit of time. If we increase the size of the unit 
of length the numerical velocity is decreased: v feet per second is the same 
as a/3 yards per second. If we increase the size of the unit of time the 
numerical velocity is increased: v feet per second is the same as GOa feet 
per minute. The dimensional formula for velocity is a = where L 

has the same significance as in the formula length = [L] and T~^ shows 
that the dependence of velocity on the unit of time is just the inverse of the 
dependence on the unit of length. 

We find that mechanical dimensions, such as force, acceleration, weight, 
moment of inertia, etc., can be related to three basic dimensions. Length 
[L], time [T], and mass [ilf] are usually used as the fundamental dimen- 
sions, and formulas which depend on mass, length, and time as fundamental 
dimensions are said to be based on the MLT system; see Table III-l, 


Table III-l 


Physical Quantity 

Dimensional Formula 


IRTL 

MLTI 

Length 

L 

L 

Area 

L* 

L2 

Volume 



Time 

T 

T 

Velocity 

LT-^ 

LT-^ 

Acceleration 

LT-^ 

LT-^ 

Plane angle 

Numeric 

Numeric 

Angular velocity 

rp—l 

y— 1 

Angular acceleration 

/p— 2 

y— 2 

Frequency 

y— 1 

rp—i 

Mass 


M 

Force 

PRTL-^ 

MLT-^ 

Impulse 

PRT^L-^ 

MLT-^ 

Momentmn 

PRT-L~^ 

MLT-^ 

Torque 

PRT 

ML-T-^ 

Moment of inertia 

jiRTS 

ML- 

Moment of momentum 

PRT^ 

ML^T-^ 

Pressure 

PRTL-^ 


Pressure gradient 

PBTL-^ 


Energy 

PRT 


Energy density 

PRTL-^ 


Power 

PR 

ML^T~^ 

Density 

PRT^L-^ 

ML-^ 

Viscosity 

PRT^Lr^ 


Gravitational constant 

l~^Rr'^T-^L^ 

,lp-ly3y-2 
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Table 111-2 


Physical Quantity Dimensional Formula 


Current 

IRTL 

/ 

MLTI 

I 

Current density 

il-2 

IL-- 

Resistance 

R 

ML^T-^1-'^ 

Resistivity 

RL 


Conductivity 

Rr^L-'- 


Conductance 


m-^l-^tV 

Reactance 

. R 

ML^T-^r^ 

Impedance 

R 


Susceptance 



Admittance 

RT^ 

M-T-LT^T^P 

Permittivity 

ir‘TL-1 

M-^lr^PP 

Capacitance 

Rr^T 


Elastance 

RT-^ 


Elastivity 

RT-'-L 

ml’t-R-- 

Permeability 

RTLr^ 

mlt-H-^ 

Self inductance 

RT 


Mutual inductance 

RT 

ML'^T-n~‘^ 

Reluctance 

Rr'T-^ 

M-^L-^PP 

Permeance 

RT 


Reluctivity 

R-^T-^L 

M-^L-'T'^P 

Coupling coefficient 

Numeric 

Numeric 

Power factor 

Numeric 

Numeric 

Electric charge 

IT 

IT 

Charge density 

ITL-^ 

ITlr^ 

Voltage 

IR 

ML^T-^r^ 

Voltage gradient 

IRL-^ 

MLT-^I-^ 

Magnetomotive force 

I 

I 

Magnetic intensity 

IL-^ 

IL-^ 

Magnetic flux 

JRT 


Magnetic flux density 

IRTL-^ 

MT-'I-^ 


In thermodynamics it is usually desirable to introduce a fourth funda- 
mental dimension, temperature 6', this gives the MLT0 system. In elec- 
tric studies it is often customary to introduce permittivity e, or permea- 
bility y, as the fourth fundamental dimension giving the MLTe and MLT/u 
systems. There are two other systems useful in electric studies; one is 
based on mass, length, time, and current as fundamental dimensions giving 
the MLTI system; the other is based on current, resistance, time, and 
length as fundamental dimensions giving the IRTL system. 

Tables III-l and III-2 give dimensional formulas for some common 
physical quantities based both on the MLTI and the IRTL systems. 
Table III-l contains mechanical quantities whereas Table III-2 includes 
electrical and magnetic quantities. 
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3.3 Change of System. The tables in this chapter give dimensional 
formulas in the MLTI and the IRTL systems and if a formula is required 
in another system it is necessary to know how to change from one system 
to another. If the dimensional formula of a given physical quantity can 
be written in two systems of dimensions the systems are said to be equiva- 
lent with respect to that phj’-sical quantity. Since energ}'- = [I-RT] = 
[il/L-r-^] can be written in the IRTL and the MLT sj’^stems/the IRTL 
and MLT systems are equivalent ndth respect to energj’’. Voltage = [7i2] 
in the IRTL systems but no formula is possible in the MLT system; 
therefore these s 3 ’’stems are not equivalent with respect to voltage. It 
happens that any formula that can be written in the IRTL sj'^stem can 
also be written in the MLTI system and \'ice versa; therefore these sys- 
tems are said to be equivalent. If the formula for ever}’’ phj’sical quantity 
can be w’ritten in a particular system, that system is called a univei’sal 
system. Obviousty two universal systems are equivalent. The systems 
MLTW and IRTLff, where 6 is temperatoe, appear to be universal systems. 

Let one set of fundamental dimensions be Xi, Xo, X 3 (we consider three 
fundamental dimensions to simplify the explanation; the process wnth 
tw’o, four, or five would be the same). Let the dimensional formula for a 
given physical quantity Q be 

Q = XJX^X^. (3.1) 

It is required to obtain the dimensional formula for Q based on the S 3 ’’stem 
of fundamental dimensions Fi, Yz, 1 * 3 . 

Q = r.YlYi (3.2) 

wiiere the dimensional formulas for the new fundamental dimensions 
based on the old basic dimensions are 

7i = X?“X?LY^'’, 

Yz = xrxr-xr, (3.3) 

Fs = XJ"XI’=X§^t 

The procedure is to substitute equations (3.3) into equation (3.2). 

Q = (X“i“XS^^X“")"(X?Xl=Xl=’)^(X?“XrLY^“)* 

Comparing equation (3.4) with equation (3.1), W’e have 

Qiir + aziS + Out = a, 

OizT flojS -j- ajzi — b, 

dlzV 4- 023® -j- Uszt = c. 


(3.5) 
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If 


the systems are equivalent and we have 

1 


fill 

021 

031 

012 

022 

032 

Ol3 

023 

O 33 




D 


a asi flsi 

b 0.22 

C 022 O'ZZ 


S 


Oil 

a 

031 

O 12 

h 

O 32 

013 

c 

Q 33 



ail 

ai2 

OLlZ 


021 a 
h 

02Z C 


(3.6) 


(3.7) 


Example 1. From the dimensional formula for force in the MLTI system 
find the dimensional formula for force in the IRTL system. We have the formula 
for force given as 

F = MLT-^ = WDT-n^. (3.8) 


The formulas needed for the transformation are 

1 = 1 = 

R = MUT-U-^ = 

T = T = liPV’TP, 

L = L = MOPTOP, 

We require p, q, r, s in 

F = PR^T'U. 


The exponents in equations (3.9) give 

0 10 0 

n _ 0 2 0 1 

0- 310 

1- 200 


= 1 . 


(3.9) 


(3.10) 


(3.11) 


Note that the exponents in the first of equations (3.9) give the first column in 
determinant D; the exponents in the second equation give the second column, 
etc. To find p we replace the first column of D by the exponents in equation 
(3.8) and write 


1 



0 


1 

2 

-3 

-2 


0 

0 

1 

0 



(3.12) 
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’’ D 


(3.13) 


Therefore, 


F = r-RTL-\ 


Example 2. From the dimensional formula for force in the IRTL S 3 ''stem 
find the dimensional formula for force in the MLTI sj'stem. This is the con- 
verse of the first example. 

Given 

F = I-RTL~\ (3.17) 

The transformation formulas are 

ilf = I-RT^L-- = PR}T^L-^, 

L = L = im, 


L = L 
T = T 
/ = I 


= PR'^T^L^, 
= FRPPU>. 


(3.20) 


Required p, g, r, s in 

F = (3.19) 

The exponents on the right of equations (3.18) give for D 

2 0 0 1 

n - 1 0 0 0 , , , 

^ 3 0 1 0 ~ (^-20) 

-2100 

Substitute the exponents on the right of equation (3.17) for successive columns 
of D girdng the required solutions 

2 0 0 1 
10 0 0 

^ D 1010~^' (3-21) 

-110 0 




(3.21) 




1 

^ ~ D 


= - 2 . 
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s = 


D 


2 0 
1 0 
3 0 
-2 1 


0 2 
0 1 
1 1 
0 -I 


= 0 . 


Therefore, the formula for force in the MLTI system is 

F = MLT-\ 


(3.24) 


(3.25) 


3.4 Change of Units. Dimensional formulas are of assistance in com- 
puting the effect of a change in the units used for measuring a physical 
quantity. For example, to find the magnitude of a velocity in feet per 
second equal to 30 miles per hour, let v feet per second be the required 
velocity. 

Then 

V feet per second = 30 miles per hour 


vlL.TT]] = mL2T2^] 


■where [LiTi *] is unit velocity in feet per second and [L 2 T 2 is unit velocity 
in miles per hour. 

a = 30[VL.][Tj/Ti]-h 


L=/L: is one mile dhdded by one foot or 5280, and T 2 /T 1 is one hour 
divided by one second or 3600. 

Therefore, 


a = 30 


5280 

3600 


= 44. 


The required velocity is 44 feet per second. 

3.6 Checking Physical Formulas. We would not think of adding 
time in seconds to area in square feet, or a force in pounds to a current in 
amperes. There might be a temptation to add weight in pounds to mass 
in grams, or magnetomotive force to electromotive force. We find that 
dimensional formulas are of great assistance in telling us what is permissi- 
ble. If two physical quantities are added they must have the same dimen- 
.sions. Suppose a formula gives a physical quantity as depending on the 
surface of a cube plus the volume of the cube. Consider a one foot cube. 
The surface is six and the volume is one. The total is seven. The .surface 
contributes six sevenths and the Amlume contributes one seventh. Now, 
instead of measuring the cube in feet, we measure it in inches and find the 
area 864 and the volume 1728. The surface now contributes one third of 
the total and the volume two thirds of the total. But a physical process is 
independent of the units chosen to measure it; therefore the formula is 
incorrect. This principle was first expressed by Fourier in 1822 and leads 
us to the applications of dimensional analysis which follow. 
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The formula for the distance covered by a falling body is s = ^gt". 
According to this principle, s and gt- must have the same dimensional 
formula. Now s = [L] and gt- = {LT--][T-] = [L] and the formula is 
dimensionally correct. It is apparent that this is a one-way check. There 
is no way to tell dimensionally whether the constant § should be f or f or 
what. In other words if a formula does not check dimensionally it is 
incorrect; but it is true that if a formula does check dimensionally it may 
stUl be wi'ong. Since there is no way to distinguish dimensionally between 
torque and energj’', exceptional cases maj" arise from time to time where a 
misleading conclusion is drawn. If dimensional analysis is used as it 
should be, as a guide and aid rather than as an infallible tool, there will be 
no trouble. 

In expressions such as sin X, cosh X, log X, etc., X must be dimension- 
less. This is evident if we consider the series expansion of one of the above, 
say sin X. 




According to Fourier’s principle each term in the series has the same dimen- 
sional formula. In particular X and X® have the same dimensions. Sup- 
pose the dimensional formula for X is 

X = M-UT‘. 


The formula for X® vdll be 


X® = ilf®“L®®T®'=. 

Fourier’s principle tells us that X and X® have the same dimensions, and 
this means that a = 3a, h = 3&, and c = 3c. These equations are satisfied 
only ifa = & = c = 0, and this means that X is dimensionless. 

3.6 Dimensional Constants. If we tr}- to check the formula for the 
force of attraction /between two masses mi and separated by a distance 
r, we have 


iriimn 


Uring the MLT system (Table III-l) 

/ = {MLT-\ 
mi = [ilf], 

= [ill], 

= [L]. 


(3.25) 
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The formula for the distance covered by a falling bodj”- is s = \gt-. 
According to this piinciple, s and gt- must have the same dimensional 
formula. Nov' s = [L] and gt- = [LT--][T-] = [L] and the formula is 
dimensionallj’’ correct. It is apparent that this is a one-vaj>- check. There 
is no yvay to tell dimensionallj’- whether the constant § should be f or j or 
what. In other words if a formula does not check dimensionally it is 
incorrect; but it is true that if a formula does check dimensionally it may 
still be wi'ong. Since there is no waj"- to distinguish dimensionally between 
torque and energ}’", exceptional cases may arise from time to time where a 
misleading conclusion is drawn. If dimensional analysis is used as it 
should be, as a guide and aid rather than as an infallible tool, there will be 
no trouble. 

In expressions such as sin X, cosh X, log X, etc., X must be dimension- 
less. This is evident if we consider the series expansion of one of the above, 
say sin X. 


X^ X? 

*^ = ^'-37 + 71 


According to Fourier’s principle each term in the series has the same dimen- 
sional formula. In particular X and X® have the same dimensions. Sup- 
pose the dimensional formula for X is 

X == 


The formula for X^ will be 

Xs = 

Fourier’s principle tells us that X and X^ have the same dimensions, and 
tliis means that a = 3a, b = 3b, and c = 3c. These equations are satisfied 
only ifa = b = c = 0, and tliis means that X is dimensionless. 

3.6 Dimensional Constants. If ive trj" to check the formula for the 
force of attraction / between two masses 7?u and vin separated by a distance 
r, we have 


f= 

r- 

Using the MLT system (Table III-l) 

/ = [MLT-% 

nil = 

TTli = [jlf], 
r = [L], 


(3.25) 
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Therefore, equation (3.25) is dimensionally 
should equal 




and we do not have a check. 

The formula written above (equation 3.25) is wrong; it should be 


S = G 


mim2 


(3.26) 


where G is the gravitational constant and has the dimensions 

There is no trouble checking equation (3.26) using the formula for the 

dimensional constant. 

A similar situation arises in the formula for the force between two 
electric charges and for the force between two magnetic poles. We must 
introduce dimensional constants, e the permittivity and fi the permeability, 
to make the respective formulas check. It is interesting to note that this 
condition occurs in the three cases of “ action at a distance.” After these 
three dimensional constants have been introduced and defined they can be 
treated just like any other physical quantity; in fact the constant n, or 
permeability, is used as a fundamental dimension in the MLT^i system. 

3.7 Derivation of Physical Formulas. Fourier’s principle, which we 
use to check equations dimensionally, enables us to make important steps 
in the derivation of unknovm formulas. If we know what physical quan- 
tities are involved, and specify that the formula relating them is dimen- 
sionally correct, we can sometimes obtain the desired formula correct 
except for a proportionahty constant. The method in its simplest form is 
illustrated in the following example. The force of a lifting magnet de- 
pends on the area of the gap A, on the flux density B, and on the perme- 
ability fi. We mite the force as a constant multiplied by the quantities 
A, B, and each raised to an unknown power. 

F = M-BV. (3.27) 

Dimensionally, this is (see Tables III-l and III-2), 

[DRTL-^] = {UY[IRTL-^f[RTL-^Y. (3.28) 

If tills formula is correct dimensionally the exponents of I, R, T, and L on 
both sides of the equation must be the same. This gives four equations to 
solve for a, b, and c. 

From I: 2 = 5. 

From R: 1 = 5 -b c. 

From T: 1 = 6 c. 

From L: — 1 = 2a — 2b — c. 


(3.29) 
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These equations can be solved for a, h, and c, ^^dng a = 1, b = 2, c = —1. 
The relation we seek is therefore 

„ kAB- 

F 

We can construct a magnet and determine k by measuring F, A, B, and n, 
thus gmng a complete solution by means of a single test. Without the 
aid of dimensional analysis the procedure would be to construct magnets 
ha^dng different areas ito find how the force depends on A ; then to set up 
different flux densities in one magnet to determine how the force depends 
on B. The method of finding how the force depends on ii would be even 
more difficult. When we consider that dimensional analysis gives us a 
complete solution depending on one experimental measurement, it is 
ob\dous that there is a tremendous samng in time and effort. Attention 
is called to the fact that we can find the force of a lifting magnet ndthout 
resoiting to the theor}’’ of magnets other than to say: “ maybe the formula 
contains the area, flux density, and permeability! ” 

3.8 Introduction to Buckingham’s tt Theorem. In the example of the 
preceding paragraph we obtained four equations to solve for three un- 
knornis a, b, and c. If the universal systems of dimensions contain five 
fundamental dimensions we can never get more than five equations. 
There is no limit on the number of unknowns that may be required for more 
complicated problems. The procedure to follow in cases where the equa- 
tions do not enable us to solve directly for the exponents is made clear if 
we work the above example as a special case of the general method. The 
onlj’’ physical quantities involved are force, F; flux density, B] area, A; 
and permeability, fi. These must be related by some law which can be 
expressed as follows: 

#(F, B, A, fi) = constant = numeric. (3.30) 

The right-hand side of the above equation is dimensionless; therefore 
the left-hand side must be a numeric also. In the unknown function 
$(F, B, A, n) we do know that the four variables are so related that each 
term is dimensionless. No term in $(?, B, A, fj.) can contain just one of 
the variables, say B, because if we transferred it to the right we would have 
B numeric, the smn of two quantities not having the same dimensions. 
Then any term in ^(F, B, A, n), containing one of the variables, contains 
enough of the others raised to the right powers to make the combination 
dimensionless. Or dimensional analysis tells us that 

[F]“[jB]‘[A]^[a(]‘^ = numeric. (3.31) 

Substitution from the tables gives 

[I-ETL-^'^[IRTL-"]miRTL-^Y = PR°T°L°. 


(3.32) 
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Comparing exponents on both sides of the equation we find 


From 7 : 
From B: 
From T: 
From L: 


d" h = 0. 

tt -h fe -f* d = 0. 

CL h d — 

— o — 26 -{“ 2c — d = 0. 


(3.33) 


We have four homogeneous equations in four unknowns. The matrix of 
the system is 


2 

1 

0 

Q ■ 

1 

1 

0 

1 

1 

1 

0 

1 

-1 

-2 

2 

-1 


This is of rank three; therefore we have three independent equations. 
Since the determinant obtained by crossing out the first column and 
second row of the matrix in equation (3.34) is not zero, we can solve for 
6, c, and d in terms of a. Doing this we find 6 = —2a, c = —a,d = a. 
Substituting on the left side of equation (3.31), we have 

[mBf[AY[p-Y = [^]‘‘ = numeric. (3.35) 

This means that if F appears in a term of B, A, n) = constant, it 
will be multiplied by /j. and divided by B^A. If F^ appears it vnll be mul- 
tiplied by fi^and divided by The quantity {FiiB~^A~'^Y is dimen- 

sionless for any value of a. Let FiiB~^A~^ — x-, then in place of the 
equation #(F, B, A, fi) = constant, where $ is a function of four variables, 
we can write /i(a:“) = constant or more simply f{x) = constant. But 
fix) = constant means x = constant. Since x = FixB~^A~^, we have 
FiiB~^A~'^ = constant = k ov 

F 

/r 


Example 1. Find b 5 ' dimensional analysis the relation between the velocitj’ 
of sound in a gas and the pressure and density of the gas. 



^(w, V, P) = 

constant. 

(3.36) 


M“lp]‘[p]' = 

numeric. 

(3.37) 



IPLOfo. 

(3.38) 

From M we have : 

6 + c = 0. 



From L we have: 

a — 6 — 3c = 0. 


(3.39) 

From T we have : 

-a -2b = 0. 
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We have three homogeneous equations in three unknowns: a, h, and c. 
matrix of the s.vstem is 


0 

1 

1 

1 

-1 

— 3 

-1 

_2 

0 


The 


(3.40) 


This is of rank two. Since the determinant obtained crossing out the third 
column and the third row is not zero we can solve for a and b in terms of c and 
obtain a = 2c, 6 = — c; therefore, in place of equation (3.36), we have 

/i[(tj-pp~*)'] = constant (3.41) 


or 

f{v-pp~^) = constant (3.42) 

which means v-pp~^ = constant or a = k'</pp~^. 

In each of the examples above the final result is obtained as though after 
sohdng for the unknown e.xponents in terms of one exponent we set that exponent 
equal to unity. 

Example 2. Let us consider a more immlved problem, that of finding the air 
resistance of an airplane wing. It is known that the resistance F depends on 
the shape, size L, speed T’, density of air p, and -vdscosit}' p of air. We VTite the 


unknown relation as above 

$(F, L, V, p, p) = constant, , (3.43) 

[jP«][i,i][7c][prf][p(Cj _ numeric, (3.44) 

= M°L°T^ (3.45) 

From M we have: a + d + e = 0. 

From L we have: a + 6 + c — 3d — e = 0. (3.46) 

From T we have: — 2o — c — e = 0. 


We now have three homogeneous equations in five unknowns a, h, c, d, and e. 
The matrix of the sj'stem is 


1 

0 

0 

1 

1 

1 

1 

1 

-3 

-1 

—2 

0 

-1 

0 

-1 


This is of rank three. Since the determinant obtained bj' crossing out the first 
and fifth columns is not zero we can solve for h, c, and d in terms of a and e. 

d = -a - e, c = -2a - e, b = -2a - e 


and we can now substitute in the left side of equation (3.44) to obtain 

F“L*'F'pV = 

- 

In place of 4>(F, L, T', p, p) = constant, we have 

(lF^) ] = '=°^^tant 


(3.48) 

(3.49) 


(3.50) 
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where a and e are arbitrary. This can be written = constant if we 

make the following substitutionj 


X = 


F 

L^V^p’ 



But fi(x°y’‘) = constant can be wTitten more simplj' as fCx,y) = constant. 
That is, by means of dimensional analysis, we have changed the problem from 
one of finding an unknown function $ of five variables into a problem of finding 
an unknown function of two variables. 

In order to illustrate how' fi{x‘‘y‘) is the same as f{x, y), where a and e are 
arbitrary, consider the follom'ng form: let fi(x'^y‘) = (x^y”)- + sin (x^y^) + 
cos {x’‘y‘)-, if in the first term a = 1, e = 2, in the second term a = 0, e = 3, 
and in the thii'd term a = 1, c = 0, then = x~y‘‘ + sin y^ + cos x. 

There would be no hesitation in sajdng x^y'^ + sin y^ + cos x is a function of the 
two variables x and y, in other words /(x, y). Therefore, we write 


Just as /(x, y) = constant can be solved for x in terms of y giving x = fs(y)> 
equation (3.51) can be solved for FL~-V~^p~^ in terms of yL~^V~^p~^ giving 


F 



(3.52) 


And finally we can solve for F and have 


The form of the function /o depends on the shape of the wing and is probably 
rather complicated. If we have a model with the same shape as the actual 
wing and plan to test it in air, the equation for the model will be 

F'=L'n-p/=(p|rJ- (3.54) 


If this equation is divided into the equation above we have 



(3.55) 


If we make L'V for the model equal to LV for the actual wing, then the unknown 
function will cancel out and equation (3.55) becomes 


F _ L2F= 
F’ ~ L'2F'2 


(3.56) 


and since we have made L'V equal to LV this turns out to be equal to one; 
therefore F = F'. If the model wing is one tenth the size of the actual wing 
we must test it at ten times the actual e.vpected air speed and the resulting 
measured force will be the same size as the actual force experienced by the actual 
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wing. This result is not very useful for high speed planes; therefore the model 
is tested in a high pressure wind tunnel or an approximation to the unknown 
function in equation (3.54) must be made. 

Example 3. As another e.xample to illustrate this more general problem 
consider a long, direct current transmission line. The generator current Ic is 
known to depend on the load cuivent II, the load voltage El, the resistance of 
the wire per unit length r, the leakage conductance per unit length g, and on 
the length of the line s. These quantities are related by an equation 

^{Ig, II, El, r, g, s) = constant. (3.57) 

We write 

= numeric. (3.58) 

[mmiRY[RL-^ViR~''L-^YlLY = (3.59) 

From I we have: a + 5 + c = 0. 

From R we have: c + d — c = 0. (3.60) 

From L we have: —d — c + / = 0. 

We have three homogeneous equations in sLx unknowns. The matrix of the 
system is 

111 0 00 

0 0 1 1-10- (3.61) 

0 0 0 -1 -1 1 

This is of rank three. Since the tliird order determinant obtained by crossing 
out the second, third, and fifth columns is not zero, we can solve for a, d, and e, 
in terms of b, c, and /. 

-b-c, d e = (3;62) 

(^ (3.63) 

Using the following substitutions 

II El Ig j — 

^ y = ^ = Vrgs. (3.64) 

we can say that in place of the equation ^(Ig, I l, El, r, g, s) = constant, we now 
have fiixhj’^z^ = constant, where b, c, and f are arbitrarj^ constants. This 
of course is the same thing as sajing/(x, y, z) = constant. In place of an equa- 
tion invohdng six variables we have an equation invohdng three variables. 
Our final solution is written 

KTg’To constant. ( 3 . 65 ) 

The actual form of the unknown function / can be found bj' other means to be 

(M) ^ ® (1g ^') ^ ^ 

3.9 Buckingham’s tt Theorem. Some of the steps in the preceding 
examples can be left out to speed up the solution. The following set of 
directions will be found to apply to each of the above problems, and is 
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known as Buckingham’s tt theorem. To find a relation among certain 
physical quantities Xi, X^, • ■ ■ Xn replace each of the physical quantities 
by its dimensional formula in the equation 

[ZJIZsira' • • • [^n]” = 1, (3.67) 

perform the indicated multiplication on the left, and equate the exponent 
of each dimension to zero. This gives r independent equations in the 
unknowns a, b, c, ■ ■ • n (r is equal to 1, 2, 3, 4, or 5 if the universal system 
has only five fundamental dimensions). Solve for r of the unknowns in 
terms of the remaining n — r unknowns. Let the first of the n — r un- 
knowns equal one (or any number not zero) and the others equal zero, 
giving a set of values for a,b,c, ■ • ■ n, which we call ui, bi, Ci, • • • n-i. Then 
equate the second of the n — r unknowns to one and the others including 
the first to zero; this gives oa, ha, Ca, • • • Repeat this process for each 
of the n — r unknowns giving n ~ r sets of values for a,b, c, • • ■ n. 

Let 


an = XVXl'Xi^ 

ara = Z?Z^*Z? • • • Z^^ 

^n— r “•^1 ‘^2 ^3 ‘ 


(3.68) 


The desired equation is now 

/(ari, ara, ars, • • • ar„) = constant. (3.69) 

This equation can be solved for any of the variables, giving a new equation 
ari = / 2 (ar 2 , ars, • • • ar„). (3.70) 

To illustrate the application of the ar theorem consider example 2 above: 
Having solved equations (3.46) for 6, c, and d in terms of a and e we have 


a — a 

b = —2a — e 
c = —2a — e 
d = —a — e 
e = e 


(3.71) 


First let a = = 1 and e = ei = 0, then leta = = 0 and e = ea = 1 ; 

this gives us 

fli = 1 Oa = 0 

h, = -2 ha = -1 

Cl = — 2 Ca = — 1 

di = -1 da = -1 


Cl 


0 


Ca 


(3.72) 
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Tills gives the following dimensionless products 


F- 

TTi = 3 

P- 

(3.73) 

L-V-p 

LVp 


Equation (3.69) gives 



■’\LW-p LVpJ 

— constant 

(3.74) 

which is the same as equation (3.51), and equation (3.70) gives 


=/• 

(-f) 

(3.75) 

L-V^P 

\LVp/ 


which is the same as equation (3.53). 

In using the tt theorem we obtain a set of homogeneous equations from 
which we find values for the exponents of the physical quantities. At first 
it may be confusing to decide wliich exponents to solve for in terms of the 
others. Of the many selections we might make, some are impossible of 
solution and, among the possible ones, some will greatly simplify the 
problem. 

An inspection of the matrix of the sj^stem tells which unknomis can be 
solved for in terms of the others. The rank of the matrix of the coefficients 
of the unknowns to be solved for must equal the rank of the matrix of the 
sj’stem. For example, we cannot solve for a, b, and c in terms of <?, e, and 
/ in example 3 because the matrix of the coefficients of a, b, and c is 


1 

1 

1 

0 

0 

1 

0 

0 

0 


(3.76) 


which is of rank two, while the matrix of the system for equations (3.60) 
is of rank three. 

Sometimes it is better to solve for one unknown rather than another. 
In example 2 we wanted an expression for the force F on an airplane wing. 
If we had solved for a, b, and c in terms of d and e we would have 


a = —d — e ai=— 1 00 =— 1 

b = 2d -j- s bi — 2 ba — 1 

c = 2d + e Cl = 2 Co = 1 

d = d di==l d2 = 0 

c c Cl ^ 0 Co 1 

The dimensionless products would now be 

LW-P LVp 

— (3.78) 
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which, would give 

JLW^P LVA 
J\—Y~ ’ ^ constant. 


And, finally, 

LW^p . (LVp\ 

~r' =>'vrr 

This can be written 



( 3 . 79 ) 


( 3 . 80 ) 


( 3 . 81 ) 


which is not much good since F appears in the functional expression in the 
denominator. 

Since we want an expression for the force F, we want F to appear only 
once in the result so that a formal solution is possible. To make sure of 
this we do not solve for a, the exponent of F, in terms of the other un- 
knowns. We are sure of a satisfactory solution if we solve for any three 
of h, c, d, and e in terms of the remaining one and a. 

The examples given above should be worked out following the directions 
just given to make sure that the theorem is understood. A fourth ex- 
ample is now given to show how dimensionless quantities are handled. 


Example 4. The time T of the swing of a pendulum is known to depend on 
its length L, mass M, and weight W, and the angular amplitude of the swing 6. 



[TnL]’’[MY[W]'^[e]’ = 1. 

(3.82) 


[T]“[L]‘[ilf]'Iil/Lr-2]<' = ilfOL'T". 

(3.83) 

Note 0 is a numeric and therefore does notappear above. 


From T we have: 

a — 2d = 0. 


From L we have; 

b + d = 0. 

(3.84) 

From M we have: 

c d ~ 0, 



These are three homogeneous equations with five unknowns. The matrix of 
the system is 

10 0-20 

0 10 10- (3.85) 

0 0 1 10 

This is of rank three. Since the determinant obtained by crossing out the first 
and fifth columns is not zero we can solve for 6, c, and d in terms of a and c. 
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This gives us 


a = a 



e = e 

TTl = 

The resulting equation is 



or solving for tti 


which can be mitten 


ai = 1 02 = 0 

bi = —2 62 = 0 

Cl = —1 C 2 = 0 

rfi = 1 d2 = 0 

Cl = 0 62 = 1 



(3.86) 

(3.87) 

(3.88) 

(3.89) 


This is as far as dimensional analj'sis will take us. A few more comments on 
this problem will be of interest. Since TF = Mg, this can be written 



(3.90) 


For small values of Ojfo^d) is practically constant, and we have then, if 0 is small, 


r = fc 



(3.91) 


an equation that is familiar to phj'sics students. 


3.10 Model Study. Let wi, wo, etc., be the w’s for the actual process, 
and TTl, Wo, etc., be the corresponding relations for the model. Then the 
conditions that must hold are 

Wi = Wi, W2 = W2, - • ■ w„_, = Tr'„-r. (3.92) 


The quantit}'^ being determined appears in onty one of these equations and 
that will be the equation of the model. The remaining n — r — 1 equa- 
tions are the restrictions which are placed on the model to make the equa- 
tion of the model true. 

To illustrate this consider again the example of the airplane wing. We 
formd, see equations (3.73), 


F 

L-V^P 


•JTo — 


LVp‘ 


(3.93) 
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For the model we have 


■^1 


F' 


L'W'Y """ L'V'/ 


If we make = tts, that is, 


L'V'p' LVp 


then we will have it[ = tti, or 


F’ 


(3.94) 


(3.95) 


(3.96) 


L'^F'V LW^p 

If we test the model in air at atmospheric pressure p' = p and p' = p 
and equation (3.95) becomes 

L'V’ = LV. (3.97) 

Now, substituting L'V — LV and p' = p in equation (3.96), we have 

F' = F (3.98) 

which checks with equation (3.56). 


PROBLEMS ON CHAPTER 3 

1. Determine the dimensional formulas for additional physical quantities, 
for example, Young’s modulus, Poisson’s ratio, coefficient of friction. 

2. Check the formulas in Table III-l given in the IMLT system by substi- 
tuting for ilf, in the particular dimensional formula, the value of ilf in the IRTL 
system. 

3. A series circuit containing inductance L and capacitance C is set in oscil- 
lation. Find how the period of oscillation depends on L and C, following the 

. procedure of the first example in the text. 

4. The value of the velocity of sound waves in a solid depends on Young’s 
modulus E and on the density p. Find how these quantities enter into the 
formula for the velocity following the procedure in the first example of the text. 

5. Solve the example on p. 50, using the general form of the w theorem. 

G. Solve example 1, p. 52, in the text using the general form of the w theorem. 

7. Solve example 3, p. 55, in the text using the general form of the w theorem. 

8. Solve problem 3, using the general form of the tt theorem. 

9. Solve problem 4 using the general form of the w theorem. 

10. The distance s passed through by a falling bodj^ is known to depend on 
the acceleration of gra\'it 5 ’’ g, on the time of fall t, and on the initial velocity v 
at t = 0. Find how these quantities are related. 

11. The energy stored in the field of an electromagnet is known to depend on 
the inductance L and on the current I. Find how these quantities are related. 

12. The frequency of the sounds produced by a violin string depends on the 
force stretching the string T, on the length L, and on the density per unit length 
X. Find how these quantities are related. 
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13. Find how the velocity of the water waves in a canal depends on the depth 
of the canal h, on the water densitj' p, and on the acceleration of gravitj'^ g. 

14. The rate at which electromagnetic energy passes through space in watts 
per square centimeter depends on the voltage gradient G, on the magnetic 
gradient H, and on the electromagnetic wave velocity c. Find how these quan- 
tities are related. 

15. Deteimine how the energj’^ stored in a condenser depends on the per- 
mittivity £ of the dielectric, on the area A of the plates, the distance between 
the plates h, and the applied voltage B. If it is known that the energy varies 
directly with the area of the plates what does the relation become? 

16. The pressure gradient G which results when fluid flows in a smooth 
straight pipe depends on the diameter of the pipe D, on the velocity V, density 
p, and viscosity p of the liquid. Find how these quantities are related. 

17. The resistance force, F, of the water to the motion of a ship depends on 
the density p of the water, the area S of the wet surface, the length L, the veloc- 
ity of the sliip F, and the viscosity p of the water. Find how these quantities 
are related. 

18. In the preceding problem discuss the requirements if the dimensional 
results are to be used in the study of a model. 

19. The thnist F of a propeller depends on the diameter D, the rate of revo- 
lution 71, the speed of advance S, the density p and the ^^scosity p of the water, 
and the acceleration of gra\’ity g. Determine -how these quantities are related. 

20. Analyze the preceding problem on the basis of model study. 

21. If in the preceding problem turbulent flow is assumed so that the thrust 
is independent of the viscosity how is the problem affected? 
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complex’ NUMBERS AND HYPERBOLIC FUNCTIONS 

4.1 Introduction. The terms complex number and imaginary number 
are rather forbidding names for certain kinds of numbers. These numbers 
are not imaginary, and when they are used they generally simplify a prob- 
lem which would be quite complex otherwise. One of the fields in which 
complex munbers are used very extensively is alternating emrent circuits 
and machinerj’'. 

The positive integers may be considered as natural numbers. The idea 
of counting one’s possessions leads to the use of positive integers. Addi- 
tion and multiplication of positive integers result in positive integers, e.g., 
4-}-5 = 9, 5x2 = 10. Subtraction causes trouble if we try to subtract 
a large number from a smaller one. In order to make such a problem pos- 
sible of solution we extend oiu number system to include negative integers. 
Negative integers and zero are invented to make subtraction ahvaj^s 
possible. 

The process of division is sometimes possible in the number system con- 
sisting of positive and negative integers and zero, e.g., 42/6 = 7, but 21/4 
is impossible of solution rmless we extend our number system to include 
rational numbers. The invention of rational numbers makes it possible 
to divide one number by another with the one exception that division by 
zero is not defined. 

Evolution, or the extraction of roots, e.g., square root, is not always 
possible in the system of rational numbers. The diagonal of a unit square 
is a definite length but it cannot be expressed as a rational number. We 
therefore extend the number system by inventing irrational munbers to 
make the extraction of roots of positive numbers possible. 

In the system of positive and negative, rational and irrational numbers 
and zero, it is impossible to extract the square root of a negative number. 
We therefore extend the system of numbers to include imaginaiy and com- 
plex numbers. This last extension of the number system is really no more 
intangible than the extensions described above. 

*4.2 f-Numbers. If we consider the integers marked along an axis as 
in Fig. 4-1, we note that when any integer is multiplied by — 1 the result 
is on the other side of, and at the same distance from, zero, e.g., (— 1) (3) = 
— 3, (—!)(— 5) =5, etc. Then multiplication by —1 can be considered 
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as the same as a rotation of 1S0° about zero in a counterclockwise direction. 
Let us call the axis in Fig. 4-1 the R axis and include an i axis as in Fig. 4-2. 

Consideration of Fig. 4-2 shows that we can obtain ?2 by rotating 2 
counterclockwise through 90° about zero as a pivot, i is obtained by 
rotating 1 about zero through an angle of 90° counterclockwise. In gen- 
eral ik is obtained bj' rotating k counterclockwise through an angle of 90° 

- 2-10 12 3 

Fig. 4-1 

about zero as a pivot. "We say that multiplication by j produces a rotation 
of 90° just as multiplication by —1 produces a rotation of 180°. If we 
multiply bj’ ■?' twice, the rotation will be through twice 90° or 180°, then 
multiplying by ?- is the same as multipljing by —1. Applying these to 
i-1 we have ? - = —1, or i = V—1. 



Fig. 4-2 


*4.3 The Operator z. If multiplication by i produces a rotation of 90°, 
then i- produces a rotation of 180°, a rotation of 270° or -90°, and a 
rotation of 360°. This gives the following set of relations; 

?” = — 1 — — 2 - 
=1 2^ = 

= -1 V = 

= 1 etc. 


(4.1) 
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If we multiply a number by i2 the result is to rotate the number through 
90° and move to one tvuce as far from the origin, e.g., (f2)(4) = f8, 
(f2)(— 3) = — z6, etc. In general, multiplication by fA; rotates through 90° 
counterclockwise and moves h times as far from zero. 

Let z be an operator such that multiplication by z rotates through 45°, 
then multiplication by z twice will produce a rotation of 90°. Multiplying 
+ 1 by z^ is the same as multiplying +1 by f; this gives z- = i, or z = -y/i. 
This gives a point on the 45°-line betw’een the R axis and the i axis in 
Fig. 4-2. Tliis point is called a complex number. Any point in the plane 
of Fig. 4-2 is a complex number; the points on the R axis are called real 
numbers, and the points on the i axis are called f-numbers or imaginary 
numbers. Both real numbers and imaginary numbers are complex num- 
bers. 

It is common in electrical engineeiing to reserve the letter i to indicate 
electric current and electrical engineers therefore use the letter j w^here w^e 
use the letter i. Thus imaginary munbers are sometimes called J-numbers, 
andj = V— 1- 


4.4 Complex Numbers. Having defined complex numbers as points 
in the plane of Fig. 4-2, the question of how' to designate a particular num- 
ber should be answered. In Fig. 4-3 
the point P locates a complex number. 
We can fix the point P by noting that 
it is a distance A to the right of the 
i axis and a distance B above the R 
axis. We write this A or 2 iZ, 
etc. A or 2 indicates that the point 
is a distance A or 2 units from the 
i axis and B or 3 indicates that the 
point is B or 3 units above the R axis. 
If C is the length of the line from 0 to 
P, and the line makes an angle d with 
the R axis, then A -{- zB = C cos 0 -|- iC sin 6 = C(cos 6 + i sin 0). 
A -f- fB is called the orthogonal or Cartesian form of the complex number. 
C (cos 0 -H f sin 0) is the trigonometric form of the complex number. 
cos0-bfsin0 is often abbre\uated cis0; therefore, Ccis0 is also the 
trigonometric form. C cis 0 is sometimes indicated as (7/0 which may be 
called the polar form or circular form of the complex munber. In all 
these forms C is known as the modulus or absolute value and 0 is the 
argument or angle. 

*4.6 Algebra of Complex Numbers. The sum of two complex niunbeis 
a 4- ib and c + id is found by adding the real parts to give the real part 
of the sum, and adding the imaginary parts to give the imaginary part of 
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the sum, i.e., (a + ih) + (c + ib) — (a + c) + iQ) + d), (2 + iZ) + 
(5 + i9) = 7 + il2. The difference of two complex numbers is obtained 
by taking the difference of the real parts for the real part of the result and 
the difference of the imaginary parts for the inraginary part of the result. 

(a + ‘ib) — (c + id) = (a — c) + i(b — d), 

(2 + iS) - (1 - i2) = (2 - 1) + f(3 + 2) = 1 + i5. 

The multiplication and dirtsiorr of two complex numbers follow the rules 
of ordinary algebra with the additional relation i- = — 1. Normally 
multiplication and diridsion are performed ^^•ith the numbers witten in 
terms of r and 6; this is described in the next section. These processes 
can be performed in orthogonal form as follows: 

(a + ib) (c + id) = ac + iad + ibc + iPhd = (qc — bd) {(ad + be), 

(4 + iZ) (2 - iZ) = 17 - iQ. 


Tor drrtsion, we have 

a + ib _ (a + ib) (c — id) _ac + bd . Q)c — ad) 
c + id (c + id) (c — id) c- + d- ^ (c- + d~) 


A nrrmerical exarrrple follows 


17 — f6 
4 + i3 


= 2 - iZ. 


(4.2) 


4.6 Exponential Form. There is another wa}-- of vuiting complex nrrm- 
bers that is very usefirl in analyzing problems in complex nrrmbers. Mac- 
Laurin’s series for the exponential term e* is 


X“ 


e^= 14-.xi 1 ^4 1 

“ 2 3 ! 41 ^ 5 ! 


(4.3) 


If we let X = i6, then x~ = —d~, = —W, .rt = B*, etc. 

in equation (4.3) gives 


c<5 == 1 + 


6" . B^ 0 ® 

' — ■ % 1 - 1 - % ' 

2 3! 4t. 5! 


This srrbstitution 


(4.4) 


Now MacLamin’s series for sin B and cos B are: 


0® 05 

srn0 = 0--+-..., (4.5) 

cos 0 = 1 . (4.6) 

If equation (4.5) is multiplied throughout by i and then added to equation 
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(4.6), the result on the right ^111 be found equal to the right side of equa- 
tion (4.4) ; therefore, we have the important relation 

cos d i sin 6 = e®. ( 4 , 7 ) 

This is known as Euler’s theorem. 

As a resiune we have the following waj-s of writing a complex number; 
o -j- 76 = r(co3 d -r i sin 0) = r cis 0 = r /o = r e*’ 

where a = r cos 6,i = r sin 0, r = Va- -}- b", and 0 = arctan b/a. 

jMultiplication and division are quite simple when the numbers 
are written in the exponential form (A e^) = AB and 

{A e«)/(B e'^) = (A/B) 

Since 7 = 0 + 7 = cos v/2 + i sin -/2 = multiplication by i has 

the effect of rotation through 77/2 radians or 90° coxmterclockwise. This 
checks with the early discussion and therefore our algebra is consistent. 



4.7 Complex Numbers as Operators. In Fig. 4-4 we have plotted the 
complex numbers Q = 4 cis 30°, E = 2 cis 20°, and their product P = 
8 cis 50°. It is sometimes convenient to consider the process of multiplica- 
tion as a rotation and magnification. When we multiply Q = 4 cis 30° 
bj^ i? = 2 cis 20° we rotate Q through an angle of 20° counterclockwise and 
double its length. From this point of view E is an operator which trans- 
forms Q into P in Fig. 4-4. In like manner Q = 4 cis 30° can be con- 
sidered as the operator which rotates P = 2 cis 20° through 30° counter- 
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clockwise and increases its length to four times what it was, gndng P = 
8 cis 50° as the result. 

In the case of division the operation is the inverse of multiplication. 
If the complex number P = 8 cis 50° is divided by the operator R = 
2 cis 20°, this rotates P thi'ough an angle of 20° clockwise and reduces its 
length to one half what it was. Therefore, division by 2 cis 20° is the 
same as multiplication iDy 0.5 cis —20°. 

4.8 Powers of Complex Numbers. The problem of raising a complex 
number to an integer power presents no difficulty when the number is 
■mitten in exponential form. 

{A e'®)" = A" e’"®. (4.8) 

Therefore [A (cos 0 + f sin 0)]" = A" (cos nd + i sin n6). The formula 

(cos 0 + t sin 0)” = cos nO + i sin n9 (4.9) 

is known as De MohTe’s theorem. A numerical example of a complex 
number raised to an integer power is 

(5 cis 10°)* = 125 cis 30°. 

4.9 Roots of Complex Ntunbets. To extract the nth root of A e’® 
involves the solution of the equation x” — A = 0. This is an equation 
of the nth degree and has n distinct roots. The problem is readily solved 
if we note that 

A e'^ = A = A = etc. (4-10) 

We do the inverse of what we did in the preceding section on each of these 
expressions and obtain 

15 1 tW-^2vr) 1 ^ g+2nr 

A"e" A''e " , ••• A^e " . (4-11) 

The last expression is equal to the first while the others are all different; 
we omit the last expression and have n distinct values each being an nth 
root of A e’». As examples the three cube roots of unity are obtained from 
e,o ^ gisr == gfte as e,o^ square roots of 4 cis 20° are 

2 cis 10° and 2 cis 190°. 

4.10 Complex Numbers Raised to Complex Powers. To raise the 
complex number A cis 0 to the complex power a ib (where a and 6 are 
real integers) we have 

(A e«)°+*^ = A-A*'’ (4.12) 

From the definition of the logaritlun we have 


A = 


(4.13) 
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Therefore 


— Qtb In A 

(4.14) 

and 


(A cis 0)"+*^ = A- 

(4.15) 


= A“ cis (a0 -}- & In A). 

(4.16) 


In this equation 6 In A is in radians, and 0 must be measmed in radians 
in e~’^. 

4.11 Complex Numbers Raised to Rational Powers. This is a com- 
bination of the processes of raising to integer powers and extracting integer 
roots both of which have been described. 

(A cis 0)1-5 = [(A cis 0)15]*. (4.17) 

Raising to the 13th power is done as described in section 4.8 and the 10th 
root is extracted according to the directions in sections 4.9. Note that 
(A cis 0)1 5 has ten values whereas (A cis 0)i-i has only five values. 

4.12 Conjugates. The conjugate of the complex number a + is 
defined as a — ib. Note that the real parts of the number and its conjugate 
are the same and that the imaginary parts differ in sign. Therefore the 
conjugate of a — is a -fi ib. 

If we refer to the trigonometric form of the complex number we have 
a-\-ib = Acis& = A (cos 0 + i sin 0). (4.18) 

Therefore 

a — lb = A (cos0 — f sin0) = A (cos —0 + fsin —0) = A cis —0. (4.19) 

We see that the conjugate of A cis 0 is A dis —0. A complex number and 
its conjugate both have the same modulus and their arguments are nu- 
merically equal but differ in sign. 

The following theorems concerning complex numbers and their conju- 
gates are easily proved from the definition above. 

A. The conjugate of the smn of several complex numbers is equal to the 
sum of the conjugates of the complex numbers. 

B. The conjugate of the product of several complex numbers is equal to 
the product of the conjugates of the complex numbers. 

C. The conjugate of the quotient of two complex numbers is equal to the 
quotient of their conjugates. 

D. A necessary and sufficient condition that a number be equal to its 
conjugate is that it be a real number. 

E. A necessary and sufficient condition at the sum of a complex num- 
ber and its conjugate be zero is that it be an imaginary number. 
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F. The sum of a complex nmnber and its conjugate is a real number. 

0. The product of a complex niunber and its conjugate is a non-negative 
real number. 

4.13 Logarithms of Complex Numbers. The logarithm of a complex 
number is found verj^ easHj'- if the number is vritten in the exponential 
form: In {A = In A -f In c’® = In ri. -}- ffl. As an example, In (—1) = 
In c'- = iV. Further, In 1 = In —1 -f In —1 = tV -f = i2ir. We often 
assume that the logarithm of unity to an}’- base is zero. We no-w see that 
the natural logarithm of unity is any multiple of i2TT. Therefore ve can 
add any multiple of i2-ir to a natural logarithm -rrithout changing the anti- 
logaritlun, just as vre can add 360° to an angle -without changing its cosine, 
cos 60° = cos 420° = 0.5. 

* 4.14 Trigonometric Functions. Euler’s theorem e “ = cos a: -1- f sin x 
becomes, when x is replaced by —x, e“‘= = cos x — f sin a:. These two 
equations can be solved for cos x and sin x gi%'ing 

cos X = r » sin X = (4.20) 

2 z2 

and corresponding expressions can be obtained for the other trigonometric 
functions from 


sm .X 

tan X = > 

cos X 

1 


secx = 


, cos X 

cotx = ■> 

sm X 

1 


(4.21) 


cos X 


CSC X = 


sm X 


These formulas are veiy useful for checking trigonometric transformations 
and in shnplifj’ing complicated expressions. For example, we can check 
the relation cos (a + 6) = cos a cos b — sin a sin b as follows: 


cos a cos b — sin a sin b = 


4- c'"® c'^ 4- e~’*’ e'° — e“’® e'*’ — e~’*’ 

2 2 ■ 

g_i(o4-6) 


i2 i2 

= cos (a 4- b). 


A table of the more common transformations follows. It is recommended 
that one or more of the formulas be checked for practice in handling these 
exponential expressions. 
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tabu; IV-1 


sm —X = —sin X esc —x = —esc x 

cos — X = cos X sec — x — sec x 

tan —X = —tan x cot — x = —cotx 

cos z + t sin X = 6*^ cos x — i sin x = e“;f 

cos- X + siu^ X = 1 
cos (a ± 6) = cos a cos 6 T sin a sin 6 
sin (a ± b) = sin o cos 6 db cos a sin 6 

, , , . tan a ± tan b , , , cot a cot b T 1 

tan (a ± b) = ^ cot (a ± b) = 


tan 2a = ; 


1 F tan a tan b 

cos 2a = cos^ a — sin* a — 2 cos* a 
sin 2a = 2 sin a cos a 

2 tan a 


cot b ± cot a 
1—2 sin* a 


1 — tan* a 


cot 2a = 


cot" 0 — 1 
2 cot a 


a fl 
^2 \ 

a /T 
*2 ■ \1 

-l-ir 


+ cos a 


cos a 


] 


cos a 


2 \ 2 

a ir+~, 
'2 \l-i 

a I 2 
'2 ^ \r^i 


sin 0 sin b = J [cos (a — b) — cos (a + b)) 
sin a cos b = ^ [sin (a b) -}- sin (a — b)] 
cos a cos b =5 [cos (a — b) -f- cos (a -f- b)] 

4.15 Hyperbolic Functions. If we let a; = w in the expression for 
cos X obtained in the preceding section, we have 

e“ + e-“ 


cos tu — 


(4.22) 


The right side of the above equation is a real function of u and it seems 
confusing to vuite the unagmary unit in a real expression. The right-hand 
side of the above equation has been assigned a special name. Since we 
obtained it from the expression for the cosine we include the term cosine 
in the name and call it the hyperbolic cosine of u, abbreviated cosh u. 
(The abbreviated expression is read /i-cosine u.) We define the hyperbohe 
sine of u as the following expression; 

sinha^ ^ -^- (4.23) 

This with the expression for the hyperbolic cosine 

, e“ + e-“ 
cosh u = 


2 


(4.24) 
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enables us to obtain the remaining four bju^erbolic functions from 


tanhti = 

sinh u 

} 

cosh It 

coth u = 

cosh u 

sinh u 

cschw. = 

1 

sechu ^ 

1 

■ J 

sinli u 

cosh 


(4.25) 


'Just as for a numerical value of x we refer to tables to get the numerical 
value of sin x, etc., so for a given value of u we refer to tables of h 3 ’'perbolic 
functions to obtain the value^of cosh u, etc. The variation of the several 
hj’perbolic functions is illustrated in Fig. 4-5. 



4.16 Relations between Hyperbolic Functions and Circular Functions. 
Our defimtion of the h 5 ’perbolic cosine leads at once to the relation cosh u = 
cos iu. The definitions of the other hyperbolic functions enable us to find 
similar relations between them and the corresponding circular functions. 
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The various equalities are listed below. Any of them can be demonstrated 
from the two preceding sections. 


TABLE rV-2] 


cosh u = cos iu 
sinh u = — i sin iu 
tanh u = —i tan iu 
coth u = i cot iu 
seeh u = sec iu 
csch u = i CSC iu 


cos x = cosh ix 
sin a: = — isinhix 
tan X — —i tanh ix 
cot X — i coth ix 
sec X = csch ix 
CSC X = i csch ix 


These transformations enable us to derive any relation for hyperbolic 
functions for which we have the corresponding relation for circular func- 
tions. For example, to find cosh (a + h) 

cosh (a -1- 6) = cos (fa -1- fb) = cos ia cos ih — sin ia sin ih 
= cosh a cosh 6 — i- sinli a sinh h 
= cosh a cosh h -j- sinh a sinh b. 


A table of such formulas follows. Any of the transformations can be 
checked in the manner just described or by substituting the exponential 
expressions for the hyperbolic functions. As an example of the latter 
method let us check the relation cosh^ u — sinh^ w = 1. 

/e“ -h e-“\2 /e" - e-^V 

cosh^w — smh^M = I 1 — I — 1 


e-“ -f- 2 -h 4- 2 - 

4 


= 1 . 


(4.26) 


TABLE IV-3 


sinh —u = —sinh u 
tanh —u = —tanh u 
sech —u= sech u 
cosh u + sinh m = e“ 

cosh^ u 


cosh —u = cosh u 
coth —u = —coth u 
csch —u= —csch u 
cosh u — sinh u = e~“ 

- sinli^ u = 1 


cosh (a ± 6) = cosh o cosh h ± sinh a sinh 6 
sinh (a ± 6) = sinh a cosh b ± cosh a sinh b 


tanh (a ± 6) 


tanh a ± tanh b 


coth (a ± 6) = 


coth a coth 6 ± 1 


tanh 2a = 


1 ± tanh a tanh b 

cosh 2a = cosh^ a + sinh^ o = 1 -j- 2 sinh" a 
sinh 2a — 2 sinh a cosh o 

2 tanh o 


coth b ± coth a 
2 cosh^ 0 — 1 


1 -|- tanh^ a 


coth 2a 


coth" a 4- 1 
2 coth a 


cosh 




nosh a 4- 1 


sinli 


a /cosh a 
2 ~ \ 2 


- 1 
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TABLE IV-S {Continued) 

, a 
tanh- 


sech - 
2 


4.17 Circular and H3^erbolic Functions of Complex Numbers. We 

are now in a position to write the circular or hj^jerbolic function of a com- 
plex number. As an example, sin (a -b ib) = sin a cos ih -f cos a sin ib 
using the standard formula for the sine of the sum of two number’s. We 
showed above that cos ib = cosh 6 and sinrh = isinhh; therefore 

sm (a -f ^6) = sin a cosh b i cos a sinh b. Now in tliis expression each 

of the four functions on the right can be found in tables and therefore we 
have shoum how the student can evaluate sin (a + ib) as a complex 
number. 

The following table gives the formulas needed to obtain the functions of 
complex numbers. The tangent can be found by dividing the sine by the 
cosine, etc. 

TABLE W-4 

sin (a ± ib) = sin a cosh 6 ± i cos a sinh b 

cos {a ± ib) = cos a cosh 6 T t sin a sinh b 

sinh (a ± ib) = sinh o cos b dzi cosh o sin b 
cosh {a ± ib) = cosh a cos b dzi sinh a sin 6 

4.18 Periodicity. It will be recalled that the circular functions have a 
period of 2ir radians or 360°, etc., except the tangent and cotangent which 
have as a period ir radians or 180°. It is interesting to see "what corresponds 
to this in the case of hyperbolic functions. 

cosh (a + i2w) = cosh a cos 27r i sinh a sin 2?r = cosh a. (4.27) 

Therefore, ?27r is the period for the hjT)erbolic cosine. The result of this 
type of investigation is listed below and the corresponding relations for the 
circular functions are included to complete the story. 

TABLE W-S 

cosh (a -t- i27r) = cosh a cos (o + 2-) 

sinh (a + i2-) — sinh a sin {a -f- 27r) 

tanh (a + iiz) = tanh a tan (a -j- — ) 

coth (a -f- tTr) = coth a cot (a -1- tt) 

csch (a -f 32-) = csph o esc (a + 2n-) 

sech (a -f i2Tr) = sech a sec (a + 23r) 


= cos a 
= sin a 
= tan a 
= cot a 
= CSC a 
= sec a 
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Since the circular and hyperbolic tangent and cotangent have a period 
of TV or iir, it is interesting to note the effect of adding zV to the argument of 
the hyperbolic sine, etc. 

sinh (a + iv) = sinh a cos x + z cosh a sin x = — sinh a. (4.28) 

The other relations can easily be found in a similar manner. The results 
are listed below and can be checked several ways. 


TABIE IV-6 


cosh (a ± zV) = —cosh a 
sinh (a ± zV) = —sinh a 
tanh (a ± zV) = tanh a 
coth (a dh ztt) = coth a 
sech (a =fc zV) = — sech a 
csch (o ± iff) = — csch a 


cos (a ± ff) = —cos a 
sin (a ± ff) = —sin a 
tan (a =h tt) = tan a 
cot (a ± ff) = cot a 
sec (a ± ff) = —sec a 
CSC (a ± ff) = —CSC a 


In the case of circular functions we can change from the sine to the cosine 
by adding 0.5x. 


. / . x\ . X .X 

sin I a + - I = sin a cos - + cos a sin - = cos a. 

\ 2j 2 2 


(4.29) 


A similar type of transformation is possible with hyperbolic functions 
as shown in the follovdng table. 




TABLE 

IV-7 

sinh ( 


= ±z cosh a 

sin 

cosh( 


1 = ±z sinh a 

cos 

tanh 1 


1 = coth a 

tan 

coth 1 

If 

1 = tanh a 

cot 

sech ( 


t = Tzcscha 

sec 

csch ( 

^ .x'N 

= =Fz sech a 

‘CSC 


^a ± = ±oos a 

^a ± = Tsin a 

± = —cot a 

^a ± = —tan a 

± = Tcsc a 

(- 0 - 


±seo a 


4.19 Inverse Functions. The formulas y = sin x, z = sinh x, and 
w = In X give y, z, and w as functions of x. It may be desirable to consider 
X as a function of y, z, or w. If x is to be considered a function of y we 
would like to write x equals something involving y. This is done formally 
as follows : x = sin~* y or x = arc sin y, where sin~' y or arc sin y means 
the angle whose sine is y. Similarly x = sinh“* z means the quantity whose 
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hj^perbolic sine is s. These functions are called “inverse functions.” 
The third equation above can be solved for a; in terms of w according to the 
above scheme x = hi“^ w and this is called the “ antilogarithm ” of w. 
This equation can also be vrritten x = e'^ which needs no further discussion. 

Although (sin 2:)- = sin=x, nevertheless (sin.T)“i jg entirely different 
from sin~’-x; in order to avoid this possible diGSculty man 5 ’- people prefer 
to write arc sin x in place of sin~i x. However the expression arc sinh x 
is not used. 

There is no difficulty in finding the quantity whose cosine is 0.4, or 
whose hjq)erbolic sine is 1.2; however, to find the quantity whose sine is 
0.4 — iO.7, or even the quantity whose cosine is 4.0, involves a little more 
than mere reference to tables. It is convenient to have available a set of 
formulas to take care of the problem of finding inverse functions. We shall 
derive the formula for cosh"’- x and list the other formulas without proof. 

Let cosh u = X] then u = cosh“i x; uTite 


— cosh u sinh u 

(4.30) 

= cosh u -f- Vcosh- « — 1 

(4.31) 

= .T -h Vx- — 1. 

(4.32) 


Now when we take the natural logarithm of both sides of equation (4.32) 
we have 

u = In {x + Vx- — 1) + f2?nr = cosh“^ x. (4.33) 

We found in section 4.13 that any multiple of t2~ could be added to the 
natural logarithm without changing the antilogarithm. The term t2mr 
can also be accoimted for on the basis of the periodicity of the hjqjerbolic 
cosine. 

The formffia given in equation (4.33) can be used where x is any complex 
number. We have shown how to perfoim each step, i.e., addition, sub- 
traction, raising to powers, extractmg roots, and finding logarithms. The 
process may be long but it is not too difficult. 

TABI£ W-s 

sinli"^ 2 = In (x -p Vx- + 1 ) + i2mr 
cosh"’ 2 = In (x + Vx- — 1) + t2n:r 

tanh"’ 2 = 0.5 In + la- 

coth"’ 2 = 0.5 In ^ + imr 
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TABLE IV-8 {Continued) 


sech ' X 
cscE 




i2mr 




i2nir 


arc sin £ = sin ^ x = ila {x + — 1) + - + 2nir 

£i 


arc cos x — cos 


'*x=iln(i + 'v/a:^ — 1) + 2n3r 



In these formulas x can be any complex number; n is any real integer. 

4.20 Infinite Series. Sometimes MacLaurin’s series for the hyperbolic 
functions are needed. The series for the hyperbolic sine and cosine can be 
obtained by substituting the series for the exponential function into the 
expressions we used to define the hyperbolic sine and cosine. 

The series for the exponential function is known from the calculus to be 


tr u° 

‘■'*+“+2 +ri+ii+6i"- 

Making this substitution and collecting terms we get 

, e“ + e~" rd w® 

eosh«=— ^ = 1 + - + - + - + 

. , e“ — e~“ u’ 

2 “ + S + 5i + 7! + 


(4.34) 

(4.35) 

(4.36) 


The corresponding series for the circular functions are included for com- 
parison; 

cos a; = 1 — — 


x!^ a:®-. 

4! 6!-"^ ’ 

(4.37) 

3^ X’ 

5 ] “ ^ ■ 

(4.38) 


These series are useful for computing the value of the functions for small 
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values of u and x. As an example 

0.04 0.0016 . 0.000064 

cosh 0.2 = 1 + — + ^^+-^^^ 

= 1 + 0.02 + 0.000067 + 0.000000089 
= 1.02007, correct to 5 places. 


4.21 Gudermanian Function. It is possible to express any five of the 
circular functions in terms of the sixth, and it is also possible to express 
any five of the hyperbolic functions in terms of the sixth. These relations 
are listed in Table IV-9. Let us compare the relations we get if we express 
the circular functions in terms of sinx and the hyperbolic functions in 
terms of tanh u. 


sech u = Vl — tanh^ « 


csch u = 
sinh XI = 

coth = 


Vl — tanli- u 
tanh u 
tanh u 

Vl — tanh^« 
1 

tanh u 


cos ; 


cot X 


CSC X = 


= vT 

— sin- X 

vT 

— sin- X 


sin X 


sin X 

VI 

— sin® X 

1 



sin X 


cosh XI = 


1 

Vl — tanh- XI 


1 

sec X = — _ =r 

Vl — sin^ X 


A comparison of the relations in the two columns above shows that if we 
choose X so that sin x = tanh u, then 

sin X = tanh u 
tan X = sinh u 
cos X = sech u 
sec X = cosh u 
cot X = csch u 
CSC X = coth u 

If X is chosen as described above (to make sin x = tanh u), then x is 
called the Gudermanian of u, written x = gd u, and u is the anti-guder- 
manian of .x, xi = gd"^ x. 

The Gudermanian enables us to make use of tables of circular functions 
when we are working with hj^ierbolic functions, e.g., iu section 4.20 we 
computed the value of cosh 0.2 = 1.02007. We can now find sinh 0.2 by 
using a table of circular functions and finding tan x corresponding to 
sec X = 1.02007 and find sinh 0.2 = 0.20133. 
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sina: = V^l — cos^a: 
Vl — sin^a; = cosa: = 


TABKE IV-9 

Relations among Circular Functions 
-rr~ tan x 1 


_ "x/sec^ X — 1 

■\/l + tan^a: "V^l + cot^ x 
1 cots 1 V^csc^s — 1 


sec* I — 1 1 

sec X CSC X 


"x/l tan^s "V^l + cot^ X ® 

"V^l — COS" X 



1 


Vl-sin^^z coss 
1 


. j_ = vrT 


tan"^s 


^ = 


Vl + cot^a 


cots 

"'/l + tan*s 


= sec s = 


CSC s 


sins Vl-cos^s 


tan s 


= Vl + cot^ T = 


V csc^ s — 1 

sec s 


Vsec^ s ■ 


= CSC s 


sinh X — Vcosh^ s — 1 = 

_ 1 
csoh s 

Vl + sinh^ s = cosh s = 


Relations among Hyperbolic Functions 
tanh s 1 


_ V^l — sech° s 
Vl -tanh^s " Vcoth^ x - 1 sech s 

coth s 1 Vl-fcsoh^s 


Vl — tanh^ X "v/coth^ s — 1 ® 


sinh s V cosh® s — 1 , , 1 ^ /- — 

= tanh s = — ; — = V 1 — sech'^ s = 


csch X 
1 


Vl + sinh^ X 

Vl + sinh^ s 
sinh s 

•1 


cosh s 
cosh s 


coth s 


= coth s = 


Vl + sinh^ s cosh s 
1 1 


Vcosh= s - 1 taoli ^ Vl - sech^ s 


V^l + csch" s 
= Vl + csch® s 


coth s 


= sech s = 


csch s 


sinh s Vcosh^ s - 1 
= csch s 


Vl — tanh^s 
tanhs 


= V coth^ s — 1 = 


Vl -{- csch^s 
sech s 

Vl — sech^s 


4.22 Differentiation. Formulas for the differentiation of hyperbolic 
functions can be set up easily from the exponential expressions, e.g., 

d cosh u d e“ + e~“ e“ — e~^ 
du du 2 


■ = sinh u, 


(4.39) 
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d sinh u _ d 6“ — c““ e“ + e~“ 
du du 2 2 


cosh XI. 


For the 7ith derivative we have 


d" cosh xi 



dxi" 

d" 

cosh u 


du" 

d" 

sinh u 


du" 

d" 

sinh u 


du" 


— sinh XI, 

if 71 is odd, 

— cosh XI, 

if 7i is even, 

= cosh u. 

if 77 is odd, 

= sinh u. 

if 77 is even. 


(4.40) 


(4.41) 


Table IV-10 gives the derivatives of both circular and hyperbolic func- 
tions, and Table IV-11 gives integral formulas. 


TABLE IV-10 


d sinh u 

— ; = cosh u 

du 

dsmv 

— ; — = cos V 
dv 

d cosh u . , 

; = Slnh^6 

du 

d cos t) 

— = “Sinv 

dv 

d tanh u . o 

; = seen** 

du 

d tan „ 

— ; — = sec" V 
dv 1 

d cotli u , « 

— ; = — esen-^ u 

du 

d cot V „ 

; = — CSC^ V 

dv 

d sech u , o . 

, — secn"^ u smii u 

du 

d sec V o 

— ; — = sec" r sm y 
dv 

d csch u , „ , 

, — — csch" u cosn w 

du 

CSC y o 

= — CSC" V cos y 
dv 

dgdu 

. — sech w 

du 

d V 

— ; = sec y 

dv 

d sinli”^ u 1 

d arc sin y d sin”^ v 1 

+ 

> 

dv dv vr^ 

d cosh 1 

* arc cos v d cos~^ v 1 

du Vu- - 1 

dv dv — t 

d tanh~^ m 1 

d arc tan v d tan~^ v 1 

dif 1 — u- 

dv dv “ 1 -f 
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TABLE 

rV-10 {Continued) 


d coth ^ u 

1 

d arc cot v 

d cot ^ V 

du 

1 — U“ 

dv 

dv 

d seoh~^ u 

-1 

d arc sec v 

d sec~^ V 

du 

“Vl - m2 

dv 

dv 

d csch~* u 

-1 

d arc CSC v 

d csc~* V 

du 

mVi +m2 

dv 

dv 


TABLE rV-11 


^ sin X dx = —cos x C 
J' cos xdx = sin a: + C 
J' tan xdx — —In cos x + C 
I cot xdx = In sin I + C 

(i+i) 


sec xdx = In tan 


+ C = gd~‘ X + C 


CSC xdx = In tan - + C 


f 
/ 

/ sin~‘ xdx = isin“‘ i + V'l — I' + C 
/cos-W.=.cos-.-^^+C 

tan”* xdx = X tan“^ x — 0.5 In (1 + + C 

J' cot“^ xdx = X cot~* X + 0.5 In (1 + x^) + C 
^ Eec"' xdx — X sec~* x — cosh“* x + C 
^ csc“* xdx = X CSC”* X + cosh~^ x + C 
^ sinh xdx — cosh x + C 
J* cosh xdx = sinh x + C 
J' tanh X <ix = In cosh x + C 


- 1 
1 +^2 

1 

_ 1 
-1 
- 1 
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TABLE IV-11 (Contimied) 
coth X da: = In sinh x + O 

sech X dx = 2 tan"" ^ (e*) + C = gix + C 


csch X dx = la tanh ~ + O = —2 tanh ^ (e®) + C 

A 


/ 

/ 

/ 

J' sinh""* X dx = X smh“* x — a/x” + 1 + C 
J cosh-i X dx = X cosh-i X - Vx2 - 1 + C 
^ tanh~^ X dx = X tanh~^ x + 0.5 In (1 — x-) + C 
J' coth~^ X dx = X coth""^ x + 0.5 In (x- — 1 ) + C 
J' sech"'^ X dx = X seclf* x — cos~^ x + (7 
J* csch~^ X dx = X csch“^ x + smh~* x + (7 



4.23 Geometric Interpretation of Hyperbolic Functions. The reason 
for calling these functions hyperbolic functions is often asked by the stu- 
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dent. The connection between these functions and the hyperbola is 
interesting but not particularly important for most purposes. The rela- 
tion cosh^ u = sinh^ m -b 1 is the equation of a hyperbola (see Fig. 4-6), 
where cosh u is plotted along the horizontal axis and sinh u is plotted along 
the vertical axis. We should not jump to the conclusion at this point that 
u is the angle AOB in the figure. This cannot be since t&uAOB = 
sinh w/cosh u — tanh u. The relation between u and the geometric figure 
is that u is equal to twice the area of the sector OABO. This can be shown 
as follows; 

area of sector = area of triangle OAC — area BAC 

/ cosh u 

ydx. 


where a set of x- and ?/-axes have been placed on the original axes to simplify 
the integration. 

Area of sector = 0.25 sinh 2u — f sinh u d (cosh u) 

0 


= 0.25 sinh 2w 



udu 


= 0.25 sinh 2u — f 0.5 (cosh 2 m — 1) 

= 0.25 sinh 2 m — I 0.25 sinh 2w — g 1 
L 2Jo 


du 


= 0.25 sinh 2 m — 0.25 sinh 2 m -b - 


u 

2 ’ 


or M is double the area of the sector. 

In the case of circular functions cos^ x -b sin^ a: = 1 is the equation of a 
circle; see Fig. 4-7. The angle x is equal to twice the area of the sector 
OACO; this can be shoira readily by the student. 

Another way that u could have been expressed in Fig. 4-6 is by the rela- 
tion 



ds 

r 


where ds is an element of length of the are and r is the distance of ds from 
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the origin. Using the same x and y axes we have 
ds = V{dx)-+ (dy)- 

r = + 1 /^ 



Now since x = cosh u and y = sinh u, dx/du = sinh and dy/du — 
cosh u so that 

ds = Vsinh^ u + cosli^ u du, 

> r = V cosh^ u + sinh- m. 


Therefore, 


Jb r Jo 


“ Vsinh- u -f cosh- u 
Vcosh- u -t- sinh^ u 


du 


= r du = 
0 


u. 


In the case of the circle 


ds 

— = / ds = length of arc. 
c r Jc 


PROBLEMS OR CHAPTER i 

1. Change the following complex numbers to the trigonometric form: 

(a) 2 + t3 (e) -3 - i2 (i) 5.42 + f6.37 (m) -20 - tl.S 

(b) 3 + f2 (f) -8 + i5 (j) 5.47 + t4.92 (n) -1 - i20 

(c) 3 - i2 (g) 10 + fO (k) 7.81 - il.47 (p) 2 - zl5 

(d) -3 + i2 (h) -10 - i9 0) 0 - t20 (q) -2 - fl5 
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(b) 5 CIS 60 

(c) 3 cis 5° 

(d) 6 cis 110' 


(e) 7 cis 160“ 

(f) 9 cis -80' 

(g) 3 cis —20' 

(h) 5 cis 200'" 


(i) 5 cis —160' 

(j) 6 cis ISO"" 

(k) 8 cis —100' 
a) 3 cis 175'" 


(m) 2 cis OO"" 

(n) 8 cis— 110' 

(p) 8 cis 80° 

(q) 2 cis —90° 


2. Change the fbllowing complex numbers to the orthogonal form: 
(a) 2 cis 20' 


Evaluate the following: 

3. (2 + t 3) + (4 + f5) 

5. (-2 - f6) + (3 + i6) 

7. (4 + i5) - (6 - 12) 

9. (6.24 - 10.36) + (7.94 + f8.52) 
11. (2.15 - i3.58) - (2.11 + t6.35) 
13. 2 cis 10° + 5 cis 20° 

16. 7.2 cis 40° + 3.2 cis 200° 

17. 5 cis 90° - 8 cis 330° 

19. 5.3 cis 25° - 8.3 cis 75° 

21. (3 cis 10°) (5 cis 20°) 

23. (4 cis 60°) (6 cis 120°) 

25. (2.1 + (3.8) (2.1 - i3.8) 

27. (8.32 - i4.83)(-2.14 - i3.24) 
Evaluate the following quotients: 

3 cis 5° 

2^-2^° 


4. 

(2 + iS) + (4 

— 15) 

6 . 

(9 + 12) + (6 

- 12) 

8 . 

(6 - f3) - (9 

-12) 

10 . 

(5.89 + 12.34) 

- (9.82 - 13.45) 

12 . 

(9.11 - 12.11) 

- (4.32 - 17.22) 

14. 

3 cis 30° + 8 cis 111° 

16. 

3.1 cis 300° + - 

1.1 cis 100° 

18. 

4.2 cis -300° - 

- 2.5 cis 10° 

20 . 

6.5 cis 60° - 4. 

,8 cis 10° 

22 . 

(9 cis 30°) (9 cis 300°) 

24. 

(5 cis 30°) (5 cis 15°) 

26. 

(3.8 - 14.4) (- 

•2.8 - 13.4) 

28. 

(-5.1 - 12.3) (2.1 - 13.1) 


5 cis 50° 



2 cis 100° 



31. 


33. 


35. 


8 cis 100° 

4 cis 50° 

2 + t3 
2 - f3 

-8.14 + i2.16 
-2.11 - t3.25 


8.14 cis 27° 
4.23 cis 47° 
3.46 - t2.53 
-2.11 + z3.42 
-5.25 - i7.94 
2.15 - r3.50 


Evaluate the following expressions: 


37. 

(2 

+ 

13)2 

38. 

(3 - 13)3 

39. 

(-2 + 12)2 

40. 

(- 

■2 

- izy 

41. 

(2 + 13) -3 

42. 

(3 + 13) -25 

43. 

(- 

-2 

+ 12)-® 

44. 

(-2 - 13)i-< 

45. 

(2 + 13)2+12 

46. 

(3 

+ 

13)2-« 

47. 

(-2 + 12)i-''2 

48. 

(-2 - 13)1-1 

49. 

(2 

+ 

13)-i+* 

60. 

(3 + 1)2+1 

51. 

(1 + 1)1+1 

62. 

(2 

+ 

!)•■ 

63. 

41.2 

64. 

(-2)-3 

56. 

P- 

G 


66. 

(-l)2-< 

67. 

(1 - l)-= 

58. 

(- 

-2 

- 13)1-2 

59. 

(1 + 12)«-= 

60. 

(3 - 12)i-2+ii-' 


61. Prove theorem A of section 4.12. 

62. Prove theorem B of section 4.12. 

63. Prove theorems C and D of section 4.12. 

64. Prove theorem E of section 4.12. 

66. Prove theorems F and G of section 4.12. 


Eind the natural logarithms of the following numbers: 

66. 2 + i2 67. 5 + i2 68. f4 

69. -3 - i2 70. -5 - fl3 71. 1 - f20 

72. 6 - i5 73. 5 - i6 
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Find the numbers whose natural logarithms are: 
74, 5 76. 15 

77. 9 + i7 78. tt 

Prove the following formulas; 

80. sin X = — sin — x 

81. cos — X = cos X 

82. cos* X + sin* x = 1 

83. cos 2a = cos* x — sin* a 
2 tan a 


76. 

79. 


2 - f3 

ITT 


84. tan 2a = 


1 + tan* a 


85. sin 


o 1 — c 
2 ^ \ 2 


— cos a 


86. sin a sin 6 = ^[cos (a — b) — cos (a + 6)] 

87. Prove all the formulas in Table IV-1. 
Find the following (use tables or slide rule, etc.) 

88, sin 5° 89. sin 0.5 rad 

90. tan 0.16 rad 91. sec 0.02 rad 

92. sinh 0.5 93. cosh 0.19 

94. tanh 0.24 95. csch 2.2 

96. Prove the formulas in Table IV-2. 

Prove the following formulas: 

97. sinh — u = — sinhu 

98. cosh —u = cosh ii 

99. cosh* u — sinh* it = 1 
tanh a ± tanh b 


100. tanh (a ± 6) = 

101 , 

102. sech 


1 ± tanh a tanh b 
sinh 2a = 2 sinh a cosh a 




2 


I cosh a — 1 

103. sinh a sinh b = ^[cosh (a + 6) — cosh (a — 6)] 

104. Prove tlie formidas in Table IV-3. 

105. Prove the formulas in Table IV-4. 

Evaluate the following in orthogonal form; 

106. sin (2 + i0.3) 107. cos (3 - i0.3) 

108. cosh (0.1 - i0.2) 109. sinh (-0.2 - i0.3) 

110. sinh (-0.3 + lO.l) 111. cosh (-0.2 - i0.6) 

112. tan (3 + lO.l) 113. tanh (0.1 - i0.3) 

114. Prove the formulas in Table IV-5. 

115. Prove the formulas in Table IV-6. 

116. Prove the formulas in Table IV-7. 

117. Find the quantity whose hyperbolic sine is: 

0.3, 1.2, i2, 1 - id, -2 - 10 

118. Find the quantity whose h-^-perbolic cosine is; 

0.3, 1.2, i2, l-f3, -2-10 

119. Find the quantity whose h-vqierbolic tangent is: 

0.3, 1.2, t2, l-f3, -2-10 

Prove the formulas in Table IV-S. 


120 . 
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121. Show tliat MacLaurin’s series for cosh u as given in the text is correct. 

122. Show that MacLaurin’s scries for sinh u aS given in the text is correct. 

123. Check the formulas in Table IV-9. 

124. Check the formulas in Table IV-10. 

125. Check the formulas in Table IV-11. 

126. Prove tan x > a: > sin x for x real between 0 and ■jr/2. 

127. Prove sinh u > u > tanh « for w a real positive number. 



CHAPTER 5 


ALGEBRAIC EQUATIONS 

5.1 Introduction. The solution of manj’^ engineeiing problems depends 
upon the solutions of one or more algebraic equations. Many problems 
invehung beam deflections, electric circuits, and mechanical vibrations 
lead to a certain type of differential equation knonm as a linear diS'eren- 
tial equation vitli constant coefficients. One of the first steps in the 
solution of such an equation is the solution of an algebraic equation that 
may be of the sixth or eighth or even twenty-seventh degree! It is there- 
fore essential that the student know sometliing about the theory and solu- 
tion of algebraic equations in general. 

The solutions of hnear and quadratic equations are taught the student 
in the early courses in algebra. The solutions of equations of the tliird 
and fourth degree can be obtained with vai’jung degrees of accuracy bj’- 
using formulas to be found in most handbooks. To obtain solutions of 
equations of higher degi'ee than the fourth it becomes necessary to apply 
methods that are not found in many handbooks. The application of the 
process requires an understanding of some of the fundamentals of the 
theory of equations. 

In this study we shall be concerned with equations of the form 

Oox” -H -1 h a„_ia; -f a„ = 0, (5.1) 

in w'hich Oo, Oi • • • a„ are real constants. The left member of the above 
equation is called a poljmomial in x of degi-ee n and often will be written 
f{x) for brevity. 

*5.2 Fxmdamental Theorem of Algebra. Every equation of the form 
given above has a root. That is, there is a value r wiiich may be a real, 
imaginars’-, or other complex niunber such that, if it be substituted for x 
in the poljmomial, the poljmomial will become equal to zero. (This 
theorem is assumed without proof in most algebra textbooks. The 
reader is referred to a text on Fvmctions of a Complex Variable for its 
proof.) 

*5.3 Theorem. If (x - r) is a factor of /(x), then r is a root of the 
equation /(x) = 0. If (x - r) is a factor of /(x), then /(x) can be wait- 
ten in the form /(x) = (.x — r)Q{x') and it is at once ertdent that r is a 
root since 

f{r) s (r - r)Q(r) = 0. 

S7 


(5.2) 
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*6.4 Remainder Theorem. If the pol 3 Tiomial f(x) be divided 
{x — r), the remainder will be /(r). Let f{x) be divided by {x — r)] 
call the quotient, which is a polynomial in x, Q(x); and designate the 


remainder by R. Then we have 

f(x) = (x — r)Q(x) + B. (5.3) 

This is an identity in x, that is, the equation is true for any value of x 
whatsoever. Then the equation is true for x = r; substituting x = r we 
get 

/(r) = (r - r)Q(r) + B, (5.4) 

/(r) = B, (5.5) 

*6.6 Factor Theorem. If r is a root of the equation /(x) = 0, then 
(x — r) is a factor of the polynomial /(x). If f(x) is divided by (x — r) 
the remainder is/ (r). 

Therefore 

/(x) = (x - r)Q(x) +/(r). (5.6) 

If r is a root of /(x) — 0, then/(r) = 0 and we have 

f(:c)^(x-r)Q(x). (5.7) 


*6.6 Theorem. A poljmomial equation of degree n cannot have more 
than n roots. 

Consider the equation f(x) — 0. By the theorem of (5.2), /(x) = 0 
has a root; call this root n and the factor theorem enables us to write 

/(x) s (x — ri)Qi(x). (5.8) 

Qi(x) is a polynomial of degree one less than f(x) and by the theorem of 
(5.2) Qi(x) = 0 has a root which we shall designate as rz and the factor 
theorem applied to Qi(x) = 0 gives us 

Qi(x) = (x — r 2 )Qz(x), (5.9) 

f(x) s (x — ri)(x — r 2 )Qz(x). (5.10) 

Qzix) has a root which we call n and application of the factor theorem 
determines a Qz, etc. This process can be continued until the last Q 
obtained is of the first degree. This gives n factors containing x 

f(x) = (x — ri){x — rz) • • ■ (x — r„)ao. (5.11) 

It is e^ddent in the factored form above that, if n, rz, etc., are all different, 
this set of n numbers will satisfy the equation. 

No other numbers vdll satisfy the equation. This can be shown as 
follows. Assume that is a root of /(x) =0 which differs from those 
above. Substitution of x = rp in equation (5.11) would make the left 
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side zero but tbe right side would be the product of a finite number of 
non-zero factors and therefore would differ from zero. This of course is 
impossible since equation (5.11) is an identity in x, true for every value 
of X. Tills therefore proves that there are no more than n numbei’S which 
will satisfy an equation of the nth degree. 

In the factored form of the equation, it sometimes happens that several 
factom are equal, e.g., perhaps n = ri, rs = 7’ 5, etc. In this case the 
equation of the iith degree has less than n distinct roots. If t-i = ra and 
Ti is not equal to any other value of r, then ri is called a double root; simi- 
larljq we can define a triple root, etc., and, in general, if m factors are 
alike, we have an 7n-fold root. 

An equation of the 71th degree has n roots if we count double roots tvdce, 
triple roots three times, etc. 

6.7 Theorem. If a poljmomial in x of degree n equals zero for more 
than n distinct values of x, it is zero for all values of x. 

This theorem follows from the preceding theorem. If the polynomial 
is of degree n there is no term containing a higher power of x than a:". 
If the coefficient of x" is not zero the pol3momial can be zero for only n 
values of x. Therefore the coefficient of x" must be zero. If the coeffi- 
cient of is not zero the polynomial can be zero for only to — 1 values 
of x. Therefore the coefficient of must be zero. Similarl}'- the co- 
efficient of every term containing x must be zero. Now if ‘the constant 
term is not zero the polynomial mil not be zero for any value of x. There- 
fore the constant term is zero and the poljmomial is zero for every value 
of x. 

6.8 Theorem. A necessarj^ and sufficient condition that a polynomial 
vanish identically is that all its coefficients be zero. 

If all the coefficients are zero it is evident that this is sufficient to make 
the polynomial vanish identicallj’-. That this is also a necessarj’- condi- 
tion is e^ddent from the fact that if the polynomial is of degree to and 
vanishes identically we can specify to -f 1 values of x for which the pol}^- 
nomial vanishes and, by the discussion of the preceding theorem, the co- 
efficients are all zero. 

6.9 Theorem. A necessarj'- and sufficient condition that two poly- 
nomials be identical is that corresponding coefficients be equal. 

Let the two polynomials be 

ao-x" + aix"-i -f anx”-- -| 1- a^-iX -b a„, (5.12) 

box^ -f- bix"-! + bzx”-^ -i b bn-ix -b 6„. (5.13) 

It is apparent that Oo = 60, ai = 61, • • • a„ = b„ will make the polynomials 

identical and tins is therefore a sufficient condition. To show that it is 
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also a necessary condition subtract one polynomial from the other 

(oo — + (ai — 61 ) 2 :"“^ H + (fln-i — + (on — b„). (5.14) 

If the two polynomials are identical they are equal for all values of x, and 
their difference is zero for all values of x. Therefore, by the preceding 
theorem, all the coefficients are zero and we have 

Qq 5o, Ui hi, • • - bn> (5.15) 

5.10 Continuily of a Polynomial. A function of x is said to be con- 
tinuous at a; = a if /(a) exists and 

lim/(a;) = /(a). 

X — >a 

If a function is continuous at every point of an intennl, it is said to be 
continuous throughout the intersnl. 

li fix) and gix) are both continuous throughout an interval, their sum 
is continuous throughout the interval. 

If fix) and gix) are both continuous throughout an interval, their 
product is continuous throughout the interval. 

The function fix) = a: is continuous everjm’here. The function fix) 
= x”, where p is any non-negative integer, is continuous everywhere. A 
polynomial which is a sum of a finite number of continuous functions of 
the form is continuous everjm-here. 

5.11 Theorem. If fix) is a polynomial and a and b are real numbers 
such that fia) > 0 and fib) < 0 , then fix) = 0 has a root between a 
and b. 

This theorem depends on the fact that a polynomial is a continuous 
single-valued function. No proof is given here, but it is suggested that 
the student consider the geometric significance of the theorem. 

5.12 Theorem. Everj'- pol 3 momial equation, eveiy coefficient of which 
is positive, can have no positive root. 

This theorem depends on the fact that the sum of a set of positive 
numbers cannot be zero. 

5.13 Theorem. Given a poljmomial fix) of degree n. There is a 
number X such that if a; > X then fix) has the same sign as Oo, in other 
words, for x > X. 

I aox" I — I + a^x"-- -f • ■ • -f a„_ix -f- a„ 1 > 0. (5.16) 

Now, for X > 0, 

I Oox" 1 — 1 aix"-'- -b -b ■ • • -h an_iX + a„ | (5.17) 

^ I Oo 1 x" — I oi I s"-! — i 02 1 x”-^ ... — I I X — I a„ I (5.18) 
^ I Co 1 x" — I Oi I — I ojs: I x"-^ • • • — 1 at | a: — | a;, | (5.19) 
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■where I at | is the greatest of i ai ], | as • 1 a„ 1- If x > 1 the last 
poljTioraial (5.19) is greater than 

1 Oo I x" — [ at 1 x"”^ (5.20) 

which is larger than zero if x > 72 | ot/ao i- Therefore, let 

Co 

and, when x > X, the pol 3 'nonual has the same sign as oq. 

6.14 Theorem. Given a pohmomial /(x) of degree n. There is a 
negative number Y such that if x < F then /(x) has the same sign as 
Oo if 72 is even and the opposite sign if 72 is odd. 

Assume n even. Substitute x = —y. The first term in the new poly- 
nomial is aoT/". Accordmg to the preceding theorem there is a positive 
number X such that when y > X the polynomial has the same sign as 
ao. That is, when — x > X or when x < —X, tlie pol 3 Tiomial has the 
same sign as Oo. Therefore let F = — X and the theorem is proved. 

Assume n odd. Substitute x = — y. The first term in the new poly- 
nomial is —Coy". According to the theorem in the preceding section there 
is a positive number X such that when y > X the pobmomial has the 
same sign as —ao or, in other words, the opposite sign to that of Oo That 
is, when — x > X or when x < —X, the pol 3 momial has the opposite sign 
to that of ao. Therefore let F = —X and the theorem is proved. 

5.15 Theorem. Even" pobmomial equation of degree n when n is odd 
has at least one real root whose sign is opposite to the sign of the constant 
term when the equation is written so that the sign of the term containing 
X” is plus. 

Assume that oo > 0; then, by the theorem of section 5.13, there is a 
positive number X such that for x = a > X,/(a) > 0, and b 3 " the theorem 
of section 5.14 there is a negative number F such that for x = h < Y, 
fQj) < 0. Now, if /(O) = Or. > 0, then by the theorem of section 5.11 
there is a root between 0 and 6, and therefore negative. But, if /(O) = 
a„ < 0, then b 3 ’' the theorem of 5.11 there is a root between 0 and a, and 
therefore positive. 

Note that the sign of the term containing x" can alwa 3 '-s be made plus 
b 3 ’- multiphing the equation b 3 ' —1 if it is negative to begin -with. 

5.16 Theorem. Ever 3 " pol 3 'nomiai equation of degree 72, where n is 
even, ha\'ing the sign of the constant term differing from the sign of the 
term containing x" has at least- one positive root and at least one negative 
root. 

Make the sign of the term containing x" positive by multiplying 
through by -1 if necessary". Then /(O) = a„ < 0. By the theorem of 
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also a necessary condition subtract one polynomial from the other 

(oo — ho)x’' + (oi — d + (a„_i — bn-i)x + (a„ — b„). (5.14) 

If the two polynomials are identical they are equal for all values of x, and 
their difference is zero for all values of x. Therefore, by the preceding 
theorem, all the coefficients are zero and we have 

Uo ~ boj di “ blj • ‘ • dn — bn. (o.lo) 

6.10 Continuity of a Polynomial. A function of x is said to be con- 
tinuous at a: = a if /(a) exists and 

lim/Cx) = /(a). 

X — *a 

If a function is continuous at every point of an interval, it is said to be 
continuous throughout the interval. 

lif(x) and g(x) are both continuous throughout an interval, their sum 
is continuous throughout the interval. 

If f(x) and g{x) are both continuous throughout an interval, their 
product is continuous throughout the interval. 

The function f(x) = a: is continuous everjmffiere. The function f(x) 
= xP, where p is any non-negative integer, is continuous everywhere. A 
polynomial which is a sum of a finite number of continuous functions of 
the form dpX^ is continuous everyv'here. 

5.11 Theorem. If f(x) is a polynomial and a and b are real numbers 
such that f(a) > 0 and f(b) < 0, then f(x) = 0 has a root between a 
and b. 

This theorem depends on the fact that a polynomial is a continuous 
single-valued function. No proof is given here, but it is suggested that 
the student consider the geometric significance of the theorem. 

6.12 Theorem. Every pol 3 Tiomial equation, ever)’’ coefficient of which 
is positive, can have no positive root. 

This theorem depends on the fact that the sum of a set of positive 
numbers cannot be zero. 

5.13 Theorem. Given a polynomial f(x) of degree n. There is a 
number X such that if a: > A then/(x) has the same sign as Oo, in other 
words, for x > X. 

I ao-r” I — I OiX"-' + 02X'‘-2 -] h a„_ix -f a„ j > 0. (5.16) 

Now, for X > 0, 

i Oox’' 1 — I -1- a2X”-- d- • • • + On-iX d- I (5-17) 

^ I Oo 1 x" — 1 ai I x"“i — i 02 1 x"-2 ... — I a„_i | x — | a„ | (5.18) 

^ I Go I a:" — 1 o* I x"-^ — 1 Oit 1 x”-- • • • — ] Ot | x — [ oj, | (5.19) 
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nomial when written in the form of (5.27). Substituting a: = 5 in (5.27) 
we have 

/(5) = [(2 • 5 + 3)5 - 2]5 + 5. (5.28) 

The work should be arranged as follows: Write the coeflScients of the poly- 
nomial on one line. Indicate the number being substituted to the right, 
for convenience, 

2 -b 3 - 2 -1- 5 /+5 . 

Leaving space for a row of figures, draw a line below the coefficients and 
copy the first coefficient beneath the line. We have 

2 -f 3 - 3 -b 5 7+5 
~2 

Now/(5) is evaluated, see equation (5.28), by first taking 2 times 5 equals 
10, then 10 plus 3 equals 13. These steps are written in and we have 

2 -b 3-2 + 5 /+5 

10 

2+13 

This is continued, see equation (5.28), 13 times 5 equals 65, 65 minus 2 
equals 63 and we have 

2+ 3 - 2 + 5 7+5 
10 + 65 
2 + 13 + 63 

And, finally, 63 times 5 equals 315, 315 plus 5 equals 320 

2+ 3- 2+ 5 7+5 

10 + 65 + 315 
2 + 13 + 63 + 320 

and 320 = /(5). 

If some power of x is missing in the polynomial its coefficient is wnitten 
in as zero. 

Example. Find/(2) for/(x) = sd + 3x^ — 2x + 5 

1 + 0 + 3- 2+ 5 7+2 
2 + 4 + 14 + 24 
1+2 + 7 + 12 + 29 


Therefore, /(2) = 29. 
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Example 1. Transform the equation a:^ + 3® + 2 = 0 into an equation 
whose roots are the reciprocals of the roots of the original equation. Let * = 
and we have 


^ + -+2 
y y 


0 . 


Multiply by and this becomes 

%f + ^y + \ = 0 . 


Example 2. Transform the equation + 2a: + 5 = 0 into an equation 
whose roots are the reciprocals of the corresponding roots of the given equation. 
Let X = 




0 . 


Multiply by i/® 


5i/= + 2y= + 1 = 0 


is the desired equation. 


6.22 Theorem. To transform an equation of degree n into an equation 
each of whose roots is less by k than the roots of the given equation, we 
proceed as follows; Divide the polynomial by (a: — k) and denote the 
remainder by R„’, divide the quotient by (x — k) and denote the new 
remainder by Rn-i] continue this process until n remainders are found. 
Then 


ao2/" + Riy”-^ + iZay""* H 1- Rn-■^y + Rn = 0 (5.39) 


is the required equation. 

Assuming that equation (5.39) is the desired equation we can show that 
the coefficients can be obtained as described above. Since the roots of 
the y-equation are each k less than the roots of the x-equation, substi- 
tuting y = X — km. the y-equation will give the x-equation. Therefore, 
the equation 

ao(x — ky + i?i(x — A:)""! -H Ri{x — k)”-^ 

-b Bn-i(x — A:)+ J2n = 0 (5.40) 


is the same as the given equation. When the given equation is written 
in this form it is evident that Rn is the remainder after dividing bj’’ x — k, 
and Rn-i is the remainder after dividing the quotient by x — fc, etc. 

This transformation is simplified if sjmthetic division is used. As an 
example: Given the equation x® -{- 2x^ — x -b 1 = 0; required the equa- 
tion whose roots are 2 less than the corresponding roots of the given equa- 
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tion. We set up the tabulation as directed for sjmthetic division 

1 + 2 - 1 + 1 7+2 
2 + 8+14 
1 + 4+ 7 + 15 
2+12 
1 + 6 + 19 
2 

1 + 8 

The firat remainder is 15. The first quotient is x- + 4.1; + 7. When it 
is di^’ided by .i: — 2 the next remainder is 19 and the quotient a; + 6. 

a; + 6 is di-vdded by .t — 2 the remainder is 8. The transformed 
equation is, therefore, y® + 8y- + 19y + 15 = 0. 

6.23 Theorem. Given a poljmomial of degree n 

x’^ + H + a^ix + o„ = 0. (5.41) 

We can elmiinate the term containing x”-'^ by substituting x = y — Oi/tt. 
l^Tien this substitution is made we have 

(» - l)" + »■ (s - l)” ' + • • • + <■.-> (s' - l) + “" = O- 

TiTien this is multiplied out only the first two terms will contain y"~^, the 
coefficient of y"~^ in the first term is — oi, and the coefficient of y”~^ in the 
second term is +gi. These cancel and therefore there is no term in 
the resulting equation containing y”~^. This process is the first step in 
sohmg equations by certain processes, for example, the trigonometric 
solution of the cubic equation section 5.29. 

6.24 Bounds to the Real Roots of an Equation. It was shown in sec- 
tion 5.13 that for X > 1 + the polynomial /(x) has the same sign 

do 

as oo, where aj, is the coefficient ha\'ing the largest absolute value of 

oi, 02 , • • • On. This means that for x > 1 + — f{x) ^ 0: therefore 

oo 

the equation /(x) = 0 cannot have a real root larger than 1 + 
Therefore, 1 + — is an upper bound to the real roots of /(x) = 0. 

Oo 

This upper bound is usually rather large. The smaller the upper bound 
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that we can find for the real roots of an equation the closer we come to 
finding the largest real root. 

In order to obtain the real roots of an equation by Homer’s method and 
by Nendon’s method (these methods are described in the next chapter), 
we must fii-st find an approximate value for the root. A knowledge of the 
bounds of the roots may be a great help. 

5.25 An Upper Bound. A smaller upper bound than the one specified 
in the preceding section can be found by the following device. Given the 
equation of degree n 

aox’^ + d + Un-^x + On = 0. .(5.43) 

Divide through by oo 

Cti CL*> 1 Oft 

x’‘+-x''-^+-x’'-^+---+—x + - = 0. (5.44) 

Qo Oo Oo ^^0 


Place parentheses around the terms as follows: 
\\ \ Oo/ ao/ aj / 


, Utv — l\ 
X -I ) i 

Uo / 


+ 


flo/ 


0. (5.45) 


The notation ( ( • • ( indicates that the n sets of parentheses all start at 
the same place. We might indicate this bv the symbol (". If we make 
(x + oi/oo) > 1 and a; > 1, then 


(■*3 

(-3 


X> X, 


02 02 

X d — > X d 

Oo Oo 


The above will be greater than one if we make (x -f- oi/oo) > l,'*x > 1, 
and (x d- 02 /ao) > 1, and therefore 


((x+-)a:d--)xd--> (x+-)xd-- 

\\ ao/ Oo/ Oo \ Oo/ Oo 


> X d--^‘ 
Oo 


Finally, if we make (x d- oi/oo) > 1, x > 1, (x -f 02 /ao) > 1, • • • (a: d- 
On/ao) > 1, then /(x) > 1. These conditions are satisfied if x is larger 
then the largest of 


1, 



02 

7 

Oo 


• ••1 


(tn 

Go* 


If X is greater than the largest number above /(x) > 1, the largest of 1, 
1 — Oi/ao, • • • 1 — o„/ao is an upper bound to the real roots of fix) = 0. 
To apply this test we need only consider those coefficients that differ in 
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sign with Oo. This upper bound can be described as follows so that it can 

cu- 
be compared with the upper bound found in section 5.13. 1 + — is an 

do 

upper bound where at is the coefficient having greatest absolute value of 
all those that differ in sign with Oo. If no coefficient differs in sign from do 
there can be no positive roots and zero is an upper bound to the real roots. 


Example. Consider the equation 

2a:i + 8^3 - + 16rc - 3 = 0. 


An upper bound is 


1 -f f = 4,5. 


jThe formula for an upper bound derived in section 5.13 would give in this 
case 1 + (4-16)/2 = 33. Both these results are upper bounds but 4.5 is much 
more useful than 33. 


5.26 A Lower Bound to the Positive Roots. If the given equation is 
transformed into an equation whose roots are the reciprocals of the roots 
of the original equation, the upper bound to the roots of the transformed 
equation ndll be greater than the reciprocals of the roots of the given equa- 
tion. Therefore its reciprocal mil be less than any of the positive roots 
of the given equation. 

Given the equation 

dox" + aix’'-’- -{- \- dn_ix -f d„ = 0. (5.46) 

Transform this equation by the method of section 5.21 

d„l/" + + h a^y + do = 0. (5.47) 

An upper bound to the roots of equation (5.47) is 1 -f — where d* is the 

coefficient having the largest absolute value of all those that differ in sign 
Muth a„. Therefore a lower bound to the positive roots of equation (5.46) 
is, where au is as just defined. 


Example. A lower bound to the real positive roots of the equation 
2X* + Sx® + 16x2 _ 47a; _ 3 = 0 



is 


3 3 

3 + 16 19’ 
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6.27 A Lower Bound to the Real Roots. If the given equation is trans- 
formed into a new equation each of whose roots is the negative of the cor- 
responding root of the given equation, an upper bound to the roots of the 
transformed equation will be greater than the negatives of the roots of the 
given equation; therefore, its negative will be less than the roots of the 
given equation. Given the equation 

aox" -f aix”~^ -b • • • + -f- a„ = 0. (5.48) 


Transform this by the method of section 5.20. 

Ooy" — . (— l)"-ia„_i2/ + (— l)’’a„ = 0. (5.49) 


An upper bound to the roots of equation (5.49) is 1 -f- 


Go 


where 


aA(— 1)^ differs in sign with Oo and is numerically the greatest coefficient 
that satisfies this requirement as to sign. Therefore a lower bound to the 


real roots of the given equation is — 1 — 


at 


do 


where a;, is as defined above. 


Example. In the equation 

2x* + 8x^-7x^-hl6x~ 3 = 0 
the coefficients (— are 

2, -8, -7, -16, -3. 

A lower bound to the real roots of the given equation is 

_1 - ^ = -9. 


5.28 An Upper Bound to the Negative Roots. By combining the steps 
in the preceding sections we find an upper bound to the negative roots of 
the equation 

Uox" -f- Oia;"-! -f- a2X’‘-^ -f- • • • -b a„_ix -b a„ = 0 (5.50) 

to be — 1 j , where a;;(— 1)* differs in sign with a„(— 1)" and is 

1 a.. 1 i- 1 1 

numerically the greatest coefficient that satisfies this requirement as to 
sign. 

Example. To find an upper bound to the negative roots of 

23^* -t- 82^ - 7*=' -b 16a; - 3 = 0 

rewrite the coefficients as (— l)*^a;, for convenience 

2, -8, -7, -16, -3. 

An upper bound to the negative roots is — 3/(3 + 2) = -0.6. 

■ ' \ ' 

.. . J 
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6.29 Trigonometric Solution of the Cubic Equation. The following 
method can be used to solve anj’- equation of the third degree. If the 
given equation contains a term involving x- it can be eliminated by the 
method of section 5.23 so that we can start udth the equation in the foiTn 



.-c® 4 - a.T -|- 5 = 0 . 

(5.51) 

We wish to transform our equation to the trigonometric identity 
cos® 0 — f cos 0 — 4 cos 30 = 0 . 

(5.52) 

To do this substitute x = 

viy in equation (5.51) 
m®?/® 4 ~ amy 4 - i> = 0 . 

(5.53) 

Dhdding equation (5.53) by 7 ?i® we have 



. . a .0 
y' + — 2 / + — ; = 0 . 

7n^ m® 

(5.54) 

Comparing equations (5.54) and (5.52) we can have y = cos 0 , provided 

, a 1,6 

that = —4 and — = 
m- m® 

— j cos 30. That is, 

1 




(5.55) 


cos 30 = — • 
am 

(5.56) 


If 01 satisfies equation (5.56), 0i + 27r/3 and 0i + 47r/3 also satisfy equa- 
tion (5.56). Therefore the three roots of equation (5.54) are cos 6], 
cos (01 -j- 2tt/Z), cos (01 -h 47r/3), and the roots of the given equation are 


m cos 01 , 




The three cases that may arise are illustrated in the three examples that 
follow. 


Example 1. Required the roots of the equation 

- 2x -f 1 = 0 
a = —2, 6 = 1 
m = 2V| = 1.633 

30 = 156° 43' 

0 = 52° 14' cos 0 = 0.612 

0 4- 120° = 172° 14' cos 172° 14' = —0.991 

0 + 240° = 292° 14' cos 292° 14' = 0.378 
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The required roots are 

(1.633) (0.612) = 1 

(1.633) (-0.991) = -1.62 

(1.633) (0.378) = 0.617 

Note; we could have taken 30 in the third quadrant instead of in the second 
quadrant. The result would be the same since we use only cos 0, cos (0 + 120°), 
and cos (0 + 240°). 


Example 2. 


Eequired the roots ol the equation 
a;3 + 2z + 1 = 0 
a = 2, 6 = 1 

in = 2'\/^ = 11.633] 


cos 30 


3 

2(il.633) 


-10.9185 


Now, cos 30 = sin (30 + r/2) = — t sinh i(30 + Tr/2). Therefore, 
sinh 1^30 + 1^ = 0.9185 


From tables of hyperbolic functions we find 

1(30 + 1 ^ =0.823] 

30 = - 1 - 10.823 

0 =■- f - ,-0.274 
6 

9 +^ -f- >0.274 

9+|-^-i0.274 

= cos ~ cosh 0.274 — i sin ^ sinh 0.274 
o 6 

= (0.866) (1.038) - i(0.5) (0.277) = 0.898 - i0.139 
= cos ^ cosh 0.274 + i sin ^ sinh 0.274 

^ 2i 

= 0 + 10.277 

= cos cosh 0.274 + , sin ^ sinh 0.274 
o 6 

= (-0.866) (1.038) +,(-0.5) (0.277) = -0.898 - i0.139 
The required roots are 

1(1.633) (0.898 - ,0.139) = 0.226 +'tl.466 
1(1.633) (,0.277) = -0.452 
1(1.633) (-0.898 - 10.139) = 0.226 - iT.466 


COS0 

cos(0+|) 

cos(^ + f) 
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Example 3. Required the roots of the equation 

— x + 2 — 0 
a=_l,b = 2 
m = 2^1 = 1.155 

cos 30 = — - = —5.196 
— l.loo 


Now, 

cos 30 = —cos (30 — ~) = —cosh i(30 — w) = —5.196. 

From tables of hyperbolic functions we find for cosh t(30 — w) = 5.196 that 
i(.39 — 7r) = 2.332. Therefore, 

20-17= -22.332 
30 = - - 22.332 


0 = ^ - 20.777 
o 

0+^ = 2r- 20.777 

o 

-0.777 


cos 


cos 


cos 0 = cos -I cosh 0.777 + i sin-^ sinh 0.777 
o o 

= (0.5) (1.317) + 2(0.866) (0.S5S) = 0.659 + 20.743 
^0 + = cos ~ cosh 0.777 + 2 ' sin w sinh 0.777 

= -1.317 


(«+l)- 


cos ^ cosh 0.777 + 2 ' sin ^ sinh 0.777 

O O 


= (0.5) (1.317) - 2-(0.S66)(0.S58) = 0.659 - 20.743 


The required roots are 


1.155(0.659 + 20.743) = 0.760 + fO.SoS 
1.155(-1.317) = -1.520 
1.155(0.659 - 20.743) = 0.760 - 20.858 


PROBLEMS ON CHAPTER 5 

1. Given f(x) = x® + 3x= — x — 15. Find /(2) by substitution and by 
dividing by x — 2. 

_ 2. Given /(x) = x* + 3x= - 2x - 10. Find /(3) by substitution and by 
using the remainder theorem. 

^ 3. Given f(x) = xr — 4x^ + 3x — 3. Find /(5) by substitution and by 
using the remainder theorem. 

4. Show that if f(x) and g(x) are both continuous at x = a their product 
is continuous at x = a. 
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6. Show that if f(x) and g(x) are continuous at a: = o their sum is continu- 
ous at X = 0 . 

6. Show that/(x) = xis continuous everywhere. 

7. Show that f{x) = x^, where p is a non-negative integer, is continuous 
everiTThere. 

8. Show that a polynomial is continuous ever 3 rwhere. 

9. Draw some graphs that illustrate the truth of the theorem in section 5.11. 

10. Use synthetic division on problem 1. 

11. Use S3Tithetic divi.'^ion on problem 2. 

12. Use synthetic division on problem 3. 

13. Transform the equation 2x^ — Zx? 2x — 10 = 0 into an equation 
whose roots are three times the roots of the given equation. 

14. Transform the equation oar* — a^-t-2x — 7 = 0 into an equation whose 
roots are one third the roots of the given equation. 

15. Transform the equation 5i^ — 7ar*' — x 10 = 0 into an equation whose 
roots are two times the roots of the given equation. 

16. Transform the equation in problem 13 into an equation whose roots are 
the negatives of the roots of the given equation. 

17. Repeat problem 16 for the equation in problem 14. 

18. Repeat problem 16 for the equation in problem 15. 

19. Transform the equation in problem 13 into an equation whose roots are 
the reciprocals of the roots of the given equation. 

20. Repeat problem 19 for the equation in problem 14. 

21. Repeat problem 19 for the equation in problem 15. 

22. Transform the equation in problem 13 into a new equation whose roots 
are twelve more than the roots of the given equation. 

23. Transform the equation in problem 14 into a new equation whose roots 
are two less than the roots of the given equation. 

24. Transform the equation in problem 15 into a new equation whose roots 
are three less than the roots of the given equation. 

26. Eliminate the x^ term in the equation x^ — 3x^ -f x — 10 = 0. 

26. Eliminate the x? term inx*-}-3^-}-x — 2 = 0. 

27. Eliminate the x^ term in 2x* -1- x® — 3 = 0. 

28. Find an upper bound to the real roots of the equation in problem 13. 

29. Find an upper bound to the real roots of the equation in problem 14. 

30. Find an upper bound to the real roots of the equation in problem 15. 

31. Find a lower bound to the positive real roots of the equation in problem 13. 

32. Find a lower bound to the positive real roots of the equation in problem 14. 

33. Find a lower bound to the positive real roots of the equation in problem 15. 

34. Find a lower bound to the real roots of the equation in problem 13. 

35. Find a lower bound to the real roots of the equation in problem 14. 

36. Find a lower bound to the real roots of the equation in problem 15. 

37. Prove that the formida given in section 5.28 gives an upper boimd to 
the negative real roots of an equation. 

38. Find an upper bound to the negative roots of the equation in problem 13. 

39. Find an upper bound to the negative roots of the equation in problem 14. 

40. Find an upper bound to the negative roots of the equation in problem 15. 

41. Bound the real roots of the equation in problem 25. 

42. Bound the real roots of the equation in problem 26. 

43. Bound the real roots of the equation in problem 27. 
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44. 

Find 

the 

roots 

of 

3^ 

- Sx - 2 = 

0. 

45. 

Find 

the 

roots 

of 


- 5x + 3 = 

0. 

4G. 

Find 

the 

roots 

of 

3^ 

- 2x + 12 = 

= 0. 

47. 

Find 

the 

roots 

of 


- 3x - 10 = 

= 0. 

48. 

Find 

the 

roots 

of 

X^ 

+ 2x - 5 = 

0. 

49. 

Find 

the 

roots 

of 


+ 3x + 15 = 

= 0. 

60. 

Find 

the 

roots 

of 

x^ 

+ 2x - 1 = 

0. 

61. 

Find 

the 

roots 

of 

the equation in 

problem 13. 

62. 

Find 

the 

roots 

of 

the equation in 

problem 25. 



CHAPTER 6 

APPROXIMATE SOLUTIONS OF ALGEBRAIC EQUATIONS 

6.1 Derivatives. Since this book is intended for students that have 
studied the calculus it vrill be assumed that the process of differentiation 
is imderstood and that the student can differentiate the polynomial 

a;" + aix’'-’ + + • • • + a,^ix + a„ • (6.1) 

and obtain 

+ (n — l)aix"“^ + (n — 2)aiX’'-^ + • • •_+ 2 ia „_2 + a„_i. (6.2) 

6.2 Multiple Roots. The factor theorem states that, if r is a root of 
the polynomial equation /(x) = 0, f(x) is di\dsible byx — rorx — risa 
factor of /(x). It may happen that (x — r)- is a factor of /(x), and in this 
case the poljmomial equation/(x) = 0 of degree n will have less thanin dis- 
tinct roots. If X — r is a factor of /(x) and (x — r)* is not a factor, then 
r is a simple root of /(x) =0. If (x — r)^ is a factor of /(x) and (x — r)® 
is not a factor, then r is a double root of f{x) = 0. In general we define a 
multiple root as follows; r is an m-fold root of /(x) = 0 if (x — r)" is a 
factor of fix') and (x — r)”+i is not a factor. 

6.3 If we write the polynomial /(x) in the form of Taylor’s theorem 
near x = 6, we have 

fix) = m -h (X - b)f’(b) -i-^^^f"ib) +^^^f"'(b) + . . . 

+ ( 6 , 3 ) 

n\ 

If 6 is a simple root of /(x) = 0, /(x) is divisible by x — b and not by 
(x — 6)2. Therefoi’e /(6) =0 and /'(6) 0. If b is a double root of 

fix) = 0, fix) is dir-isible by (x — 6)^ and not by (x — by. Therefore 
/(^) — — 0 and fib) ?£ 0. In general, if 6 is an m-fold root of 

fix) = 0, fix) is dirdsible by (x — b)-" and not by (x — b)"+b Therefore 
/(b) =/'(b) = fib) = ■■■ =/(—»(&) = 0 and/t’->(b) 0. This estab- 

lishes the following: 

Theorem. A necessarj’’ and sufficient condition that r be an m-fold root 
of fix) = 0 is that /(r) =/(r) =/"(?•) = • • • =/(>"-» (r) = 0 and 

y(m>(j.) pi Q 
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6.4 The theorem just established ma5' be stated: A necessary and suf- 

ficient condition that r be an {m — l)-fold root of g{x) = 0 is that g(r) = 
g'ir) =£?"(?•) = ••• = g’^’"-~-Kr) = 0 and 0. 

Let g(x) = fix), g'{x) = f'{x), etc. We have: 

Theorem. A necessarj* and sufficient condition that r be an (w — 1 )- 
fold root of fix) = 0 is that fir) ^f'ir) = -.•/(”=-«(?■) = 0 and 
fm)(j-) ^ 0 . This and the preceding theorem give: 

Theorem. A necessar3'’ and sufficient condition that a root of fix) = 0 
be an 7a-fold root is that it be an im — l)-fold root affix) = 0. 

6.5 If this process is repeated on successive derivatives we obtain a 
result which can be summarized in the following table. 


TABLE YI-1 


Equation 

Kx) = 0 
/'(X) = 0 

simple 

double 

Type of Root 

triple 

4-fold 

5-fold 

no 

simple 

double 

triple 

4-fold 

fix) = 0 

? 

no 

simple 

double 

triple 

fix) = 0 

? 

7 

no 

simple 

double 

fix) = 0 

7 

7 

7 

no 

simple 


The question marks indicate ambiguities. A simple root of fix) = 0 can 
be a root of any of the equations except fix) = 0 . A double root of 
fix) = 0 is a root of f (.r) = 0, is not a root of f" ix) = 0, and can be a root 
of the other equations. 

6.6 Highest Common Factor. The highest co mm on factor, abbre- 
■viated H.C.F., of two polynomials in a: is the peljmemial of highest degree 
containing x which is a factor of the two given pobmomials. The H.C.F. 
of two poljmomials can be found by a process almost identical with that 
used to find the greatest common divisor of two integers. Let A and B 
be two poljTiomi.als and assume the degree of A is not less than the degree 
of B. Dmde A by B and obtain a quotient Qi and a remainder Ri which 
is of lower degree than B. If i?i = 0 , jB is the H.C.F. Assume jKi 0 
and di-^nde B bj’ Ri and obtain a quotient Qn and a remainder R^ of lower 
degree than Ri; continue the process until the remainder is a constant 
(of zero degree). 


A = BQi -b i?i. 
B = RiQi -j- Rn. 

Bi — RiQj -j- I?3. 
B" — R3Q4 “b Ri. 


( 6 . 4 ) 


Assume Ri is a constant. If ^4 = 0, Rs is a factor of i?2, and since R3 is 
a factor of R^ it is a factor of Ri, and since Rz is a factor of R« and Ri it 
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is a factor of B. Since Bz is a factor of Ri and iS it is a factor of A. This 
shows that Bz is a common factor of A and B. Now the H.C.F. of A 
and 5 is a factor of Bu and since it is a factor of B and Bi it is a factor of 
Bz, and since the H.C.F. of A and B is a factor of Bi and Bz it is a factor 
of Bz. Since Bz is a common factor of A and B it must the H.C.F. If 
Rir^O there is no common factor of A and B containing x. 

6.7 Let gz(z) be the H.C.F. of fix) and fix). Then every root of 
gzix) = 0 is a multiple root of fix) = 0, and an m-fold root of /(x) = 0 is 
an (m — l)-fold root of gzix) = 0 just as it is of fix) = 0. Let gz{x) be 
the H.C.F. of gzix) and g 2 ix). Eveiy root of psCa:) = 0 is a triple or 
higher order root of /(a:) = 0, and triple roots affix) = 0 are simple roots 
of gzix) = 0. This process can be used to define additional polynomials 
whose properties are summarized in Table VI-2. 

TABLE VI-2 


Equation 



Type of Root 



/(x)=0 

simple 

double 

triple 

4-fold 

5-fold 

gzix) = 0 

no 

simple 

double 

triple 

4-fold 

93 (s) = 0 

no 

no 

simple 

double 

triple 

94 (x) = 0 

no 

no 

BO 

simple 

double 

95 ( 2 :) = 0 

no 

no 

no 

no 

smple 

6.8 Let P 

i == (x - ri)(x 

“ n)- 

• •, where ri, rz, 

etc. are all the simple 

roots of fix) 

= 0. Let Pz -- 

= (X- 

Si) (x - S 2 ) • • • 

, where si, sz, etc. are 

all the double roots of fix) 

= 0 . 

Define additional polynomials 

in the 

same way. 

The properties 

of these polynomials are summarized in 

Table VI-3. 








TABLE VI-3 



Equation 



Type of Root 



fix) = 0 

simple 

double 

triple 

4-foId 

5-foId 

Pi =0 

simple 

no 

no 

no 

no 

P 2 = 0 

no 

simple 

no 

no 

no 

P 3 = 0 

no 

no 

simple 

no 

no 

P 4 = 0 

no 

no 

no 

simple 

no 


6.9 These two sets of polynomials are related in the following way: 

fix) ^ P,PlPlP\Pl... 
g^ix) = PzP%P\P\. . . 
g.ix) = PzP\P%Pl- • ■ 

gmix) = PmPm+lPm+iPm+S ' ’ ' 

gm+lix) = Pm+lPm+2Pm+3Pm+4 ' ' ‘ 

Qm+iix) = Pm+zPm+sPmi-tPm+b ' ■ • 


(6.5) 
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£f„(a:)firm+o(.T) 


= P„P^+,P^+2P^+ ^4 • • • 
= P,nlPm+lP^+".Pm+sP^+4 • • • 

— P mffm+1 0^) 


Therefore 

p 

p f(^)ff3(x) 

' glix) 

Note that gi(x) = f(x) 

_ gi{x)gi{x) 

" glix) 


( 6 . 6 ) 


If a term is missing in these formulas, replace it by unity, 
only simple and double roots, then 


Pi 


Six) 

glix) 


If there are 


Pi = gzix). 

The problem of finding the roots of the equation /(a:) = 0 is replaced by 
the problem of finding the roots of the equations Pi = 0, P 2 = 0, etc. 
If Pi is the same as /(.r), fix) = 0 has no multiple roots; but, if Pi is dif- 
ferent from/(a;), the equation/(x) = 0 has multiple roots, and the chances 
are that some of the Pm — 0 equations are of the first or second degree, 
which is a great simplification. We shall assume that multiple roots are 
separated this w^ay and our equations now have only simple roots. 

6.10 Symmetric Roots. If -{-r and —r are roots of the equation 
Six) = 0, r is a symmetric root of Six) = 0. To test for symmetric roots 
we proceed as follows: Let Pi(x) equal the polynomial containing all 
terms of Six) of odd degree. Let B^ix) equal all terms of fix) of even 
degree including the constant term. Then 

Pi(x) + Bzix) = Six). (6.7) 

If r is a root of Six) = 0, we have 

Riir) + RnXr) =/(?•) = 0. (6.8) 

And if — r is a root of Six) = 0, we have 

Rii-r) -f Rii-r) = /(-r) = 0. (6.9) 

Since Pi (.t) contains only terms of odd degree 

Pi(-x) = — Pi(x). 


( 6 . 10 ) 
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And since 2?2(a;) contains no terms of odd degree 

R2(,-x) = n^ix). ( 6 . 11 ) 

Equations (6.10) and (6.11) enable us to write equation (6.9) 

-Ri{r) + Ri{r) = 0. (6.12) 

If r is a symmetric root of /(a:) = 0, equations (6.8) and (6.12) are simul- 
taneous, and their sum gives 

Ri{r) = 0 (6.13) 

and their difference gives 

Riir) = 0. (6.14) 

Theorem. A necessary and sufficient condition that -f-r and — r be 
roots of f{x) =0 is that they be roots of the equation formed by taking 
the terms of odd degree and the equation formed by taking terms of even 
degree and the constant term of /(-t). 

6.11 If F{x) is the H.C.F. of Ri{x) and Rtix), where Ri{x) and R^ix) 
are defined in the preceding paragraph, F{x) = 0 contains all the pairs of 
symmetric roots oif{x) = 0, andf{x)/F{x) = 0 contains all the roots of 
f{x) = 0 except the symmetric roots. F{x) = 0 will be an equation 
every term of which is of even degree. Replace x^ by y and let Giy) = 
G{x^) = F(x). G{y) = 0 may have symmetric roots as in the following 
example: 

F{x) = (a: — l)(a: -b l)(x — z)(x -f z) = (x^ — l)(x^ + 1), 

Giy) = iy - l)iy + 1). 

The equation Giy) =0 can be tested for symmetric roots in the same 
way that /(a;) = 0 was tested. We obtain an equation Fiiy) = 0 which 
contains all symmetric roots of Giy) — 0. Giy)/Fiiy) = 0 contains all 
the roots of G(i/) = 0 except the symmetric roots. Replace 2/^ in Fs (a/) =0 
by z and obtain G^iz) = 0. This process is straightfonvard. We shall 
find it convenient to remove multiple roots and symmetric roots before 
applying Graeffe’s method of approximating the roots of an equation. 

6.12 Homer’s Method. The real roots of a pol3momial equation can 
be found to any desired number of decimal places by a process known as 
Horner’s method. This process can best be explained by giving an ex- 
ample. If we require the root of the equation fix) = a:® -t- 12a;^ -b a: — 
100 = 0 which lies between 2 and 3, the method is as follows; 

(a) Transform the given equation into an equation whose roots are two 
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less than the roots of the given equation. 

( 

1 12 1 -100 /+2 

2 28 ^ 

1 14 29 -42 

2 32 

1 16 61 

2 

1 18 

The transformed equation is /i(.'Ci) = + IS-t? + 61xi — 42 = 0. The 

corresponding root of tliis equation is between 0 and 1.0. 

(b) We can determine the sign of /i(0.1), /i(0.2), /i(0.3), etc., until we 
find two of opposite sign. We might try eight values before fin d i n g the 
change in sign. To reduce the amount of this trial and error work we per- 
form the folloving trial division. Neglect the terms containing higher 
powers of the unknown. The equation is then 61a:i — 42 = 0. Solving 
this for Xi we have Xi = = 0.6+. Detennine/i(0.6) 

1 18 61 --42 

0.6 11.16 43.296 


1 

18.6 

72.16 

1.296 


Since /i(0.6) = 1.296 > 0, and /i(0) = 
and 0.6. Determine /i (0.5) 

—42 < 0, the root is between 0 

1 IS 61 

0.5 9.25 

-42 /0.5 

35.125 

1 18.5 70.25 

-6.875 

Since /i(0.5) = —6.875 < 0 and /i(0.6) > 0, the root lies between 0.5 
and 0.6 and the desired root of the original equation lies between 2.5 and 2.6. 

(c) Transform the last equation into a new equation each of whose roots 
is 0.5 less than the corresponding root of the equation in Xi. The work of 
determining /i (0.5) is part of this transformation and is repeated below to 
identify the steps in the solution; in practice tliis would not be repeated. 

1 18 61 

0.5 9.25 

-42 /0.5 

35.125 


1 18.5 70.25 -6.875 

^ 0.5 9.5 

1 19.0 79.75 

0.5 


1 19.5 
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The transformed equation 13/2(0:2) = X 2 -i- lO.Sij + 79.75a:2 — 6.875 = 0. 
The corresponding root of this equation is between 0 and 0.1. 

(d) The trial division is Xi = 6.875/79.75. Since we want only one 
place it is simpler to take for the trial division X 2 = 6.8/80 = 0.08+ . 
Therefore determine /2(0.08) 

1 19.5 79.75 - 6.875 /O.O8 

0.08 1.5664: 6.505312 

1 19.58 81.3164 -0.369688 

/2(0.08) = —0.369688 < 0. Now determine /2(0.09) 

1 19.5 79.75 -6.875 /0.09 

0.09 1.7631 7.336179 

1 19.59 81.5131 0.461179 

Since /2(0.09) = 0.461179 > 0, the root is between 0.08 and 0.09 and the 
required root of the original equation is between 2.58 and 2.59. 

(e) Transform the last equation into a new equation each of whose roots 
is 0.08 less than the corresponding root of the equation in Xz. Although 
we have already done part of this work above, the entire transformation is 
given below. 

1 19.5 79.75 - 6.875 /O.O8 

0.08 1.5664 6.505312 

1 19.58 81.3164 -0.369688 

0.08 1.5728 

1 19.66 82.8892 

0.08 
1 19.74 

The new equation is 

f3(x3) = xl-i- 19.74x| + 82.8892x3 - 0.369688 = 0. 

The corresponding root of this equation is between 0 and 0.01. 

(f) Trial division gives X3 = 0.4/83 = 0.004+ . Determine /a (0.004) 


1 

19.74 

0.004 

82.8892 

0.078976 

-0.369688 

0.331872704 

/0.004 

r~ 

19.744 

82.968176 

-0.037815296 


Now determine /s (0.005) 




1 

19.74 

0.005 

82.8892 

0.098725 

-0.369688 

0.414939625 

/0.005 

r~ 

19.745 

82.987925 

0.045251625 
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Since /a (0.004) = -0.037815296 < 0 and /a (0.005) = 0.045251625 > 0, 
the root is between 0.004 and 0.005 and the desired root of the original 

equation is between 2.584 and 2.585. 

(g) Transform the last equation into a new equation each of whose 
roots is 0.004 less than the corresponding root of the equation in * 3 . 

1 19.74 82.8892 - 0.369688 /O-OOl 

0.004 0.078976___ 0.331872704 

1 19.744 82.968176 - 0.037815296 

0.004. 0.078992 

1 19.748 83.047168 

0.004 
1 19.752 

The transformed equation is 

Uixi) = 4 + 19 . 752.4 + 83.047168x4 - 0.037815296 = 0. 

The root of tliis equation is between 0 and 0.001. 

(h) Ti'ial division gives X 4 = 0.04/83 = 0.0004+ . Determine 
/4(0.0004). 

1 19.752 83.047168 -0.037815296 /0.0004 

0.0004 0.00790096 0.033222027584 

1 19.7524 83.05506896 - 0.004593268416 

Since /4 (0.0004) = -0.004593268416 < 0 determine /4 (0.0005): 

1 19.752 83.047168 -0.037815296 /0.0005 

0.0005 0.00987625 0.041528522125 

1 19.7525 83.05704425 0.003713226125 

Since /4(0.0004) < 0 and /4(0.0005) = 0.003713226125 > 0, the desired 
root is between 0.0004 and 0.0005, and the desired root of the original 
equation is between 2.5844 and 2.5845. We could continue this way 
getting one figure each time we transform the equation. However, when 
the desired root is so small, we can get several additional decimal places at 
once by adjusting the trial dmsion as follows. 

(i) Write the last equation as follows: 

83.047168x4 = 0.037815296 - x| - 19.752x1. 

Since the desired root is between 0.0004 and 0.0005 

83.047168x4 < 0.037815296 - 0.0004® - 19.752(0.0004)2 
83.047168x4 > 0.037815296 — 0.0005® — 19.752(0.0005)2 
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These inequalities are 

83.047168x4 < 0.037812135616 
83.047168x4 > 0.037810357875 


To solve for limiting values of X 4 from these inequalities, we have two 
problems in long division which are placed side by side below. 


0.0004553+ 

83.047168/0.037812135616 

332188672 

459326841 

415235840 

440910016 

415235840 

256741760 

249141504 

7600256 


0.0004552+ 

83.047168/ 0.037810357875 
332188672 
459149067 
415235840 
439132275 
415235840 
238964350 
166094336 
72870014 


The desired value of Xi is between 0.0004552 and 0.0004554, and the re- 
quired root of the original equation is between 2.5844552 and 2.5844554. 

(j) To obtain additional decimal places in the root we can repeat the 
steps in part (i) using the figures 0.0004552 and 0.0004554 in place of 
0.0004 and 0.0005, respectively. 

(k) The two inequalities in section (i) are solved for limiting values of 
X 4 by long division. The long division process is carried out in the two 
cases only as long as the figures in the quotients are the same. As soon 
as different figures arise there is no gain in going further. The work can 
be abbreviated if we use only the figures in the dhddend that are alike and 
perform only one division process. In the example above we can divide 
0.03781 by 83.047168 and expect to get the root correct to several places. 
Without much extra work we can take an extra place into account and 
divide 0.037812 by 83.047168. In this case we can then investigate what 
the result would have been if we had used 0.037810 for the dividend without 
repeating the entire process. 

If we divide 0.037812 by 83.047168 we have the first figure in the quo- 
tient as 0.0004, and the first steps would appear 

0.0004 

83.047168/0.037812 

332188672 


Now the figures in the dividend above 8672 in the division above were 
dropped because they are unreliable. It is false accuracy, therefore, to 
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carry the figures 8672 in the product, and we should drop some figures in 
the divisor. Knowing the first figure in the quotient, it is obvious that in 
the example above we should neglect the last four figures in the divisor. 
We place a dot over the 4 in the di^nsor as a reminder that the foUovsdng 
figures are to be neglected. We do not neglect the last figures entirely 
since in the product we may have something to carrj’'. In the illustration 
we have 4 (in the quotient) times 7 (to the right of the dot) equals 28, or 
3 to cany. Four (in the quotient) times 4 (under the dot) equals 16; 
add the 3 we carried and get 19; the fimt step is completed as follows: 

0.0004 

83.047168/0.037812 

33219 

4593 

We can now neglect an extra figure in the divisor and therefore we place 
a dot over the 0. The next figure in the quotient is 5. Therefore, 5 (in 
the quotient) times 4 (to the right of the last dot) is 20, or 2 to carry. 
Five (in the quotient) times 0 (under the last dot) equals 0; add 2 giving 2. 
The division is completed below. 

0.0004553 

8^047168/0.037812 

33219 

4593 

4152 

441 

415 

26 

?£ 

1 

By inspection we see that if we had used 0.037810 as a di-\ddend the only 
change in the problem would be after the figures 0.000455 were obtained. 
The remainder would then be 24 instead of 26 and the final figure in the 
quotient would be 2 instead of 3. This long di^dsion process is much 
shorter than one of the others, and it gives as much information as both 
of the others together. 

(1) In each step from (b) to (h) we used the fact that the value of the 
particular poljmomial equation changed sign when we substituted two 
values of the argument, one less, the other greater than the desired root. 
If the required root were a double root, we would find that the v^alue of the 
polynomial would not change in sign when we substituted two values of 
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the argument one on each side of the required root and very nearly equal 
to the required root. If we separate the multiple roots as explained in sec- 
tion 6.9, we have only simple roots and do not have to worry about this 
difficulty. 

(m) To find a negative root of an equation by Homer’s method the 
student may prefer to change the signs of the roots according to the method 
of section 5.20 and then find the root of the resulting equation. On the 
other hand, if the desired root is between —4 and —3, wm can add 4 to the 
roots of the equation and the required root of the new equation will be 
between 0 and 1. 

(n) If two roots of the equation are very close together we can substitute 
three values of x\ X\<Xi< Xz] and if /(xi) > fix^) and S{xz) > /(xs) 
where /(xi),/(aH>) and/C^s) are all positive, the roots are probably between 
X\ and Xz. The student will find Graeffe’s method very handy for cases of 
this sort. 

6.13 Newton’s Method. Newton’s method of approximating the real 
roots of an equation is applicable to transcendental equations as well as to 
polynomial equations, whereas Homer’s method can be used only for 
polynomial equations. The following discussion explains how the method 
works. 

Let .4 be a root of the equation/(x) = 0, and let Ai be an approximation 
for the root A. Newton’s method consists of finding a better approxima- 
tion than the given approximation. Expand f(x) using Taylor’s theorem 
for X near Ai. We have 

fix) = fiAz) +ix- Az)nAz) + - ~ 

+ (6.15) 


If we let X = A, this becomes 

0 =fiAz) + (4 - Az)fiAz) -b ~ 

+ ~ ^'^V "(40 -f • • •. 

Divide this through by/'(4i) and reaivange it to give 


A = Ai 




(4 - Az)\ 


(A - Az)^ 




(6.16) 


(6.17) 
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Define Ai by the folloiiang equation: 

A2 = -'ll ■ 


fjAi) 

rwi) 


(6.18) 


Now if Ai is near A, it may be that the terms containing (H - Hi)- 
and higher powers are negligible. In this case A 2 and A are practically 



equal and A« is a better approximation than Ai Now we can continue 
with 

= A. (6.19) 

and As is a better approximation than Ao, etc. This process can be carried 
on until the desired accuracy is attained. 

Nendon’s method can be presented graphically as follows: Figure 6-1 
shows /(x) plotted against x for values of x near A. Hi is the approxima- 
tion to the root A. The line A^P is tangent to the cuive at x = Hi and 
makes an angle B ndth the .x-axis. Then 

tan 5 = /' (Hi) = • (6.20) 


If this is solved for As, we have 
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The case illustrated in Fig. 6-1 shows that A 2 is a better approximation 
than As, and .ds is a better approximation than .42, etc. 




Figure 6-2 shows a case where Ne^vton’s method fails. In this case 
there is a maximum to fix') between the root A and the approximation Aj. 
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The figure shows that is farther than Ai from the root A. A minimum 
would cause the same difficulty. 

A point of inflection may or may not cause trouble. Figure 6-3 shows 
a case where the presence of a point of inflection makes the method fail. 




The successive numbers Ai, Ai, As, etc. are alternately on one side of A, 
then on the other side, and there is no tendency for them to approach A. 
Figure 6-4 shows a case where the presence of a point of inflection does not 
interfere vflth Ne\\i/on’s method. 

There is an interesting point in connection with Newton’s method. Any 
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mistakes made in the first part of the work will be corrected as the work 
proceeds provided such mistakes are not too great. Suppose a mistake 
is made in computing A 2 so that A'^ is obtained instead. See Fig. 6-5. 
It is apparent in the figure that .Aj is a good approximation and in fact 
would have been the correct value if we had started with a slightly different 
first approximation. Of course care must be exercised in the later steps. 


Example 1. Let /(a:) = a:^ — 2 = 0 be the equation to be solved. The 
desired root is between 1 and 2. Let the first approximation Ai be 1. Since 
f'(x) = 2a:, we have 


Az = Ai 


/(Ai) 

/'(Ai) 



A3 = A2 


/(Aa) 

/'(Aa) 


= 1.5 - — = 1.5 - 0.083 = 1.42 

3 


Ai = A 3 


f(Az) 

f'{Az) 


= 1.42 - - = 1.42 - 0.00578 = 1.41422 

2.84 


This answer is correct to four places. 


1.414222 = 2.0000182084 
1.414212 = 1.9999899241 


Example 2. Let f{x) =2 cos x — 3a: = 0 be the given equation. 
—2 sin X — 3. Let the first approximation be Ai = 0.7. 


Aa — Ai 


/(Ai) 

/'(Ai) 


f'M = 


2 cos 0.7 - 2.1 
—2 sin 0.7 — 3 


= 0.7 - 


1.530 - 2.1 -0.570 

-1.288 - 3 “ ■ -4.288 


= 0.7 - 0.133 = 0.567 


As — A2 


/(Aa) 

/'(Aa) 


= 0.567 


1.68704 - 1.701 „ 0.01396 

-1.07420 - 3 4.0742 


= 0.567 - 0.00342 = 0.56358 
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6.14 Relations between Roots and Coefficients. When a pohmomial 
equation is vrritteii with the coefficient of the highest power of x as unitj', 

J" QlX^^ + OoX"”' + • • • "T Ur.— + Or. = 0 (6.22) 

Oi is minus the sum of the roots. 

as is plus the sum of products of the roots taken two at a time in all possible 
waj's. 

03 is minus the sum of products of the roots taken three at a time in aU 

possible waj's. 

04 s plus the sum of products of the roots taken four at a time in all pos- 

sible waj’s, etc. 

On is plus or minus the product of the roots, plus if 72 is even, minus if 72 is 
odd. 

This is illustrated in the following examples: Write the equation in 
factored form and then multiplj’’ the factors. 

(x - n) (x — To) = X- — (n -f rs)x -r Dr; = 0. 

(x - ri)(x - r;)(x — rs) = — (n -f r; + rs)x- 

-r (nrs 4- rors + rirs)x — nrsTs = 0. 

These relations alone unfortunatelj' will not help us solve an equation. 
This fact is illustrated in the following simple case. The quadratic equa- 
tion X- -r 5x -f 4 = 0 is to be solved. Let r and s be the roots. Then 

r s = —5 and rs = 4. We have two equations in two unknowns, and 

we can solve for r as follows: From the first equation we have s = — r — 5; 
substitute tliis in the second equation, r(— r — 5) = 4, which gives r- 4- 
5r 4- 4 = 0, and we are exactlj' where we started. On the other hand, if 
we know that one root is verj- much larger than the other, we can make a 
verj' close approximation; this deduction leads us to Graeffe’s method. 

6.15 GraeSe’s Method of Obtaining the Roots of an Algebraic Equa- 
tion. If one root of an equation of the 72th degree is much larger than aU 
the other roots, it will be veiy nearlj- equal to minus the coefficient of 
x’’--^. Consider the equation (x — 100) (x — 1) = .x” — lOlx 4- 100 = 0. 
If we designate the roots bj- d and d, we have 

D 4- r; = 101, ri2'2 = 100. 

Knowing that d is much larger than r., we saj- 
D = 101 approximatelj', 

100 100 

^2 = approximatelj’- 

and we are -within 1 per cent of the correct values 100 and 1, 
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In general, in the equation 

x" + aja:"-* + + • • • + a^-iX + a„ = 0 

if the roote are n, n, 1 % • ■ • r„, and n is mueh larger than r 2 and is 
much larger than ri, ■ ■ ■ and r„_i is much larger than r„, we can assume that 
the equation is 

X’' — riX’‘~^ + riraa:"”* — rir2nx”~^ + • • • = 0. 


Example. 

(x - 10,000) (x - 100) (x - 1) = x’ - 10101x2 + lOlOlOOx - 1,000,000 = 0. 

ri = 10,101 instead of 10,000 


1,010,100 

10,101 

1,000,000 

1,010,100 


100 

.9900 instead of 1 


This is all very well for the few equations whose roots are separated by 
large amounts, but what about the usual equation where the roots may be 
close together? Consider the equation 

x2 - 3x + 2 = 0. 

Let us find an equation whose roots are the squares of the roots of the given 
equation. The simplest way to obtain it is to rewrite the equation 

x2 + 2 = 3x 

and square both sides 

+ 4x2 + 4 = 9x2 
x« - 5x2 + 4 = 0 

and substitute y = x^ (later we shall find it more convenient to substitute 
y = — x2). This operation gives 

j/2 - 5 ?/ + 4 = 0. 

The roots of this equation are 4 and 1, the squares of the roots of the pre- 
ceding equation, 2 and 1. If this process is repeated an equation will be 
obtained with roots 16 and 1, then 256 and 1, and it is evident that one 
root is becoming much larger than the other, and shortly the approxima- 
tion mentioned above can be used. 

In the follomng table we have tabulated the equations obtained by 
performing this process and then indicated the roots obtained by the above 
approximation at each step. 
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TABLE YI-4 


X' — Sx + 2 = 0 . 

n = 3 

ro = 0.667 

7 /" - 62 / + 4 = 0 

ri = "x/s = 2.236 . 

r, = = 0.894 

z" — YIz + 16 = 0 

n ='V^ = 2.031 

»-2 = ^ = 0.985 

tv~ - 257w + 256 = 0 

n = = 2.001 

s hsB „ 

j.„ = .- / = 0.999o 

■ \257 


It is evident that good approximations can be made quite soon with this 
process. The aim now is to develop a rule so that the steps can be carried 
out with as little chance of error as possible. 

Consider the equation in standard form 

a;" + + a 2 X^-- + + • • ■ + + a„ = 0. (6.23) 

Transpose all the tenns containing odd powers of x to one side and we have 
— [a:" + a 2 X”~^ + + •••] = + 'a 3 X”~® + • • •. (6.24) 

Now square both sides of equation (6.24). 

x^" + a|a:-’*~‘* + 2a2.'C-"“2 + 2a4X^''~* + + . . . = aix-"-- 

+ + 2aia6a;-"~® + 2aia3X*"~'* + • • •. 

Rearranging this, we have 

— x-"~ 2 (a? — 20 ") + x-’'~*{al — 2aia3 + 204 ) 

— x 2 "-®(a 3 — 20204 + 20105 — 2 o 6 ) + •■•== 0 . (6.26) 

We now substitute —y for x^ and equation (6.26) becomes 

yn _|_ y”~-{al — 20103 + 204 ) + • • • = 0. (6.27) 

If we now tabulate the coefficients of the x-equation and place the coeffi- 
cients of the ?/-equation under the corresponding coefficients of the x-equa- 
tion, the general rule will become evident. 


TABLE VI-5 


X 

1 

Ol 


03 

04 

05 • • • 

y 

1 

«5 

aj 

-202 

oi 

—20103 

+204 

a\ 

— 20204 
+2ai05 
— 2ao 

of 

— 203O5 
+20206 
— 20107 
+2os 

05 

— 20406 
+20307 

— 20003 

+20109 
— 2a 10 
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The coefficient of a given term in the 2/-equation is the square of the 
coefficient of the same term in the a:-equation minus twice the product of 
the coefficients of the terms on each side in the x-equation plus twice the 
product of the coefficients of the terms on each side of the three already 
considered, etc. If the x-equation is of the fourth degree then a^, oe, Oy, og, 
09, and cio in the table will all he zero. 

It is desirable at this point to introduce several examples to show how 
far to carry the root squaring process and also to explain how equal roots 
and non-real roots make themselves known during the process. 

Example 1. Required the roots of x® — 35x^ — 206x -f 240 = 0. The 
work is carried out in Table VI-6. It is evident that the coefficients in each 
column approach the squares of the preceding coefficients, e.g., 2.56 X 10® is 
nearly the square of 1.637 X 10®. When this relation is satisfied within satis- 
factory limits the process is terminated and the roots are obtained as indicated 
under the table. There is still a question as to whether the roots should be 
positive or negative. This question can be decided by substituting in the 
original equation. We find in this case that the roots are 1.0009, —5.997, and 
39.99, or 1, —6, and 40. 


TABLE VI-6 



r® 



I® 

1 

1 

—35 

-206 

240 


1 

1.225 X 10® 

0.412 X 10® 

4.24 X lO® 

1.68 X 10* 

5.76 X 10* 

2 


1.637 X 10® 

5.92 X 10* 

5.76 X 10* 


1 

2.68 X 10® 
-0.12 X 10® 

3.50 X 10® 
-0.19 X 10® 

3.32 X 10® 

4 

1 

2.56 X 10® 

3.31 X 10® 

3.32 X 10® 


1 

6.55 X 10'® 
-0.006 X 10'® 

1.096 X 10'® 
-0.0008 X 10'® 

1.102 X 10'® 

8 

1 

6.54 X 10'® 

1.095 X 10'® 

1.102 X 10'® 


[ ri I = -1^6.54 X 10>2 = 39.99 




8/ 1.095 X 10‘° 
6.54 X 10'- 

8/1.102 X 10'» 

\ 1.095 X 10'® 


= 5.997 


= 1.0009 
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If we skip a coefiicieiit in the last line of the table we get the product of two 
roots. 

I TiTi I = *>^1.095 X IQi® 


r2r3 1 = 


8/ 1.102 X 10^ 
\ 6.54 X 101=^ 


If we skip two consecutive coefficients we get the product of three roots, etc. 


6.16 Non-real Roots. Suppose ro and n are a conjugate pair of non- 
real roots. Then the coefficient of will approach after k steps in the 
root squaring process -k instead of where m = 2*. The. 
coefficient of x”-^ will approach — and the other coefficients wdll 

follow the usual pattern. Let 

Ti = z e*'^, Tz = z ( 6 . 28 ) 


The coefficient of x’'~‘^ will approach 

rT(r^ + 'I'D = -f (6.29) 

_ 2r”2!'" cos m4. (6.30) 

As k is increased, cos m4> = cos 2^<j) wall at times be plus and at times be 
minus (except, possibly for the special case considered in the next section). 
Therefore an irregular alternation in sign of one coefficient indicates non- 
real roots. If w^e skip this coefficient we get the product of the pair of roots 
which will be a real number because the roots are conjugate to one another. 

(ze'’^)(ze-'^) == z\ (6.31) 

We are able to obtain the modulus of each complex root of the equation 
by following these straightforward rules. To determine the arg um ent cj,^ 
and thereby completely determine the roots, requires the use of one or more 
of the equations in section 6.14 which states the relations betw^een the roots 
and the coefficients. In the first example that follow's there is one pair of 
conjugate roots and w^e need only one of these relations. 

Let the non-real roots be m -f- iv and — iv. If all the other roots are 
real they can be determined as directed above. The coefficient of x’'~'‘- in 
the original equation is minus the sum of the roots or, in this case, 

— (2u -k sum of real roots). 

This relation gives us u. We then get v from 


V- = z- — U-. 


(6.32) 
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The coefficient of a given term in the i/-equation is the square of the 
coefficient of the same term in the x-equation minus twice the product of 
the coefficients of the terms on each side in the x-equation plus twice the 
product of the coefficients of the terms on each side of the three already- 
considered, etc. If the x-equation is of the fourth degree then a^, a^, 07, as, 
09, and Oio in the table will all be zero. 

It is desirable at this point to introduce several examples to show how 
far to carry the root squaring process and also to explain how equal roots 
and non-real roots make themselves known during the process. 

Example 1 . Required the roots of x® — 35x^ — 206x 240 = 0. The 

work is carried out in Table VT-6. It is e-vddent that the coefficients in each 
column approach the squares of the preceding coefficients, e.g., 2.56 X 10® is 
nearly the square of 1.637 X 10’. When this relation is satisfied within satis- 
factory limits the process is terminated and the roots are obtained as indicated 
under the table. There is still a question as to whether the roots should be 
positive or negative. Tliis question can be decided by substituting in the 
original equation. We find in this case that the roots are 1.0009, —5.997, and 
39.99, or 1, —6, and 40. 


TABLE VI-6 



x’ 


x' 

x’ 

1 

1 

-35 

-206 

240 


1 

1 225 X 10’ 

0 412 X 10’ 

4.24 X 10^ 

1.68 X 10’ 

5.76 X 10’ 

2 

1 

1.G37 X 10’ 

5.92 X 10’ 

5.76 X 10’ 


1 

2.68 X 10’ 
-0.12 X 10’ 

3.50 X 10’ 
-0.19 X 10’ 

3.32 X 10’ 

4 

1 

2 56 X 10’ 

3.31 X 10’ 

3.32 X 10’ 


1 

6.55 X 10” 
-0.006 X 10” 

1.096 X 10” 
-0.0008 X 10” 

1.102 X 10” 

8 

1 

6.54 X 10” 

1.095 X 10” 

1.102 X 10” 


I n I = -1^6.54 X 10'2 = 39.99 


I ’• 2 1 


8 f 1.095 X 10» 
6.54 X 10’’ 


= 5.997 


8/1.102 X lO's 
1.095 X 10'’ 


= 1.0009 
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If we skip a coefiBcient in the last line of the table we get the product of two 
roots. 


riro] = "^1.095 X 10« 


IVarjl 


4 


1.102 X 10^° 
6.54 X 10‘- 


If we skip two consecutive coefficients we get the product of three roots, etc. 


6.16 Non-real Roots. Suppose and rs are a conjugate pair of non- 
real roots. Then the coefficient of x’'~^ will approach after k steps in the 
root squaring process r ir” + instead of where m = 2*. The . 
coefficient of udll approach and the other coefficients will 

follow the usual pattern. Let 

Ti = z e'"^, Ts = z 6“*'^. (6.28) 

The coefficient of x”~~ will approach 

rT(r^ + r^) = -h (6.29) 

= 2r’^z”' cos vi<j>. (6.30) 


As k is increased, cos m4) = cos 2V 'R’iH at times be plus and at times be 
minus (except, possibly for the special case considered in the next section). 
Therefore an irregular alternation in sign of one coefficient indicates non- 
real roots. If we skip this coefficient we get the product of the pair of roots 
which will be a real number because the roots are conjugate to one another. 

{ze'^)(ze-'‘^) = z\ (6.31) 

We are able to obtain the modulus of each complex root of the equation 
b}’' following these straightforward rules. To determine the argument 
and thereby completely determine the roots, requires the use of one or more 
of the equations in section 6.14 wliich states the relations between the roots 
and the coefficients. In the fiist example that follows there is one pair of 
conjugate roots and we need only one of these relations. 

Let the non-real roots be « + iv and « — iv. If all the other roots are 
real they can be determined as directed above. The coefficient of x"-^ in 
the original equation is minus the sum of the roots or, in this case, 

— {2u -f sum of real roots). 

This relation gives us u. We then get v from 


V- = z- — u~. 


(6.32) 
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Example. Required the roots of a:® + 94a^ — 575a: + 2500 = 0. 


TABUB VI-7 





X 

x’ 

1 

1 

94 

-575 

2500 


1 

8.836 X 10’ 
1.150 X 10’ 


6.25 X 10’ 

2 

1 

9.986 X 10’ 

- 1.394 X 10 ’ 

6.25 X 10’ 


1 

9.972 X 10’ 
0.028 X 10’ 

1.943 X 10” 
-12.483 X 10” 

3.906 X 10” 

4 

1 

10.000 X 10’ 

-10.540 X 10” 

3.906 X 10” 


I n I = v/lO* = 100 


8 3.906 X 10‘3 


IQS 


= 4.999 


Substitution shows that n = — 100 


Now: 


-94 = -100 + 2m 
M = 3 

V = V4.9992 _ 32 = 4 


The roots are — 100, 3 + t4, 3 — 74. 

Note that we skip the coefficient in the x column above because it does not 
follow the usual pattern of approaching the square of the preceding coefficient. 
The coefficient in any column which does not behave according to the usual pat- 
tern is alwa 3 'S skipped and we compute the product of two or more roots de- 
pending on whether one isolated column or two or more adjacent columns are 
misbehaving. 
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Example. Determine the roots of 

+ 3.t^ - ix^ - 2Sx2 + 43x + 65 = 0 


TABLE \T-S 






0 

X“ 

X 

x® 

1 

1 

3 

-4 

-28 

43 

65 


1 

9 

16 

7.86 X 10® 

1.85 X 10® 

4.22 X 10® 



8 

168 

3.44 X 10® 

3.64 X 10® 





86 

3.90 X 10® 



2 

1 

1.70 X 10 

2.70 X 10^ 

1.510 X 10® 

5.49 X 10® 

4.22 X 10® 


1 


7.29 X 10^ 

2.26 X 10® 

3.01 X 10^ 

1.78 XlO^ 




-5.13 X 10^ 

-2.96 X 10® 

-1.27 X 10' 





1.10 X lo-* 

0.14 X 10® 



4 

1 


3.26 X 10-* 

-5.60 X 10® 

1.74 X 10^ 

1.78 X 10^ 

m 

1 

6.30 X 10^ 

1.063 X 10^ 

3.14 X 10 " 

3.03 X 10" 

3.17 X 10" 



-6.52 X 10^ 

-0.28 X 10» 

-11.34 X 10" 

0.10 X 10" 


1 



0.03 X 10® 

-0.09 X 10" 




1 

-0.22 X 10^ 

8.1 X 10® 

-8.29 X 10" 

3.13 X 10" 

3.17 X 10"- 


X5 


_ s/ 3.17 
\3.13 


7 X 10'^ 


13 X IQi* 


= 1 


Bj'- substitution we find X 3 = — 1 
Let 


Xi = 111 + ivi = Zi 

(6.33) 

X 2 = ta — ivi = Zi 

(6.34) 

= iio + iv 2 = zz 

(6.35) 

X 4 = Wo — ivz = Zz c~''^ 

(6.36) 

The coefficient of x^ in the original equation gives 

— 3 = Xi + Xo + X 3 + X4 + X 5 

(6.37) 

— 3 — 2iXLi -{- 22/2 — 1 

(6.38) 

Therefore 

«i + Wo = —1 

(6.39) 

From Table AT-S we have 

sixo = s® = 8.1 X 10® = 13 

(6.40) 

0 sjs.lS X 10" _ 


(6.41) 
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The coefficient of x in the original equation gives 

43 = XiX2X3Xi + xiXiX^xs + xiX2XiX!, + 311 * 3 X 4 X 5 + X 2 X 3 X 4 X 5 (6.42) 

= 44 - 4^3 — 4^4 — 4^1 — 4^:2 (6.43) 

= 44 — 4 ( 2:3 + 2 : 4 ) — 4 ( 2:1 + 2 : 2 ) (6.44) 

= 44 - 2u24 - 2mi4 (6.45) 

= (13) (5) - 26u 2 - lOtfi (6.46) 

26«2 + lOui = 22 (6.47) 


This with equation (6.39) enables us to solve for 14 and 112 . 

«2 = 2 wi — —3 

V2 = v '4 — ui = v ^5 — 4 = 1 

«i = V4 - ul = Vis - 9 = 2 

The roots of the equation are 

xi = — 3 4" f2 
*2 = ~3 — t2 
2:3 = 2 + i 
X4 = 2 — f 
Xs = — 1 

6.17 Double Roots and Roots of the Type r cis 2"%. If two roots of 
an equation are equal (if the equation has a double root), no amount of 
root squaring null separate them. Suppose the second and third largest 
roots are equal, ri > r 2 = rs > r 4 • ■ ■■ Then after the roots have been 
squared k times, the coefficient of wall be nearly — r" where m — 2*^, 
the coefficient of x""^ will be nearly 2r”r" instead of J'j’r" , the coefficient of 
x""^ will be nearly and that of x"“'* will be etc. 

The difference betiveen this and the first case is that one column mis- 
behaves since succes.sive coefficients approach half the square of the pre- 
ceding coefficient. We skip this column and get the product of the tw^o 
roots w'hich are equal, i.e., the square of the double root. The presence 
of a triple root wmuld cause two adjacent columns to misbehave, etc. 

If the multiple roots of the equation have been isolated (see section 6.9), 
symmetric roots w'ould make themselves known by the same sign because 
the first step in the root squaring process causes a pair of symmetric roots 
to become a double root. The symmetric roots can be isolated using the 
method of section 6.10. If the equation has a pair of complex roots 1 ± f, 
the first step in Graeffe’s method wall make them =bf2. The second step 
in the root squaring process will give a double root equal to —4. In fact 
any pair of complex roots of the form r cis(±2-'-2r) wall turn into a double 
root after enough steps in the root squaring process. If multiple roots 
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have been removed, and symmetric roots have been removed, and a double 
root turns up, it should be tested as such a complex pair instead of assuming 
that the vork has been incorrect. 

The following example shows how Graeffe’s method appears when there 
is a double root. Required the roots of x® — 204x2 _[_ _ gqq = q. 

T.VBLE VI-9 



I® 

x~ 

X 

X® 

1 

1 

-204 

804 

-800 


1 

4.162 X lO-* 
-0.161 X 10^ 

6.464 X 10® 
-3.264 X 10® 

6.4 X 10® 

2 

1 

4.001 X 10^ 

3.200 X 10® 

6.4 X 10® 


1 

1.601 X 10® 
-0.0006 X 10® 

1.024 X 10“ 
-0.512 X 10“ 

4.096 X 10“ 

4 

1 

1.600 X 10® 

0.512 X 10“ 

4.096 X 10“ 


1.6 X 10® is practically the square of 4.001 X 10^ 4.096 X 10“ is of 
couree the square of 6.4 X 10°, but 0.512 X 10“ is only half the square of 
3.2 X 10®. This indicates that the smaller roots are equal-. The roots are 
now found numerically from the next to the last step. 


n 1 = V4.001 X 10< = 200.025 

4 . 


= rs 


6.4 X 10“ 
f 4.001 X 10« 


= 1.99988. 


Substitution in the original equation shows that the roots are all positive. 
Note that we do not use 3,2 X 10® which appears in the column in which 
successive coefficients do not become the squares of the preceding coeffi- 
cients. 

6.18 Special Case of the Quadratic. The quadratic equation 

ax” + bx + c = 0 (6.48) 


can be solved to any required degree of accuracj’- by using the formula 


X = 


— 6 ± _ 4gg 

2^ 


(6.49) 


If 4ac is small compared to b”, one root is small and the computations must 
be carried to many decimal places to get, anything but zero for that root. 




















CHAPTER 7 


FOURIER SERIES 

7.1 Introduction. The voltage of an alternator, the output torque of a 
diesel engine, and the load torque of a reciprocating pump are all periodic 
functions of time. The manner in which the output torque of an engine 
varies in time can be approximated during a certain time interval by a 
polynomial; if the expression is to apply to a large time interval we may 
have to replace the polynomial with an infinite series. 

If a quantity to be approximated is a periodic function of x, it is a reason- 
able suggestion to use a polynomial in periodic functions. This is possible 
but it is more convenient to use sin x, sin 2x, sin 3x, ■ • • instead of sin x, 

sin^ X, sib''’ x, • • • and to use cos x, cos 2x, cos Sx, ■ • • too. Furthermore, 

we expe&t the approximation to be better as more terms are used, just as 
higher degree terms in a polynomial generally enable us to make a better 
approximation to a given function in a fixed interval. 

Assume that we have given the curve y = fix). By assigning the cor- 
rect values to Aq, aj, and bi we can make the curve y = Ao + ai cos x + 
bi sin x intersect the given curve in three points. To find what values are 
required to make the two curves intersect at Xi, xt, and % we need only 
solve the following three equations for Ao, fli, and h. 

Aq -h Oi cos Xi + bt sin Xi = /(xj) 

Ao -h oi cos X2 -f- hi sin X2 = fixf) 

Ao + fli cos Xo -1- 61 sin X3 = fixf) 

The curve of y = Ao -f Ui cos a: + 02 cos 2x b, sm x 62 sin 2x can be 
made to intersect the given curve y = fix) in five points. The curve of 

7/ = Ao + Oi cos a; + 02 cos 2a: + • • • + On cos nx + 61 sin a: -f 62 sin 2a; 

+ • • • + hn sin nx 

can be made to intersect the given curve y = /(x) in 2n -H 1 points. 

If we let n become infinite then we might ask if the curve of 7/ = Ao -f 
Oi cos X -H <72 cos 2x -f ■ • • d- 61 sin X -h 62 sin 2x -}- • • ■ can be made to 
intersect the given curve y = fix) in an infinite number of points, say 
every point from x = 0 to x = 2x. 

7.2 Fourier’s Theorem. Any single valued function, y = fix), defined 
throughout the interval from x = 0 to x = 27r, which does not have an 
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infinite number of discontinuities and trliich does not- bave an infinite 
number of or minim a, can be represented by a Fourier series wbicb 

is a series of the form 

7 / = iio -r Cl cos X -f 02 cos 2x -I r hi sin X -r 62 sin 2x -I (7.1) 

where the coefficients are defined by the formulas 


1 

slo = — fix) dx, 

1 r- 

On = - / fix) eo5 nxdx, 
"Jo 

1 C~~' 

hr. = - I f(x) sin TJX dx. 
"Jo 


(7.2) 

(7.3) 

(7.4) ' 


A proof of Fourier’s theorem can be found in an advanced mathematics 
test- 

7.3 Derivation of Formulas. Let us assume that the function y — fix) 
is one which can be represented by a Fourier series. Then we can write 

fix) = Ao -r Cl cos X -f C 2 cos 2 x -r — -r i>i rin x -f 62 sin 2 x -f — . 

.-Assume that we can integrate the series term by term; then, if we integrate 
from X = 0 to X = 2 r, every term on the right will be zero except the first, 
and we have 


or 


f fix) dx = f Aodx = 2~Ao 
1 r- 

A(s = — I fix) dx. 

1- Jq 


(7.5) 


(7.6) 


Xow suppose we multiply both sides by cos nx before we int^rate. On 
the right we have terms of the following t^mes: 


r- 


J Ac cos Tjxdx = 0, 
0 


(7.7) 


COS ?nx cos 72X dx 


a- 

^ T Jo dx = 0 im^ n), (7.8) 

X «= cos- nxdx = (1 -f cos 2nx) dx = -a., (7.9) 
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/ &n 

•^0 


sin Tna; cos nx dx 
hr 


bm r 

= ~ I [sin (m + n)x + sin (w — n)x] dx = 0 n), (7.10) 

2 Jq 

J ,2ir 

hn sin nx cos nx dx — f sin 2nx dx = 0. (7.11) 

0 2 Jg 


Every term on the right ^vill Toe zero but one, giving 


/ m 


cos nx dx = 7ra„ 


(7.12) 


thus proving equation (7.3). If we’ substitute n = 0 in equation (7.3), 
we have 


1 

Oo = - / /(a:) dx, 

Wo 


(7.13) 


which is just twice Ao. We shall always use O.hoo instead of Ao from here 
on. Therefore we no longer require equation (7.2). The proof of equa- 
tion (7.4) is left as an exercise for the student. 

If the function /(x) is periodic, such that/(x) = f{x -+- 2ir), any pair of 
limits can be used on the integrals in equations (7.2), (7.3), and (7.4) so 
long as the difference of the limits is equal to 2t. It is sometimes more 
convenient to integrate from — tt to -|-5r instead of from 0 to 2 b-. This is 
especially true when the function /(.r) has some symmetry. This matter 
is considered later in the chapter. 



7.4 Examples of Fourier Series. Suppose the function to be repre- 
sented by the Fourier series has the form of Fig. 7-1. This is a rectangular 
wave and can be defined by the following equations: 

y = f(^) = M, 0 < X < B-, 

2/ = /(x) = —M, IT < X < 2t. 


(7.14) 
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Substitute the value of /(x) given in equations (7.14) in equation (7.3). 
We leave n unspecified as long as possible so that we maj^ find a„ in terms 
of n. 



1 r 

y cos 72X ax + - i 

4/ S' 


y COS nx dx 


(7.15) 


— - f M cos nx dx -- f lil cos nx dx 

TT fJ Q TT tJ ^ 

M. r.M. 

smnx i smnx = U 

ttu Jo Js - 


(7.16) 

(7.17) 


unless 7 ? = 0. If u = 0, equation (7.16) will call for the integral of a con- 
stant instead of the integral of a cosine function. We substitute n = 0 
in equation (7.16) and have 

ao = - f Mdx-- f M dx (7.18) 

TT J Q TT i/ y 


M 



(7.19) 


Therefore the Fourier series representing the function in Fig. 7-1 con- 
tains no constant term and contains no cosine terms. We have still to 
determine b„ for the sine terms. 


- f M smnxdx — ^ f M sin nx dx 

(7.20) 

n/r > MV T- 

— COSTIX —COS 725; 

Trn L -Iq TT/r 1_ J_ 

(7.21) 

2M , 

( — cos 72s- -f- 1). 

■uU 

(7.22) 


The value of can be obtained from equation (7.22) more easity if we 
first distinguish between even and odd values of n. We have, then, from 
equation (7.22) 


bn = 0 for n even, 

- m 

bn = — for n odd. 

TTll 


The Fourier series representing the function in Fig. 7-1 is 

4117 . 4il7 sin 3x 411/ sin 5x 
y = — smx 4 \ j. . . 


(7.23) 


3 


5 


(7.24) 
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If the student tstII draw the curves of several of the sine functions in equa- 
tion (7.24) he will see how the sum of the sine functions approaches the 
function given in Fig. 7-1. 



As a second example of a Fourier series consider the function illustrated 
in Fig. 7-2. In this case the function can be defined in the interval from 
0 to 2;r with just one equation 

y = X, 0 < X < 2t. (7.25) 

As before, we solve for the coefficients using equations (7.3) and (7.4). 
We have for the cosine coefficients 

1 

a„ = - f X cos nx dx (7.26) 

TT Jo 

1 fa: sin nx cos nx~f’' 

= - --— -H— ^ =0, n^O. (7.27) 

■XL n Jo 

Since n appears in the denominator in equation (7.27), we must evaluate 
Oo as a special case 


Oo 


^ Jo 


xdx = ~ — = 2ir. 

TT 2 Jo 


(7.28) 


The Fourier series contains no cosine terms but does contain a constant 
term equal to tt. To find the sine terms, 

'»2s’ 


X sin nx dx 


T Jo 

_ 1 r X cos TlX ^ sin _ 2 

TT L n n- Jo n 


(7.29) 

(7.30) 
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The Fourier series for the/function of Fig. 7-2 is 

2 / = TT — 2 sin X — sin 2x — sin 3a: — § sin 4a: — • • •• (7.31) 

7.6 Discontinuities. If we substitute .r = 0 or x = x in equation 
(7.24), we find a/ = 0. The value 0 is halfway between M and —M. If we 
substitute x = 0 or x = 27r in equation (7.31), we find y = iv which is 
halfway between 0 and 27r. If the function is discontinuous at a point Xi, 
and if Xi is substituted in the Fourier series, the resulting value of y de- 
termined by the Fourier series will be the average of the two values ap- 
proached as X approaches Xi from above and from below. 

7.6 Other Forms of Fourier Series. The trigonometric identity' 
sin (a -b 6 ) = sin a cos h -}- cos a sin 6 enables us to write the Fourier 
series in another form wMch is useful at times. The Fourier series was 
uTitten in equation (7.1) in terms of sines and cosines. 

/(x) = O.Soo -{- at cos X a 2 cos 2 x -b Os cos 3x-b--- 

-b 6 i sin X -b 62 siu 2x -b 6 s sin 3x -b • • •. (7.1) 

We also have 


where 

and 


/(x) = O.Sao -b Cl sin (x -b ai) -b C 2 sin (2x -b 0 : 2 ) 
-b Cs sin (3x -b as) + • • • 

o ‘>172 

CS = o„ -b 6‘ 

, a„ 

tan <Xn = —* 


(7.32) 


Similarly, cos (a — 6) = cos a cos 6 -b sin a sin 6 enables us to write the 
Fourier series in terms of cosines alone. 

/(x) = O.Soo -b Cl cos (x — ft) -1-; Co cos (2x — Pz) 

+ Cs cos (3x - ft) H (7.33) 

where 

cl = al -b bl 
and 


In determining the values of the a’s or /3’s it is necessary that the correct 
quadrant be determined. For example, tan 110° is equal to tan —70°, but 
one will be incorrect. If the angle should be 110° then —70° would be 
incorrect. 
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7.7 Periodicity. The Fourier series as written in equation (7.1) is 
periodic, and the period is 27r. If a periodic function with a period other 
than 2ir is to be represented we need only change the independent variable 
to make formulas (7.3) and (7.4), developed above, applicable. For 
example, if the voltage of an alternator varies in time, i, with a period 
T, to transform from the independent variable, x, with a period 27r, we 
use the relation 


t _ X 

T~ 


(7.34) 


The Fourier series now becomes 


2Tri , Atri Qiri 

Fit) = O.Soo + fli cos — + 02 cos — + fls cos — + 


.7. • . 47r< . G^rt 

+ Oi sm — + 62 sm — + 63 sin — + • 


(7.35) 


In place of equations (7.3) and (7.4), we can use 


2 r./ V 2n7r< , 

= y Jo 

(7.36) 

, 2 2n7ri , 

^ Jo Fit)sm—dt. 

(7.37) 


A common way of writing the series is in terms of the reciprocal of T. 
Designate the reciprocal of T by/. Then equation (7.35) becomes 

F(i) = 0.5oo + oi cos 27r/i + 02 cos Avr/t + as cos Girft + • • ■ 

+ 61 sin 2Trft + 62 sin Airfl + 63 sin GTrft + • • •. (7.38) 

If we now substitute 2irf = u, we have 

F{t) — 0.5ao + Oi cos wt + 02 cos 2coi + as cos Swt + ■ • • 

+ bi sin (at + 62 sin 2w< + 63 sin doit + • • ■. (7.39) 

It is possible to represent nonperiodic functions with Fourier series if 
the following precautions are kept in mind. If 1/ = /(x) is a nonperiodic 
function which is to be used for only a finite range of values of x, this range 
of values of x can be assumed as the period and the function can be treated 
as was done above. Consider the straight line y = x. If the only points 
on the line that concern us are points between 0 and 27r, the series in equa- 
tion (7.31) vdll represent the function in that interval. If we keep x within 
the interval from 0 to 2, we can still use the series in equation (7.31), but 
if X is allowed to range in the interval from 0 to 4, equation (7.31) will not 
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give the correct values for y when x is between 27r and 4. In this case we 
would have to make a new analysis with the period not less than 4. 

As an illustration of the procedure we shall work the problem where 
y = xin the interval 0 < re < 4 is to be represented by, a Fourier series. 
We shall let the period be 4. Note that for rc = 0 and for rc = 4 the value 
of y vill be 2. 



2Tnix 
X cos — ; — 
4 


X dx = 4, 


27mrc 
X sin — : — 
4 


dx = 0, 


dx = — 


for n 5 ^ Oj 


£ 

nir 


(7.40) 

(7.41) 

(7.42) 


The function y = .x in the interval 0 < .x < 4 can be represented by the 
Fourier series 


4 . ■jtx 2 . 4 . Zwx 1 . 

7/ = 2 sm sin ttx — — sm — sm 27rx — • • •. 

TT 2 TT StT 2 TT 


(7.43) 


7.8 Symmetry. Frequently a function to be represented by a Fourier 
series has some tjqie of symmetry that can be used to simplify the mathe- 
matical treatment. We consider only two types of symmetry in this 
chapter. If a function is S 3 mimetrical nith respect to the y axis, or if 
/(.x) = /(— .x), the function is called an even function. If the function is 
symmetrical vdth respect to the origin, or if/(.x) = — /(— x), the function 
is called an odd function. 

MacLaurin’s series for the sine and cosine are 


sm* = x-- + ^-- + 


P.44) 


COS X 



4! 61 


(7.45) 


The sine function is i-epresented bj’' a series containing odd powers of 
.X and is an odd function; therefore, sin x = —sin —x. The cosine con- 
tains even powers of x including the zero power and is an even function and 
cos .X = cos —.X. The terms odd and even in tins case apply to the expo- 
nents of the variable. 

A little reflection will show that an odd function can be represented only 
by odd functions and an even function only by even functions. Therefore 
if a function has the symmetry /(x) s /(-x) it is an even function and the 
Fourier series contains no sine terms and b„ = 0. On the other hand, if a 
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function has the symmetry /(x) = it is an odd function and 

On = 0 for all values of n, and the series contains nothing but sine terms. 

If a function satisfies either of the symmetries described above we can 
obtain the desired coefficients by integrating from 0 to tt in formidas (7.3) 
and (7.4) and using twice the result. This can be shown by the following 
argument. If fix) is an even function fix) cos nx is even, ii fix) is odd 
fix) sin nx is even; in either case the integrand is even. Call it Fix) 
and we have 


Q — J' ^ S S 

Q = — f Fix) dx -i- f Fix) dx. 

Jo Jo 


(7.46) 

(7.47) 


Replace x in the first integral above by — x and adjust the upper limit, 

Q = f Fi~x) dx + f ^Fix) dx. (7.48) 

J 0 Jo 

But Fix) is even; therefore Fi—x) s Fix) and we have 

Q= f Fix) dx+ f Fix)dx = 2 f Fix)dx. (7.49) 
Jo Jo Jo 


Note that when we refer to odd and even functions we do not imply any- 
thing in regard to the value of n or the order of the harmonics in the 
Fourier series. An odd function may have even sine harmonics in the 
Fourier series as well as odd harmonics, and an even function may have 
odd cosine harmonics as well as even cosine harmonics. 

7.9 Sine and Cosine Series. "WTien a nonperiodic function is to be 
represented we can usually represent it by more than one type of Fourier 
series. If the interval of values of the independent variable in which the 
function is defined is taken as the period, we obtain a series that may have 
sine or cosine terms or both sine and cosine terms, depending upon the 
particular function. A fimction may be represented by a sine series or a 
cosine series if the interval of definition is made half the period and the 
function is arbitrarily defined in the other half period to make the periodic 
function odd or even. 

Figure 7-3 shows the fimction y = x. This function in the interval 
0 < X < 4 is represented by the Fourier series in equation (7.43). The 
Fourier series in equation (7.43) really represents the periodic function of 
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Fig. 7-4. We may say that vre have changed the function y — x into the 
periodic function in Fig. 7-4. We can change the function in Fig. 7-3 
into any other periodic function and obtain a useful result so long as the 




periodic function is identical with the function in Fig. 7-3 in the interval 
0 < a: < 4. For example, we can obtain a periodic function as shown in 
Fig. 7-5. This function is an even function and therefore contains no 
sine terms. Note that the period is now 8 instead of 4 as it is in Fig. 7-4. 
The cosine coefficients are obtained from equation (3.36), integrating 
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through half the period and multiplying the result by 2. 



Fig. 7-5 


If n is even, fln = 0 except for « = 0. 

16 

(7.53) 

If 71 is odd, On ' 

n-TT^ 

4 

(7.54) 

Go = - 1 X ax = i. 

o </ 0 

(7.55) 

Therefore, the function y = xin the interval 0 < a; < 4 can be represented 
by the series 

16 TTX 16 3:ra; 16 57ra: 

y = Z ; COS — — COS — COS 

TT^ 4 4 257r2 4 

. (7.56) 


The problem of expressing the function y = x\n the interval 0 < a: < 4 as 
a sine series is left to the student. The series in equation (7.43) is not a 
sine series because of the presence of the constant term. There may be a 
constant terra in a cosine series but not in a sine series. 

7.10 Differentiation and Integration. In the proof given above for the 
formulas (7.2) and (7.3), we assiuned that the Fourier series could be 
integrated term by term. The basis for this assumption is found in the 
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proof of Fourier’s theorem. The following discussion gives an indication 
of the possibilities for repeated integration or differentiation. 

The Fourier series, equation (7.1), can represent a function (can con- 
verge) only if the two sequences of numbers 

Gjj d'Kj • ■ ’ Q-nt 

hi, hi, hi, • • • hn, ■ • 

approach zero fast enough. If we integrate the original series term by 
term the corresponding sequences for the resulting series will be 


Ql Ol On 



which approach zero faster than for the given series; therefore we can 
integrate as manj'^ times as we wish. 

Now if we differentiate the given series term by term the corresponding 
sequences for the new series wiQ be 

Oi, 202, 303, • • • rJOn, • • • 

5i, 2&2, 363 , • • • nhn, • • • 

which do not approach zero as fast as the sequences for the original series. 
The differentiated series may or may not converge, depending upon the 
particular function. It is interesting to note here that the series obtained 
by differentiating equation (7.43) does not converge while the series ob- 
tained by differentiating equation (7.56) does converge, although both 
(7.43) and (7.56) represent the same function in the inteiwal 0 < 0 : < 4. 

7.11 Approximate Fourier Analysis. A cunm to be represented by a 
Fourier series maj’- be obtained on an oscillograph and in this case we do 
not have any expression for /(a;). If we do not have an analytical expres- 
sion for /(. t) to substitute in formulas (7.3) and (7.4), or if we are unable 
to perform the indicated integration, w'e must have some way of approx- 
imating the integrals. 

Assume a given curve is to be analyzed to find aj. Eacli ordinate of the 
given curv^e is multiplied by cos x to give a new curve. The area under 
tins new cuiv^e from .r = 0 to .t = 27r is to be di\dded by tt to give ai. 
The interval from 0 to 27r is cut into Jc intervals each Aa: in length; kAx 
= 2-. If ordinates are erected at each point of division of the interval 
and, if we then coimect successive points of intersection of the curve and 
these ordinates by straight lines, the curve will be approximated by a 
series of A- straight lines. See Fig. 7-6. The area will be approximated by 
the sum of the areas of A trapezoids. 
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The area of the first trapezoid is 

. /l/o + 2/A 

The area of the next trapezoid is 

. {yi + M 



Fig. 7-6 


The total area is, therefore, 


area = Ax 


1 + 2/1 + 2/2 + 2/3 + 


(7.57) 


The desired coefficient oi is obtained by dividing the area above by tt 

area 2 (area) 


Cl = 


kAx 


(7.58) 


If we now substitute the formal expressions for the ordinates, we obtain 
the formula for Ci. 


«! = ^ + /(Aa;) cos Ax + /(2Ax) cos 2Ax -1 J ’ 

2 ^u=k~’\ 

fli = 7 [/(O) + /(2ir)] + 7 2) f(uAx) cos uAx. (7.59) 

^ U=1 

In the special case where /(O) = /(2x) tliis becomes 

2 « =A 

di = y Y. /(uAx) cos mAx, where /(O) =/(27r). (7.60) 

The formula is often found in this form and one must be sure that it fits 
the problem on hand. 
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The approximate formulas for and 6„ are given without proof as 
1 2 

On = 7[/(0) +/(27r)] +- E /(wAa;) cos nwAx, (7.61) 
= - E /('*^A.r) sinTiwAa:. (7.62) 

In using these formulas it is desirable for the sake of accuracj^ to follow' 
some standard form of table. One recommended is showm in Table VII-1 
where an approxinration to az is carried out. 

Example. An oscillogram of a periodic function has been made. The oscillo- 
gram has been measured so that the value of the function is known at twenty- 
four equally spaced points during the period. These values are listed below. 
This corresponds to 15° inten'als where the period is 360°. 


/(O) = 3.11 /(135°) = 8.18 /(255°) = 1.24 

/(lo°) = 0.12 /(150°) = 7.91 /(270°) = -0.82 

/(30°) = 7.24 /(165°) = 7.49 /(285°) = -3.22 

/(45°) = 8.32 /(1S0°) = 6.91 /(300°) = -4.84 

f(60°) = 8.78 /(195°) = 6.24 /(315°) = -4.01 

/(75°) = 9.19 /(210°) = 5.51 /(330°) = 0.44 

/(90°) = 9.41 /(225°) = 4.32 /(345°) = 1.23 

/(105°) = 9.21 /(240°) = 3.11 /(360°) = 3.11 

/(120°) = 8.65 


The values of the function are entered in the table and the indicated steps 
carried out. If the product/('!(Aa;) cos 2uLx is positive it is entered in the column 
headed “positive.” If the product is negative it is entered in the column 
headed “ negative.” Finally the sum of the positive column minus the sum 
of the negative column is divided by 12 to obtain 02 . 

7.12 Results of Approximate Analyses. TlTieri an approximate Fourier 
analysis is to be made there are two questions of importance that come up. 
How' many measurements should be made on the curve, and how' close w'ill 
the approximations be to the correct values of the coeflScients? The an- 
swers to these questions of course depend on the function being analyzed; 
nevertheless, the follow'ing discussion of the approximate analysis will be 
of considerable help in aiding one to plan the analysis of a particular cmwe. 

If we make tw'enty-four measurements on the cunm to be analyzed we 
w'ould expect to be able to obtain twenty-four coefficients, certainly no 
more than twenty-four. This means that, although we can substitute 
any value of n in formulas (7.61) and (7.62) to compute the various values 
of Un and bn, we get no more than twenty-four different numerical results. 
It will be seen below that for Ic equal to tw'enty-four we do get twenty-four 
different coefficients, Oo to Oia and bj to bu. We shall also see that the 
trapezoidal rule as worked out in the preceding section is better than Simp- 
son’s rule, which is rather surprising. 
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TABI/E VII-1 

Cosine coefficient of second harmonic 


u 

uAx 

/(mAt) 

2uAx 

0 

0 

3 11 

0 

1 

15° 

5 12 

30° 

2 

30° 

7 24 

60° 

3 

45° 

8 32 

90° 

4 

60° 

8 78 

120° 

5 

75° 

9 19 

150° 

6 

90° 

9 41 

180° 

7 

105° 

9 21 

210° 

8 

120° 

8 65 

240° 

9 

135° 

8 18 

270° 

10 

150° 

7 91 

300° 

11 

165° 

7 49 

330° 

12 

180° 

6 91 

360° 

13 

195° 

6 24 

390° 

14 

210° 

5 51 

420° 

15 

225° 

4 32 

450° 

16 

240° 

3 11 

480° 

17 

255° 

1 24 

510° 

18 

270° 

-0 82 

540° 

19 

285° 

-3 22 

570° 

20 

300° 

-4 84 

600° 

21 

315° 

-4 01 

630° 

22 

330° 

0 44 

660° 

23 

345° 

1 23 

690° 

24 

360° 

3 11 

720° 


Note' If/(0) =/(360°) enter only one 

I{/(0) ?^/(360°) enter half of each. 


cos 2iiAx 

f(uAx) cos 2«Aa; 


Positive 

Negative 

1 000 

3 11 


0 866 

4 43 


0 500 

3 62 


0 000 

-0 500 


4 39 

-0 866 


7 96 

-1 000 


9 41 

-0 866 


7.98 

-0 500 


4.33 

0 000 

0 500 

3 95 


0 866 

6 49 


1 000 

6 91 


0 866 

5 40 


0 500 

2 75 


0 000 

~0 500 


1 55 

-0 866 


1.07 

-1 000 

0 82 


-0 866 

2 79 


-0 500 

2 42 


0 000 

0 500 

0.22 


0 866 

1 07 


1 000 

Note 



43 98 

36 69 

36 69 


7.29 -e 

12 = 0 607 = 


Let a'„ be the approximation to an obtained by using formula (7.60). 
Let b'„ be the approx’imation to 6„ obtained by using formula (7.62). 

2 ’■ 

On = r 2) cos nuAx. (7.63) 

Ku=l 

2 ^ 

K — T JL f{uAx) sin nuAx. (7.64) 

«u = l 

The following device enables us to obtain the desired results very quickly. 
Define as 


Cn — «n + 


e 


(7.65) 
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Substitute the values of a'„ and b'„ into (7.65) and we have 
2 t 2 * 

C' = - 2^ cos miAx + f - 21 fiiiAx) sin nuAx (7.66) 

ku=i ku-i 


— - Y, /(wAa:) (cos nuAx + i sin nuAx) 
ku^i 

o ^ 

= - 21 f{uAx)e'’"‘^^. 
ku=i 


(7.67) 


(7.68) 


We now substitute the Fourier series for/(r<Aa:) in (7.68). The series is 

CO BO 

f{uAx) = 0.5ao + 2Z flm cos muAx + hm sin mu Ax. (7.69) 

f n = 1 7n =: 1 

This gives us for (7.68) 

2 r “ “ “I 

= - 21 O-Soo + D flm cos muAx + 21 5m sin vmAx (7.70) 

^u = lL r7» = l m=l J 

Q k 2 " 

= ~YL 6’""“^* + r 2 S cos muAx 

^ ti =1 u «1 m = 1 


+ - 2Z sin muAx, 

ku = l m = l 

a ^ 2 * ^ 

C'n = -j ginuAi ^ cos muAx 

^U=l ^T»a=l«=l 

2 » fc 

+ - 2 Z! sin muAx, 

^;rt=l w=l 


Cfi OffiO “i~ Qnm ~l“ &ii 


wi =1 


m = l 


(7.71) 


(7.72) 

(7.73) 


where 


QnO = ^ Z c*' 
fc u = l 

is the contribution Oo makes to C^, and 


tnuAz 


2a„. * - A 

Cnm — -y— 2-i cos 7nuAx 

tC 


is the contribution a™ makes to CL. 


7. . 

Onm = -r- 21, Sin muAx 
K 


(7.74) 


(7.75) 


(7.76) 
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is the contribution makes to C'„. The analysis null be correct if 
flnm = 0 for n 5^ jn. Km = 0 for 71 m, 

Ann = Unj ~ 

We shall now detemiine the value of o„o from equation (7.74). Note 
that the sum in equation (7 .74) is the sum of a geometric progression. The 
formula for the sum of such a progression is 


a(r’‘ — 1) 
r — 1 


(7.77) 


where S is the sum, a is the first term, r is the ratio of one term to the term 
that precedes it, and k is the number of terms. In this case 

a = 
r = 
k=k. 


Therefore, we have for Uno 


_ Op 

~ k — 1 


(7.78) 


Now kAx = 277. Therefore the numerator of the above fraction is always 
zero. If nAx is not a multiple of 27r the denominator is not zero and there- 
fore the fraction is zero. If ?iAx is not a multiple of 27r, since kAx = 2:7, 
n is not a multiple of k. Therefore, we have as a result 

and = 0, if 77 is not a multiple of k. (7.79) 


If 71 is a multiple of k, nAx is a multiple of 277 and the first term, op of the 
progression is unity and also the ratio r is equal to unity. Therefore, we 
have the sum of k terms each equal to unity and equation (7.74) becomes 


flno = Up, if 71 is a multiple of k. 

(7.80) 

We are now ready to investigate a„„ 


2a„ * . 

Onm = —j— 2J cos muAx, 

K „ = i 

(7.75) 

2a„ * -f- 

a„m==--r~ T, r e*'"'*^* 

rC u-1 ^ 

(7.81) 

^ ^^*(m+n)uAx _J_ gi{n— ri)uAxj 

k u=i 

(7.82) 

The right-hand side of equation (7.82) contains two geometric 

progressions 
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that can be evaluated as was done above. 

i. 

^ = fc, if w + n is a multiple of h, 

11=1 

1 

^ gi(m+n)uii = 0, if m + « is not a multiple of k, 

U=1 

h 

^ if n — jw is a multiple of k, 

U=1 

k 

^ gi(n-m)uAi if « — TO is not a multiple of k. 

ti=i 

We therefore have for ^nm 

anm = dm, if w + is a multiple of k and to — ii is not, or 

if TO — 71 is a multiple of k and m + n is not. (7.83) 

a„m = 2am, if both to + ti and m — n are multiples of k, (7.84) 

Onm = 0, if neither to + n nor m — n are multiples of k. (7.85) 

We can remark here that since a„m is alwaj^s real the cosine coefficients 
do not produce any error in the approximations for the sine coefficients. 
Let us now evaluate b nfn* 


2b *"■ 

bnm = S sin muAx 

k „=i 

(7.76) 

2b ^ gimuAx g — tmuAx 

— ^ oxnu^x 

k i2 

(7.86) 

— — — ^gt(n— m)uAx gi(Ti+m)uAxj 

k u=i 

(7.87) 


The geometric progressions on the right-hand side of equation (7.87) are 
the same as those on the right-hand side of equation (7.82). We can now 
list the possible values for 6„m. 

bnm = ibm, if 71 — TO is a multiple of k and to -[- n is not, (7.88) 

6„m = —ibm, if TO -f 71 is a multiple of k and n — to is not, • (7.89) 

bnm = 0, if both n — m and to -f- ti are multiples of k, or 

if neither n — m nor to -f ti are multiples of k. (7.90) 

These results will be more readily understood when we consider some 
numerical examples. Suppose measurements are made every 15° so that 
k = 24. Then the approximate value of Uo vdll be 

Oq = Ho -i- 2024 + 2a4s 


(7.91) 
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The approximate value of a-n will be the same, in fact, 

dg = tl24 = tt4g — ■ ■ • . (7.92) 

The subscripts in equations (7.91) and (7.92) are the same. The ap- 
proximate value of 1)24 will be zero. 

6/4 = 648 = • • • = 0, (7.93) 

The approximate value for Oi will be 

+ <123 + fl25 + <147 + U49 + • • • (7.94) 

and we also have the equality 

®I ~ ®23 ~ <l25 ~ ^47 ~ ®49 “ ' ‘ • (7 .95) 

The approximate value of bi is 

b[ = bi — biz 625 — 647 + h49 ~ • (7.96) 

and we have the equation 

hi = 1*23 ~ ^25 = 1)47 = ■ • • . (7.96) 

The approximate'value of 63 will be 

h's = bs ~ 621 + 1>27 — 1*46 -h • • ' (7.98) 

1*3 = -1*21 = K = -1*45 = • • • . (7.99) 

These results can be visualized vith the aid of Table VII-2 


TABLE Vn-2 

Approximate coefficients for h = 24 


Cosines: add 


0 

24 

24 

48 

48 

72 

72 

96 

96 

1 

23 

25 

47 

49 

71 

73 

95 

97 

2 

22 

26 

46 

50 

70 

74 

94 

98 

3 

21 

27 

45 

51 

69 

75 

93 

99 

4 

20 

28 

44 

52 

68 

76 

92 

100 

5 

19 

29 

43 

53 

67 

77 

91 

101 

6 

18 

30 

42 

54 

66 

78 

90 

102 

7 

17 

31 

41 

55 

65 

79 

89 

103 

8 

16 

32 

40 

56 

64 

80 

88 

104 

9 

15 

33 

39 

57 

63 

81 

87 

105 

10 

14 

34 

38 

58 

62 

82 

86 

106 

11 

13 

35 

37 

59 

61 

83 

85 

107 

12 

12 

36 

36 

60 

60 

84 

84 

108 


Sines; alternate sign 
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The figures in Table \TI-2 are the subscripts, read across an}" horizontal 
line. 


flg = 06 -k Ois -k O 30 + ^42 + • ' ■ 

(7.100) 

Og = Ojg = Q 30 — O 42 = • • • 

(7.101) 

ig = &6 — 618 -k 630 ~ 1’42 -k ■ ■ ■ 

(7.102) 

.bg = — fiJs = 630 ~ ^42 = ■ ■ ■ 

(7.103) 

ojo = 2012 + 203 g -k 2060 -k • • • 

(7.104) 

612 = 0 = 636 = fcgo = • • • 

(7.105) 

Oil = Ou + O 13 "k O 35 + O 37 

(7.106) 

611 = bn — bis -k &35 1>37 "k ■ ■ ■ 

(7.107) 


Now we would seldom expect au to be negligible compared to an, and we 
would hardly expect 613 to be negligible when compared 'udth 611 . There- ■ 
fore, if the eleventh harmonic is desired, Ave must use more than twenty- 
four measurements on the eurve. 

On the other hand, we might well expect Oig to be negligible compared 
with Oe if the given function has no sharp peaks. And therefore Qg would 
be a good approximation to ug when A- = 24. If o? Og are small com- 
pared with Og this would give further assurance. It must be recognized 
that we can make no general rules; we can only make suggestions that we 
expect Vidll work most of the time. 

The results may be summed up as follows: Use at least four times as 
many measurements as the order of the highest harmonic required. Eval- 
uate seA'eral appro.ximate coefficients for higher harmonics to be assured 
the series converges rapidl}" enough. Trj" both eA"en and odd harmonics 
because even and odd harmonic coefficients may converge at different 
rates. Remember that these are only guides that may be expected to 
apply to most conunon engineering cuiwes. It is always possible that we 
ma}" need more than the number of measurements recommended. 

7.13 Simpson’s Rule. It is common practice in order to increase the 
accuracy to approximate a curve with a set of parabolas rather than the 
set of straight lines as is done with the trapezoidal rule. When the area 
imder the parabolas is used as an approximation for the area under the 
cunm we are using Simpson’s rule. 

Let a'„' be the approximation to o„ when Simpson’s rule is used. We 
maj" write a” as follows : 

2 

o'„' = ^ [/(O) cos 0 + 4/(Ax) cos nAx + 2/(2Ax) cos 2nAx 

+ 4/(3Ax) cos ShAx -j- 2/(4Ax) cos 4nAx 
+ ----f/( 27r)cos2-]. (7.10S) 
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Assuming that/(0) = /(Ztt), we may write this 

g t 4 0.5k 

a'n = fivAx) cos nuAx — YL fi2uAx) cos 2nuAx, (7.109) 

where is the approximation to a„ when the trapezoidal rule is used, and 
the same number of measurements is employed as was used in Simpson’s 
rule. The term is also an approximation obtained with the trapezoidal 
rule but using half the number of measurements as was used for Simpson’s 
rule. In order to know what we have for fc = 24, we need a table similar 
to Table A'TI-2, but for fc = 12. Such a table is included; see Table VII-3. 


TABLE VII-3 

Appro.^imate coeflScients for J: = 12 


Cosines: add 


0 

12 

12 

24 

24 

36 

36 

48 

48 

1 

11 

13 

23 

25 

35 

37 

47 

49 

2 

10 

14 

22 

26 

34 

38 

46 

60 

3 

9 

15 

21 

27 

33 

39 

45 

51 

4 

8 

16 

20 

28 

32 

40 

44 

62 

5 

7 

17 

19 

29 

31 

41 

43 

53 

6 

6 

18 

18 

30 

30 

42 

42 

64 


Sines: alternate sign 


The approximate value for as obtained when Simpson’s rule is used, 
where fc = 24, is 

O 3 ' = ^[aa + 021 + 027 + 045 -b • • •] 

+ 09+ Ois + Oji + 027 + 033 + 039 + Q-15 + ‘ ’ •]) (7.111) 

O 3 ' — O 3 -h O 21 + 027 + 046 + • • - — Jog — ^075 

- §033 - §039 , (7.112) 

while the trapezoidal rule gives for 03 , when fc = 24, 

03 = 03 + 021 + 027 + 045 + ■ • • . (7.113) 

Now the lowest order harmonic to cause error for oj is 021 , while for o” it is 
Os. We would generally expect Og to be nearer the correct value 03 than Is 
03 ', and the simpler trapezoidal rule is to be preferred to Simpson’s rule 
when making an approximate Fourier analysis. 
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PROBLEMS ON CHAPTER 7 


1. Prove that the coefficient of the term sin nx in the Fourier series is given 


by the formula. 


1 

hn = - / /(^) sin 

TT Jo 


2. Find the sine and cosine coefficients for the fundamental, 6i and ai, for 

the function shown in Fig. 7-7. . 

3. Find the sine coefficients for the fundamental and second harmomc, oi 

and & 2 , for the function shown in Fig. 7-8. 





4. Find the cosine coefficient for the fifth harmonic, as, for the function 
shown in Fig. 7-11. 

5. Express the function shown in Fig. 7-7 as a Fourier series. 

6. Express the function shown in Fig. 7-8 as a Fourier series. 

7. E.xpress the function shown in Fig. 7-9 as a Fourier series. 

8. Express the function shown in Fig. 7-10 as a Fourier series. 

9. Express the function shown in Fig. 7-11 as a Fourier series. 

10. Express the function shown in Pig. 7-12 as a Fourier series. 



11 . 

12 . 

13. 

14. 
16. 
16. 

17. 

18. 

19. 

20 . 


Change the series obtained in problem 
Change the series obtained in problem 
Change the series obtained in problem 
Change the series obtained in problem 
Change the series obtained in problem 
Change the series obtained in problem 
Change the series obtained in problem 
Change the series obtained in problem 
Change the series obtained in problem 
Change the series obtained in problem 


5 to one containing only cosines. 

5 to one containing only sines. 

6 to one containing only cosines. 

6 to one containing only sines. 

7 to one containing only sines. 

7 to one containing only cosines. 

8 to one containing only sines. 

8 to one containing only cosines. 

9 to one containing only cosines. 
9 to one containing only sines. 



154 


FOURIER SERIES 


21. Change the series obtained in problem 10 to one containing only cosines. 

22. Change the series obtained in problem 10 to one containing only sines. 

23. Show that an odd function can be expressed only as the sum of odd 
functions. 

24. Show that an even function can be expressed only as the sum of even 
functions. 

25. Express the function shown in Kg. 7-7 as a sine series valid for the inter- 
val shown. 

26. Express the function sho^vn in Fig. 7-7 as a cosine series valid for the 
interval shown. 

27. Express the function shown in Kg. 7-8 as a sine series valid for the in- 
terval shown. 

28. Express the function shown in Kg. 7-8 as a cosine series valid for the 
interval shown. 

29. Express the function shown in Fig. 7-9 as a sine series valid in the in- 
ten’-al shown. 

30. Ex-press the function shown in Fig. 7-9 as a cosine series valid in the 
interval shown. 

31. Express the function shown in Kg. 7-10 as a sine series valid in the in- 
terval shown. 

32. Express the function shown in Fig. 7-10 as a cosine series valid in the 
inten^al shown. 

33. Express the function shown in Fig. 7-11 as a sine series valid in the in- 
terval shown. 

34. Express the function shown in Kg. 7-11 as a cosine senes valid in the 
interval shown. 

35. Express the function shown in Fig. 7-12 as a sine series valid in the in- 
terv^al shown. 

36. Express the function shown in Fig. 7-12 as a cosine series valid in the 
interval shown. 

In the follomng problems use the data on the oscillogram given in section 7.11. 
Make suitable tables to carry out the computations. 

37. Determine the constant term 0.5ao and the sine coefficient of the second 
harmonic, 62 - 

38. Determine the coefficients of the fundamental, oi and 61 . 

39. Determine the coefficients of the third harmonic, 03 and 63. 

40. Determine the coefficients of the fourth harmonic, Oi and 64. 


CHAPTER 8 

DIFFERENTIAL EQUATIONS 

8.1 Engineering Problems. Man}^ problems that face the engineer 
lead to equations invoh'ing numerical relations among several unknowns. 
These equations might include powers, roots, cosines, logarithms, etc. In 
each case the information in the ph 5 ^sical problem is translated completely 
into one or more equations which are solvable by standard algebraic 
methods. Tire process can be illustrated by the chart in Fig. 8-1. 

On the other hand, man 3 ’^ problems dealing with rates, such as velocities, 
accelerations, and slopes, lead to equations which involve derivatives as 
well as simple functions. Such equations are called differential equations. 
It happens that in each case the differential equations are set up before all 
the information in the problem is exliausted. Therefore it is impossible to 
obtain a unique solution from the differential equations. The solution 
that is obtained is called the general solution of the differential equations. 
To obtain the particular solution for the phj^sical problem from the general 
solution we must use that part of the phj'sical problem not already used 
to set up the differential equations. This part of the physical problem is 
knovTi as the boundaiy conditions. The procedure is illustrated in the 
chart of Fig. 8-2. 
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8.2 Development of Differential Equation from its Solution. In making 
a study of algebraic equations, we obtain valuable information by con- 
sidering how a polynomial equation can be derived from a knowledge of its 
roots. We find that the corresponding study in the case of differential 
equations is equally helpful. It can be shown by substitution that 

q = K (8.1) 

is a solution of the differential equation 




( 8 . 2 ) 


We obtain different functions by assigning different values to K. The 
differential equation is satisfied by any of the family of functions obtained 
by setting K equal to various values. We therefore say that the differ- 
ential equation is the equation of the family of curv'es. Given the equa- 
tion 

q = K 

we can obtain the differential equation if we solve for K and then differen- 
tiate 

K = q e"^^, (8.3) 

0 = Xe,/«c+^e,/BC7. (84) 

ihL at 


This can be rearranged and after multiplying by 

0-tlRC 


we have 

e| + |-0. (8.6) 

Another way of obtaining the differential equation from the relation 

q = K e-"«^ 


is to differentiate and get 


dq 

dt 


K 

RC 


g-t/RC 


and eliminate K from these two equations. 

As another example consider the case of all parabolas tangent to the 
X axis and having their axes parallel to the y axis. The equation of such a 
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parabola is 


y p{x - hy 


^vhere the values of p and li determine the particular parabola. To obtain 
the differential equation ve can solve for li and differentiate to eliminate h. 


h = X — . 

4 ' 

v8.6) 

0 = 1- 

1 dy 

2V^dx 

(8.7) 

Now solve for and differentiate to eliminate p. 


^ P /” J * 

2 V y dx 


(8.8) 

1 

/dyV 1 d^-y 

\dx/ '^2V^dx^’ 

(8.9) 

0 = ^ 

4v p® 

„ dhj (dy\- 
^^dx" (dx) 


(8.10) 


is the desired equation. Using the second method suggested we differ- 
entiate the given expression twice and get three equations 


y = p(x- hy, 

(8.11) 

1 - Ji), 

(8.12) 

d‘y „ 

dx^- ~ 

(8.13) 


Eliminate {x — h) from the first two equations which gives 

1 , fdyV ^ 

4p^ \dx/ p 



This equation with (8.13) gives the desired result 



( 8 . 10 ) 


The important thing to notice in these examples is that we have to 
differentiate once for each constant that is being eliminated. IVe there- 
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8.2 Development of Differential Equation from its Solution. In making 
a study of algebraic equations, we obtain valuable information by con- 
sidering how a polynomial equation can be derived from a knowledge of its 
roots. We find that the corresponding study in the case of differential 
equations is equally helpful. It can be shown by substitution that 

q = K (8.1) 

is a solution of the differential equation 

+ ( 8 . 2 ) 

We obtain different functions by assigning different values to K. The 

differential equation is satisfied by any of the family of functions obtained 
by setting K equal to various values. We therefore say that the differ- 
ential equation is the equation of the family of curves. Given the equa- 
tion 

q=: K 

we can obtain the differential equation if we solve for K and then differen- 
tiate 

K = q (8.3) 

0 (8.4) 

This can be rearranged and after multiplying by 

g-tIRC 


we have 




(8.5) 


Another way of obtaining the differential equation from the relation 

q = K 


is to differentiate and get 


dt 


K 

RC 


g-tIRC 


and eliminate K from these two equations. 

As another example consider the case of all parabolas tangent to the 
a; axis and ha^dng their axes parallel to the y axis. The equation of such a 
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parabola is 


y = p(x - hy 

where the values of p and h determine the particular parabola. To obtain 
the differential equation we can solve for h and differentiate to eliminate h. 


; Fy 

ft = a; — - > 
yp 

,8.6) 

0 = 1- — ^- 
2V^jdx 

(8.7) 

Now solve for and differentiate to eliminate p. 


2Vi/ 

(8.8) 

0 ^ A ^ 

4V^W/ ^ 

(8.9) 

„ fdyV 

^ydx‘ w 

(8.10) 

is the desired equation. Using the second method suggested 
entiate the given expression twice and get three equations 

we differ- 

2/ = p(x - hy-, 

(8.11) 

^=2p{x- h), 

(8.12) 

dx- y 

(8.13) 


Eliminate {x — h) from the first two equations which gives 

^ y, 

4p- \dx/ p 



This equation with (8.13) gives the desired result 



( 8 . 10 ) 


The important thing to notice in these examples is that we have to 
differentiate once for each constant that is being eliminated. We there- 
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fore assume fhat a differential equation containing a fifth derivative, but 
no higher derivative, must come from an expression containing five con- 
stants. In other words the solution of a differential equation should have 
as many arbitrary constants as the order of the highest order derivative. 

8.3 Definitions. An equation containing derivatives is a differential 
equation. If the equation contains partial derivatives it is a partial dif- 
ferential equation. If it contains only ordinary derivatives it is an ordinary 
differential equation. 

The order of the highest order derivative is the order of the equation. 

The degree of the highest order derivative is the degree of the equation. 
Both of the following equations are second order equations of the first 
degree. 


dx^ 


+ 3y = X. 





+ 2y = 0. 


The following equation is a third order equation of the seventh degree. 



-t- 5 sin X = 0. 


Any expression such as j/ = fix) which Is found to satisfy a differential 
equation is called a solution of the equation. If the expression y = fix) 
contains as many arbitrary constants as the order of the equation, y = fix) 
is called the general solution, otherwise y = /(x) is a particular solution or a 
particular integral. In the first example above 


is the general solution of 


q = K 




while a particular solution to the same equation is 

5 = 35 

The general solution of the equation 



is 


y = pix — hy. 
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The equations 

y = x^, y = 5x-, and y = 2{x— h)^ 
are all particular solutions. 

8.4 Variables Separable. An}- fii-st order differential equation of the 
first degree can be written in the form 

^-F(,x,y). (8.14) 

If it happens that F{x, y) is such a function of x and y that the equation 
can be -mitten 

Fi(.y) dy + F^ix) dx = 0 • (8.15) 

we say the variables are separable; in fact, in equation (8.15) the}'^ are 
separated, and we can integrate, obtaining 

J' Fi(:i/)dy + J Fz(x)dx = C (8.16) 


where C is the constant of integration required by a first order differential 
equation. As an example consider the equation 


(^y 

Tx = 

(8.17) 

This can be written 

— - x-dx = 0 

y 

(8.18) 

and mtegrated to 

In 2 / - — = C. 

(8.19) 

Sohing for y in terms of x gives as a solution 

y = 

(8.20) 

To check this result differentiate equation (8.20) 

dtf , 

~ =z X- 6*^+= 
ax 

(8.21) 

= x-y 

(8.22) 

which agrees with the given equation. 

8.5 Exact Equations. Integration Factors. It sometimes haoDens 

that the given equation can be integrated as it stands. 

In this case it is 
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said to be an exact equation. The equation 


dy 


= x^dx 


is exact because it can be integrated directly giving 

Iny = - + C. 


The equation 


y - X 


dx 


• = 2a; 


is an exact equation integrating directly into 

X 


y 


= x- + C. 


In the illustration in the preceding section the equation 


was not exact. Multiplying the equation by gives 

r2 


1 ^ 

ydx ^ 


(8.23) 


(8.24) 


M'hich is exact. The quantity is called an integrating factor. 
The equation 

xdy — y dx = 3x^ dx 

is made exact by multiplying by the integrating factor x~^ giving 

xdy — ydx 
= 3.'!: dx 


(8.25) 


which integrates into 


y 3a:* _ 


(8.26) 


The integrals listed in Table VIII-1 are often useful as a guide to finding 
integrating factors. Use of an integrating factor is made in solving linear 
first order equations in the following section. 
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J' (xdy + y dx) = sy + C 

/ xdy — ydx _y 

3? X 


/ xdy - 
U 

S [ 
f ‘ 
f 


-ydx^ -? + (7 


+ ydx 


xy 

'x dy — ydx 
xy 

xdy — y dx 

X? + 1/^ 


= In {xy) + C 


In 


© 


+ C 


arc tan 


© 


+ c 


J 3? — y^ 2 \x — yj 


8.6 Linear Equations. The equation 

^ + Pi/ = Q 

dx 


(8.27) 


where P and Q are functions of x is called a linear equation since no higher 
power of y or its derivative appears but the first and neither does their 
product appear. In this case an integrating factor is 

gJ'P dl 

= Q (8.28) 

The left-hand side of equation (8.28) is the derivative of 

y 

and the right-hand side contains only functions of x. Therefore we have 

y efP = J'q efP dx + C. (8.29) 

Sohdng for y in terms of x we have 

■ y = e-d'P ‘‘'"J'q e-fP dx -f C eS^ (8.30) 


As an illustration consider the equation 

dy 


dx 


+ 37/ = 2. 
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#^+^ = 0. (8.43) 

m«, 1 ) - 1 y 

As an example consider the equation 

^ (8.44) 

ax X 

Substituting y = vXj we have 

^-. + . f "=2 + S -2 + ,, 

ax ax X 

V + = 2 + V, (8.45) 

ax 

vdx + xdv = 2dx + V dx, 

dv = 2~, (8.46) 

X 

V = 21nx + C. 

But y = vx, therefore the solution is 

y = 2x in X + Cx. (8.47) 

The same problem can be worked using the other substitution. We 
have in this case (x = vy). 


dx _ dv _ X _ y _ 

dy ^ dy 2x + y 2 + 1 

dv V 
dy 2v+l 

2v^ dy + vdy + 2vy dv + y dv = v dy, 

2v'^ dy + (2v + l)y dv = 0, 

dy 2» + 1 , 
-^+-^dv = 0, 
y 2v^ 

^ 0 

y V 2v^ ’ • 

This is now exact and can be integrated giving 

Iny + ]iiv — ^ = C, 

2v 


2t>+ 1 


ln{yv)-~ = C. 


(8.50) 
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Since x = vy, this gives us 
In a; 


2x 




y = 2.r In a: — 2Cx. 


(8.51) 


This solution agrees with that given in equation (8.47) since C is an arbi- 
trary constant. 

8.8 Equations Containing One Derivative. Equations of the form 




can be solved bj’' repeated integration. For example, if the given equation 
is 


dhj 

dx^ 


= 2x-, 


(8.52) 


this can be reduced to a second order equation as follows: 

Continuing tliis process we have 
dy fdhj , r2x^ 


dx 




(8.53) 


- - + Cia- -b (7., 
b 

-dij 


(8.54) 


x? Cix- 


y — — h 
^ 30 2 


“b C^x “b C3. 


(8.55) 


8.9 Dependent Variable Absent. If no term in the equation contains y, 
we can substitute 


P = 


dx 


dp 

dx 


djy 

dx- 


7 


etc. 


In this way we obtain an equation in p and x whose order is one less than 
the order of the equation in y and x. For e.\'ample, to solve the equation 
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The above substitution gives 


1 + = 


(8.57) 


This is a first order equation ; in fact, it is the same equation that was solved 
in section 7.8, ghdng 

P=f + C'iC-3-. (8.58) 


Therefore, we have now to solve 
ax 

2/ =y-f + (8.59) 


is the general solution. 

8.10 Independent Variable Absent. In equations in which the inde- 
pendent variable x is absent we can take rj as the independent variable and 
p as the dependent variable, where 



(8.60) 


In this case the higher derivatives of y will not be the same as in the pre- 
ceding section but are found as follows: 


d'^y _dp _dpdy _ dp 
dx^ dx dy dx ^ dy ’ 

d^y _ d / dp\ _ dp dy dp d^ dy 
dx^ dx V dy) dy dx dy~^ ^ dy^ dx 



(8.61) 


(8.62) 


The resulting equation in p and y is of order one less than the order of 
the original equation. As an example of this method consider the following 
equation: 


d^y , ^dy\^ dy 

) d* 4— = 0. 
dx- \dx/ dx 


(8.63) 


IMaking the substitution indicated above we have 


p — -b p- -1- 4p = 0. 
dy 


(8.64) 
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This is made linear by diAdding by p 

1 A 

— + p = -4. 
dy 

Using the method of section 8.8, we have 


p = —e~'> J" 4e>' dy + Ci e~'> 


= -4 + (7a 


= -4 + Cl e-«. 


(8.65) 


( 8 . 66 ) 

(8.67) 

( 8 . 68 ) 


In this case the variables are separable. 

dy 

-4 + Cl e-« 


= dx. 


(8.69) 


Tin’s equation can be integi-ated if we first multiply numerator and denom- 
inator of the lefUhand side by e*'. 


-4e!' + Cl 


= dx. 


Tliis integrates directly into 

-|ln (-4ev-|- Cl) =x + Ci, 

In (-4cv 4- Cl) = -4x - 4.C^, 
—4e^ + Cl = 

4 


(8.70) 


(8.71) 


“C “I 

y = In > (8.72) 


gi^dng y in terms of x. 

'8.11 Linear Differential Equations. A differential equation very com- 
mon in engineering is known as a linear differential equation. This is the 
tj-pe of equation that is frequently encountered m studjdng mechanical 
■vibrations and electric circuits. A linear differential equation of order n is 
an equation of the form 

_ d"y _ dri 

^ + ■ • • + ( 8 - 73 ) 
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where Xo, Xi, ■ • ■ X„, and X are all known functions of the independent 
variable x. If the right-hand side of the equation, X, is zero, the equation 
is homogeneous; otherwise the equation is said to be complete. 

The following equations are homogeneous linear differential equations: 


dx^ dx 


0, 


d^y . dy „ 

-b sm a: -b ?/ tan x = 0. 
dx^ dx 


The following equations are complete linear differential equations: 


. ^dy 
dx^ dx 


= a:. 


d^y 

dx^ 


-b x^y 


= cos x. 


The solution of the homogeneous linear differential equation is based on 
the following two theorems. 

Theorem I. If 1 / = f{x) is a solution of a homogeneous linear differen- 
tial equation, y = kf{x) where k is any constant is also a solution. Con- 
sider first the following illustration: y = is a solution of 


dx^ dx 


•\-2y - Q 


since we find by substitution that it satisfies the equation 
We have 


e-^ + 3(-e-^) -b 2e-^ = 0. 


If we substitute y = 5e““', we find 

5e-^ -b 3(-5e-^) -b 2(5e-") = 0 


and the equation is satisfied. Therefore y = 5e~^ is also a solution. The 
proof of the general theorem follows: Given y = /(x) is a solution of the 
homogeneous linear differential equation 


„d’'y d’'-hj 

dx" dx"-! 


-b---+X„_i^-bZ„j/ = 0 (8.74) 


which means that 


V d^fix) , .j, d^-^fix) , 
A.0 , _ -i-Ai — r —. — b 


dx" 


dx"~ 


+ Z„_i ® -b X„/(x) = 0. (8.75) 
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dx- dx-^ 


+ Xn-i + XM^)- (8.76) 
ax 


This equals 


,.rr «^"/(^) . 7.V 

kAo — ; r /^Ai , — r ■ • • 

d.x" dx"-i 

Since fc is a factor of every term, this is 


+ kXr^,^ + kX4{x). (8.77) 


’ r 

Ao — r*“ 
dx^ 


«-) + + . . . + + x./w' . 


dx'^~^ 


dx 


(8.78) 


This is equal to zero since the quantity in the brackets was given equal to 
zero, and therefore y — kf{x) is a solution since it is found on substitution 
to satisfy the equation. 

Theorem 11. If y = f(x) and y = 4>{x) are both solutions of a homo- 
geneous linear differential equation, y = /(a:) -f ^(x) is a solution of the 
same equation. It null be found on substitution that y = e~* is a solution 
of 




Direct substitution shows that y = e~-^ is also a solution of the same 
equation. If y = e~* + is substituted, we have 

(e-* + 4e--^) 4- 3(-c-* — 2e-^=^) + 2(e-^ + e-^=) = 0 

and the equation is satisfied. Therefore y = e~® e“-== is a solution. 

The proof of the general theorem is no more difficult than in the case of 
Theorem I and is left for the student. 

8.12 Linear Equations with Constant Coefficients. We shal l first 
restrict our study to the special case of hnear differential equations with 
constant coefficients, and start by considering the homogeneous equation 
which can be written in the form 


d”y , 

■ “T- Ql ■ 

dx" dx"-i 


dy r 

+ Un-iy-d- Ony =,^0 
ax 


(8.79) 


where the a’s are constants. It is sometimes simpler to write this 

D"y + aiD"-iy 4 h a„_iDy 4 - a„y = 0 (8.80) 

where D is an operator signifying that the first derivative should be taken 
the second deilvative, and D" the 7ith derivative. With this agreement 
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in mind there is no ambiguity if we write this 

(D" + + 1- a,^J) + a„)2/ = 0 (8.81) 

and, if we please, replace 

(Z)" + + • • • + a„_i£) + a„) by (8.82) 


getting <i>iD)y = 0. This is simply a shorthand notation for the equation 
above. 

If we assume a solution y = e”‘^ and substitute in the given equation to 
see if a value of m can be found to make y = e""' a solution, we find 


m" e”* + e”- + e”"' + • • • + Qn-iW e’""' 

+ a„ 6"“"= = 0. 


(8.83) 


If we multiply throughout by e~’"^ we have the algebraic equation 

m" + axrtV'~'^ + aim"-- + • • - + a^-im + a„ = 0 (8.84) 

which is called the characteristic equation of the differential equation. 
Any value of m which satisfies this equation can be used in y = as a 
solution. Note that a comparison between the equation m m and <f>(J5) 
will suggest that we can indicate the equation in m by = 0. It 
should be borne in mind that <t>(D) is an operator, and is quite different 
from We look for values of m that will make 4>{m) = 0 whereas, 

if 4>{D) = 0, we have no differential equation to solve. 

The equation ^(m) = 0 is a polynomial equation of degree n, and can 
have n distinct roots. If 4>(m) = 0 has n different roots, let us designate 
them by JUi, m 2 , • • • then 

y = e’"!", y = y = e’”’* • • • y = e”"* (8.85) 

will all be solutions. 

By Theorem I 

y — Cl e”!*, y = C 2 • • • y = C„ (8.86) 

will all be solutions. 

By Theorem II 

y = Cl e"'i= + Cz H + C„ (8.87) 

vtII be a solution. This is the general solution since it contains n con- 
stants of integration Ci, Cz - ■ ■ C„, and the given differential equation was 
of order n. 

Example 1. ^ + 5 ^ -f 6y = 0 or, in operator form, (_D- 5D 4- 6)y ='0. 

The characteristic equation is -)- 5w -f- 6 = 0, which has for roots —2 and 
-3. 

The general solution of the differential equation is y = Ci e~-- -f- Cz 
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Example 2. (D^ - D- — 14D + 24)y = 0. The characteristic equation is 

„j3 — m- — 14m + 24 = 0. This has for roots 2, 3, and —4, and the general 
solution is y = Cl + Cz e®® + Cz e~*^. 

Example 3. + 6D)y = 0. The characteristic equation is — 

+ 6m = 0. The roots are 0, —2, and 3. The general solution is ?/ = Ci e® + 
Co e-2- + Cz e®* = Cl + Co e-2- + C 3 e*". 

8.13 Complex Roots. If some of the roots of the characteristic equa^ 
tion are complex it is usually better to take it into account in writing the 
general solution ^ follows: If mi and mo are a pair of complex roots mi = 


a + ih and Wz = a — ib, then instead of writing 

Cl e'"i® + Cz d (8.88) 

we write 

Cl 6“=^ cos bx + Cz sin bx + • • • . (8.89) 

That tliis is justified can be shown as follows: 

Ki + Kz e’"2=' = Ki + Kz e“® (8.90) 

= Ki 6“® (cos bx + i sin bx) + Kz e"* (cos bx — i sin bx) (8.91) 

= {Ki + Xo) 6“’' cos bx + ^'(^1 — -K^z) sin bx. (8.92) 


K\ and Kz are arbitrary constants and their sum is an arbitrary constant 
and we call it Ci; similarly i{Ki — Kz) is an arbitrary constant and we 
can designate it Cz as we suggest above. 

Example 1. ^ ® ^ ~ characteristic equation is + 

6m + 25 = 0 and has for roots — 3 + i4 and —3 — i’4. Therefore the general 
solution is 2 / = Cl cos 4x + Cz sin 4x. 

d^y dy 

Example 2. ^ + 4 ^ = 0 or + 4D)y = 0. The characteristic equa- 
tion is m® -f 47U = 0 and has for roots 0, f2 and —i2. The general solution is 
y = Cl + Cz cos 2.T -f- Cz sin 2x. 

8.14 Multiple Roots. If some of the roots of the characteristic equa- 
tion are multiple roots, there will be less than n distinct roots to the equa- 
tion of the nth degree and hence the general solution as written above vdll 
contain less than n arbitrary constants. If mi is a double root of the char- 
acteristic equation, we find in addition to y = Ci C"!® being a solution 
that y = Czx e”'^’ is also a solution of the differential equation. 

If ms is a triple root of the characteristic equation, then 

y = Cs e^s® + Cex e^s® -f C^x^ e^s® (8.93) 

will be a solution of the differential equation. It is apparent that a double 
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root supplies two arbitrary constants, a triple root, three constants. An 
r-fold root will supply r constants so we have n arbitrary constants for the 
equation of order n as we should. 

Example 1. (D^ + 4D + 4)y = 0. The characteristic equation is + 

4?a + 4 = 0 and has a double root —2. The general solution is therefore 

y = Cl + C2X 

Example 2. (D^ + 4D^ + 5D + 2)y — 0. The characteristic equation 

+ 4m^ + 5m + 2 = 0 has a simple root —2 and a double root —1. There- 
fore the general solution is y = Ci e~^ + Ctx 

Example 3. (D® + 3Z)^ + 3D + 1)?/ = 0. The characteristic equation 

m? + 3m^ + 3m +1=0 has a triple root —1. Therefore y = Ci e~^ + 

Cix + Czx^ e~^ is the general solution. 

Example 4. (D^ + 8D^ + I6)y = 0. The characteristic equation m'* + 

8m^ + 16 = 0 has two double roots —i2 and i2. Therefore the general solu- 
tion is 2 / = Cl cos 2x + C 2 sin 2x + C3X cos 2x + C^x sin 2x. 

This procedure will be justified in the case of a double root, the general 
case of an r-fold root being left for the student to prove for him self. We 
wish to show that y = f:: satishes a given homogeneous differential 

equation with constant coefficients if »ii is a double root of the charac- 
teristic equation. Substitute y = x e”"!* in the left-hand side of the given 
equation 

(D" + aiD-i + • • • + a^iD + a„)y = 0 (8.94) 

and obtain 

(D" + aiD"-^ + • • • + a„_iD + a„) (x = Z. (8.95) 

It y = X e™!"' is a solution, Z vdll be zero. 

It will be easier to follow if the necessary differentiation is worked out 
in a table as follows: 


y = X 6^1® 

_ dy 

By = — = TYiiX + e"*!® 
dx 


(8.96) 

(8.97) 


B^y = ^ = mix + mi + mi e”!* = mix e":* + 2mi (8.98) 


dhj 
dx^ 

D^y = m\x + m? + 2mi e"!* = mfx e*"!* + 3ml e”’i* (8.99) 

D"j/ = mix + nm'T^ e”!* (8.100) 

It is now evident that 

Z — mix e”!® + nml~^ e”!® + oimJ“’x e"!® + ai(n — l)ml“^ 

-1 a„_imia: e”*i® + a„_i e"i® + a„x (8.101) 
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Z = (m" + a.mj ^ + • • • + On-itni + a„)x 
+ [nmr^ + ai(n - l)7«r" + • • • + On-J (8.102) 


A careful look at this mil show that we have 

Z = a; e”*i® (8.103) 


Now (}>(mi) = 0 since mi is a root of (p(m) = 0. Since OTi is a double 
root of ^(vi) = 0 we know that <i>'(mi) = 0. Therefore Z = 0, which was 
to be proved. 

8.15 Evaluation of Integration Constants. The general solution of a 
differential equation of order n contains n constants of integration. In 
order to evaluate these n constants we require 7i consistent independent 
equations. These equations cannot be obtained from the differential 
equation but must be obtained directly from the phj’^sical problem. The 
mathematician, starting with a differential equation, consideis his problem 
solved when he has obtained the general solution. However, the engineer, 
starting with a phj’-sical problem, sets up the differential equation and is 
required to find the particular solution which obtains for his physical 
problem. Therefore the engineer must evaluate the constants of integra- 
tion in the general solution before he considers his problem solved. 

In the case of a first order equation it is sufficient to know the value of 
the dependent variable corresponding to any value of the independent 
vai'iable. The differential equation for the charge on a condenser C 
short-circuited through a resistance R is 


B 


dt 



2 = 0 . 


The general solution is 

q = K 

If we know that the charge on the condenser at i = T is equal to Q, we 
substitute these values in the general solution and obtain 

Q = 


wliich gives 


K = Q 


and the particular solution is 

q = Q 

Often it is sufficient to know the value of the derivative of the dependent 
variable corresponding to any value of the independent variable. In the 
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illustration above, if we know that the current is I at time t = T'we must 
first differentiate the general solution to obtain an expression for the 
current 


dg 

dt 


_ g-tIRC 

RC ■ 


Substitution in the equation for current gives us 


I = 


p-TjRC 

RC 


The integration constant K is found by solving the above equation 

K = -IRCe'^i^^ 


and the particular solution is 

q = -IRC 

In the case of a second order equation where there are two constants of 
integration, we requu-e two equations for their determination. It is suf- 
ficient to know the value of the dependent variable corresponding to two 
values of the independent variable, or to know the value of the dependent 
variable and the value of one of its derivatives at a common value or at 
different values of the independent variable. It is clear that there are 
many ways of finding sufficient equations. The extension to three or more 
constants is obvious. 

In general there must be as many conditions loiown as there are con- 
stants to be evaluated. These conditions must be independent and con- 
sistent. The examples that follow illustrate what happens if the conditions 
used are dependent (example 1), inconsistent (example 2), and independent 
and consistent (examples 3 and 4). 

Example 1. The second order equation D'^y = 0 has for its general solution 

y = Cix+ C 2 . 

If we use the relations 2 / = 5 at a: = 1, and D^y = 0 at a: = 3, the problem can- 
not be solved because these relations are not independent. We know from the 
given differential equation that D^y = 0 for all values of x and therefore the 
statement that Dhj = 0 for a: = 3 teUs us nothing new. 

Example 2. The equation Dhj — 4y — 0 has for its general solution 

2/ = Cl e"- + C 2 e-2-. 

If we try to solve for Ci and C 2 to satisfy the conditions y = 1 at a: = 1, and 
D-y — 1 at a: = 1, we find no solution is possible because we have from the dif- 
ferential equation that D"y = 4 when y = 1 and therefore cannot be equal to 
1 as required by the stated conditions. 
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Example 3. The general solution of the equation (D^ + 3D + 2)2/ = 0 is 

y = Cl e-^ + Co e-2^. 

If 2 / = 5 at X = 0, and ?/ = 2 at a: = 1, we have 

Cl + C2 = 5 , 

Cl e~^ + C 2 = 2. 

Sohdng these for Ci and C 2 using determinant notation we have 


5 1 


1 

5 

2 

— 

e-i 

2 

1 1 

, ^2 “ 

1 

1 

e~^ e~- 


e~^ 

<> 

e - 


Example 4. If in the preceding example we have Dy = 3 at x = 0, and 
D^ij = S at a: = 2, we must differentiate first to obtain the first and third de- 
rivatives. 

Dy = -Cic-* - 2C2e-=^ 

Dhj = Cl C-* + 4 C 2 e-2^, 

Dhj = -Cie-^ - SC2e-2^ 

Substituting the above conditions we have 

-Cl c-= - SC2 c-^ = S, 

-Cl - 2C2 = 3 . 


These equations give for Ci and C 2 


8 

- 8 e-^ 

-c -2 8 

3 . 

-2 

c - ^ - 

— C““ 

- 8 c-^ 

-e -2 - 8 e-^ 

-1 

-2 

-1 -2 


8.16 Integration by Means of Series. If the dependent variable y, is 
such a function of a; that it can be expressed as a power series, it is some- 
times convenient to use the following method : Write 

y — -A-q -}- .d.i.T; ^23;" -f- Asa:^ -}-■••. (8.104) 

Substitute this in the given equation and obtain an identity in x. If this 
gives equations that can be solved for Ao, Ai, etc., w'e have a solution to 
the problem in terms of a power series, or MacLaurin’s series. This method 
is particularly useful for linear equations where the coefficients are no 
wome than poljmomials in x. 

Consider the following example; Given the equation {D — l)y = 0. 
Substitute 


2/ — Ao -{- AiX "b A 2 a;- -}-••■ 

Dy = Ai -{- 2 A 2 .T -}- 3 A 3 X" -}-••• 


(8.105) 

(8.106) 
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in the given equation. This gives 

(D - 1)2/ = (^1 - ^o) + (2^2 - Ai)x + (3.43 - 

H + (n4.„ - + • • • = 0. (8.107) 


This is zero for every value of x) therefore we equate the coefficient of each 
power of X to zero 

Ai — 4.0 = 0. 

2Az - 4., = 0. (8.108) 

TlAn 4.f|_l ' 0. 


These equations can be solved, giving 

4.1 = 4.0- 



(8.109) 


Therefore we have for a solution 

41 (8.110) 

The series in the brackets in equation (8.110) we recognize as e*, and our 
solution is 2/ = 4.o e®, where 4.o is the integration constant. 

As a second example consider the equation 


Write as before 

2/ = 4.0 + 4.1X + 4.2x2 d 

dv 

^ = Ai + 24L2X + 3^3x2 + . . . (8.111) 

dv 

X — = 4.1X + 24.2x2 -h SAax’ + • ■ • 
dx 


We now substitute in the original equation and obtain 
dv 

- 2/ = -Ao - (Ai - Ai)x - {Az - 2A2)x2 - {A 3 - 3A3)x2 

■■■ - {An- nA„)x’> • • • = 0. (8.112) 

This is true for every value of x; therefore we may equate the coefficient 
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of each power of x to zero and we have 

Ao = 0. 

As = 0. (8.113) 

Aa = 0. 

A„ = 0, (ft 5=^ 1). 

This leaves us with 

y = Aix 


which is the general solution and Ai is the constant of integration. 
As a third example, consider the equation 


3 2/ = 0. 

ax 


Write as before 

y = Ao + Ai® + Asx" + AsX® + • • • 

x-^ = Ax.t2 + 2A2X* + SAax^ + • • • 
ax 


(8.114) 


Substituting in the original equation we have 

— — y — — Ao — Aix 4* (Ai — A")^” 
dx 

+ ( 2 A 2 - A3)x=' 4 = 0. (8.115) 

This is an identity in x) therefore we equate the coefficient of each power 
of X to zero and find 


Ao = 0. 
Ai = 0. 
As — 0. 

An = 0 . 


(8.116) 


This gives for a solution 2 / = 0. Now 7 / = 0 does satisfy the given equa- 
tion. It is, in fact, a particular' solution but not the general solution. 

To find what the trouble is in this case let us solve the given equation by 
separating the variables; we have 


dy _ dx 

y x‘ 

This can be integrated now, giving 



(8.117) 


X 


(8.118) 



178 


DIFFERENTIAL EQUATIONS 


8.16 


which can be written 


C 

The general solution can now be written 

y = C e->/L (8.119) 

The difficulty is that the quantity 

g-i/i 

cannot be expressed as a power series; therefore 

C 

cannot be expressed by a power series except for the special case where 
(7 = 0. 

It sometimes happens that the first few coefficients in the series for y 

y = Ao + Aix + A 2 X^ + Aax^ + • • • (8.104) 

are equal to zero. In this case it is simpler to write 

y — x'{A(i + Aix + AiX^ + Asx^ + • • •) (8.120) 

where r, Ao, Ai, etc., are to be determined. In this case it may happen 
that r is not an integer. Therefore the use of equation (8.120) will some- 
times result in a solution where equation (8.104) will not. This method 
[equation (8.120)] is used in Chapter 10 to find a solution of Bessel’s equa- 
tion (see section 10.10). 

PROBLEMS ON CHAPTER 8 

1. Find the differential equation of the family of circles having centers at the 
origin. 

1 2. Find the differential equation of the family of unit circles having centers 
on the X axis. 

3. Find the differential equation of the family of unit circles having centers 
on the y axis. 

4. Find the differential equation of the family of all straight lines. 

5. Find the differential equation of the family of all circles. 

Find the general solution of each of the following equations : 

6. dx xy^ dx — x^ dy = 0 

7. x^ dx A 3y dy = 0 

8. sec X cos^ y dx — 3 cos x sin y dy'='0 

9. xdy — y dx + 4x^ dx = 0 

10. xdy — y dx A iy^ dy — 0 

11. xdy A y dx A Sxy dy = 0 
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{x + 1 )^ 


12 ^ + -2^ 
rfa: ^ ® + 1 

13. {x + :i^)^ + 27?y = Q 


14. xp- + y = 

dx 

15. dx + aP dy — xy dx = 0 

16. (y- — xy) dx + XT dy = 0 

17. (x + y) dx - (x - y) dy = 0 

18. ^ + 3a: = 0 
aar 


19.|2 + ^„0 

dar dx 

ax- dx dx 




+ l "» 


23. Show by substitution that y = e' is a solution of the equation 

(Py .. dy , . „ 

U.,£ + i,.o. 


24. Show that y = d^~ is a solution of the equation in problem 23. 

25. Show that y — 4e^- is a solution of the equation in problem 23. 

26. Show that y = A d^' is a solution of the equation in problem 23 for any 

value of A whatsoever. 

27. Show that y = is a solution of the equation in problem 23. 

28. Show that y = K + M is a solution of the equation in problem 23 

for any value of K and for any value of M. 

29. Show that y = x is a solution of the equation 


dx’ dar 


= 0 . 


30. Show that y = Kx + 5 is a solution of the equation in problem 29.- 

31. Show that y = x e~-- is a solution of the equation 


<Py dy 

— + i^ + iy = 0. 


32. Show that y — Ax e “ + B e is a solution of the equation in problem 
31 for any values of A and B. 
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Find the general solution of each of the following equations: 

37.g + j,-0 


38. 




y = 0 


39. Find the particular solution to problem 33 passing through the points 

X = 0, 2/ = 1; X = 1, 2/ = 0. 

40. Find the particular solution to problem 33 passing through the points 
x' = 0, 2 /_ = 1; X = 1, 2 / = 1. 

41. Find the particular solution to problem 37 passing through the points 

X = 0, 2/ = 1; X = 1, 2/ = 2. 

42. Findjthe particular solution to problem 38 passing through the points 
X = 0, 2/ = 1; x: = 1, 2/ = 2. 



CHAPTER 9 

DIFFERENTIAL EQUATIONS {continued) 

A. CojiPLETE Linear Differentiae Equations with Constant Co- 
efficients 

9.1 Introduction. Consider an equation of the form 

(D" + aiD"-i + • • • + a„_iD + a„)7/ = X (9.1) 

where X is a function of the independent variable a:. To find the general 
solution we have two conditions to fulfill. If y is the general solution, 
it not only satisfies the equation for any value of x but it also contains n 
independent constants of integration, ^ce the equation is of order u. 
Tlie following theorem enables us to consider these two conditions sepa- 
rately for this tjqie of equation. 

Theorem: If ya is a solution of the complete linear differential equation 
(9.1), and yi is a solution of the homogeneous linear differential equation 
obtained by replacing X on the right of equation (9.1) by zero, then y = 
yi + y 2 is a solution of the complete linear differential equation (9.1). 

This theorem can be proved as follows: Substitute y = yi + y 2 in the 
left side of (9.1). We have 

(jD" -j- a]D"~^ + • • • + dn-iD a„) (yi -I yi) 

= (D" -f aiD"-» H 4- a„_iD + a„)yi 

4- (D" aiD”~^ 4” • • ■ + fln-iD 4- (in)ys- (9.2) 

The first term on the right side of equation (9.2) is zero and the second 
term is equal to X by hypothesis. Therefore, yi 4- yn satisfies the given 
equation (9.1). 

The solution of the complete linear differential equation is now replaced 
bj'- the solution of two equations. 

(D" 4- aiD"-i 4 4- o„_iD -f- a„)yi = 0. (9.3) 

(D" 4- 4- • ■ • 4- 4- an)y» = X. (9.4) 

We saw in the preceding chapter how to solve equation (9.3) and obtain yi 
as a function of x containing n constants of integration. Since y = yi 4- yj 
must contain n constants of integration, and since yi contains that msp y, 
yo need not contain an 3 ^ llTien we solve equation (9.4) for y^, we do not 
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look for integration constants, r/i, the solution of equation (9.3), is called 
the complementaiy function and 1 / 2 , the solution of equation (9.4), is 
called a particular solution, or particular integral. 

There are several standard methods of obtaining the particular solution, 
such as repeated integration, partial fractions, undetermined coefidcients, 
variation of parameters, etc. We shall not try to cover all possible 
methods. Therefore, for a more complete treatment, we refer the inter- 
ested student to texts devoted to differential equations. 

9.2 Method of Repeated Integration. This method will always work 
formally. One may be prevented from using it, however, because of 
complicated integrals. 

Let wzi, tm, m%, • • • TWn be the roots of the characteristic equation (9.5) 
of equation (9.3) 

m” -f aim"-* -f h a„_im a„ = 0. (9.5) 

Then the differential equation (9.4) can be VTitten 

(D - mi)(D - m 2 )(Z) — rtij) • ■ ■ {D — m„)yz = X. (9.6) 
Let 

(D - m 2 ) (D - mz) ■■■ (D - m„)y 2 = 2 . (9.7) 

Then equation (9.6) becomes 

{D ~ mi)z = X. (9.8) 

This is a first order equation and can be integrated using an integrating 
factor. Multiply equation (9.8) by 

\ 

1 — — mxz ) e-*"*" = X (9.9) 

Since 

d \ 

— (2 e-""’') = e-”'*" — rriiz 

dx dx 

we have 


2 



dx 


or, finally. 


2 


/ 


_ gmii j g-nii ^2;. 


(9.10) 


(9.11) 


We have omitted the constant of integration in (9.10) and (9.11) since 
it is taken care of in the complementary function. Equations (9.7) and 
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(9.11) give us 

(D - m 2 )(Z> - ms)-- - (D - m„)y 2 = X e-”"^ dx. 

We treat tliis as we did equation (9.6). 

Let 

(D - Vh) • • • (D — Wn)2/2 = w. 

We have then 

(D — m 2 )w = e"“^ J' X dx. 

Comparing this with (9.8), we see we can write the solution 

w = c”"* J' X 6-”"= dx dx. 

The next step would give 

gm,i J' g-m,* gffl.rr J' gmix J' X e”™** dx dx dX. 


(9.12) 

(9.13) 

(9.14) 

(9.15) 

(9.16) 


We have gone far enough to indicate the general rule. It is also e^ddent 
that the integration problem becomes more involved as the order of the 
equation is higher. 


Example. (D- + 7D + I2)xj = 2e-* The complementary function is yi = 
Cl Cn The formula is 


2/2 = 


= e 


= e~ 


J gJi e-3x J 2 . 

Pf 


2e-® dx dx 
2c®^ dx dx 


5 6 “ 15' 


The general solution is 

2/ = Cl + Co 

This example is worked below by the following method. 


9.3 Method of Undetermined Coefficients. Although this method 
cannot alwaj^s be used, it is usually the simplest. It can be employed 
when X on the right of the equation and all its derivatives include only 
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a finite number of forms. For ‘example, suppose X = x^. The first de- 
rivative is 3a;^, the second fix, the third is fi, the fourth and all higher 
derivatives are zero. In this case there are only four forms: x^, x^, x, 
constant. If X = sin x, the first derivative is cos x, the second is —sin x. 
There are only two forms: sin x and cos x. If we have 



^ _ 1 d^X 2 

dx x^ dx^ X® 

Each derivative is a new form and there is an infinite number of forms in 
this case. Hence the present method cannot be used. It wdll be found 
that this method can be used where X is made up of sums and products 
of terms such as 

x'*, e”"", sin gx, cos ux, 

where li is zero or a positive integer and p, g, and u are any constants. 

The method consists of taking all the forms in X and all the forms that 
can be found by differentiation, multiplying each form by a coefficient to 
be determined, and substituting the sum for 3/2 in the equation. The 
result is an identity in x; therefore, the coefficients of corresponding terms 
on both sides of the equal sign can be equated. This procedure will give 
a set of simultaneous algebraic equations from which the undetermined 
coefficients can be evaluated. We shall illustrate Mith several examples. 

Example 1. -f- 7Z) -f- \2)y = 2e^*. The complementary function is 

found to be 2/1 = Ci -f- C2 
Let 

2/2 = 4 
Dy2 = 2A er^ 

7Z>2/2 = 14A 
Z)^2/2 44 

(4A + 144 -b 12 A) 

30A = 2 
4 = ^ 

The general solution is y = Ci + C2 

Example 2. (D* -f Z) — I2)y = x cU The complementary fimction is 

2/1 = Cl + Ci e-^*. 

Let 

2/2 = 4ix -b 42 e* 

Dyz = 4ix -b 4i e"' -b 42 
D'^yi = 4iX e* + 2Ai -b 42 e* 

(4ix e"' -b 2Ai c’' -b 42 e=^) + (Aix + Ai c* + 42 e^) - 12 (Aix -b 42 = x 

(4i -b 4i — 12Ai)x -b (2Ai -b 42 -b 4i -b A 2 — 12A2)e’' = x e* 
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Therefore, 

-lOAi = 1 


3Ai - lOAo = 0 


10 

A — ^ 

* “ 10 “ 100 


The general solution is 

y = Cl + Cz - O.lx - 0.03e^. 

Example 3. {D- + oD + 6)y = sr + x. The complementarj^ function is 

yi = Cl e~-^ + Co e“®*. 

Let 

j/o = Ai3^ -}- Aox -p Az 
Dyn = 2Aix -}- Az 
T)~yz ~ 2Ai 

2Ai + 5(2AiX + Ao) + 6(jliar + Azx + As) = + a; 

6 Aiar + (lOAi + 6 A 2 )a; + (2Ai + SAo + 6 A 3 ) = + a: 


Therefore, 


6Ai = 1 
lOAi + 6 A 0 = 1 
2 Ai + 5A2 + 6A3 = 0 



The general solution is 


y^Cie =x + (72e-^- + ^-| + ^ 


1 

9 


9.4 Superposition Theorem. The following theorem is valuable in 
that its use tends to reduce the chances of making numerical mistakes 
while evaluating the coefficients. 

Theorem : If 7/2 satisfies the differential equation 

(D" + aiD"-^ d b a„_iD + On)?/" = Xz (9.17) 

and if ys satisfies the equation 

(D’> + aiD"-i d b a„_,r> + a^)xjz = Xz (9.18) 

then y = 7/2 + 2/3 will satisfy the equation 

(D” + aiD”~^ + • • • + On-iT? + a„)y = X 2 + Xs. (9.19) 

This theorem can be proved by substituting y = ya + ys in equation 
(9.19) and then using equations (9.17) and (9.18) to show that (9.19) is 
satisfied. 
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Example 4. (D^ + 5D + Q)y = + s. We have already done part 

of the work in example 3, section 9.3. All we need do now is to let 2/3 = A4 

4A4 (?^ + IOA4 6==“= + 6A4 

2OA4 = 1 



Therefore the general solution is 

Note that the superposition principle is not used in cases like example 3, where 
X = 0 ? nor would it be used for X = sin rr + 3 cos a: nor Z = sin a: + 
cos X. It would be used, however, for X = e"' sin a: + cos x. 

9.6 Exceptions. There are some cases where the method already dis- 
cussed must be varied. Suppose we use the above method to solve the 
equation (D^ -|- 3D 4- 2)j/ = Not knowing that this is a special case 

we let yi = A and substitute Dy-i = —2A = 4A 

Therefore, we have (AA — 6A -t- 2A) = e~^ or 0 = 1. If we had ob- 

tained the complementary function first, yi = Ci e“* -|- Ci as is done 
in each example above, we would see that the term on the right of the equa- 
tion is the same as one term in the complementary function and would 
know that we have a special case. The way out of the difficulty is'to let 
2/2 = Ax then Dj/2 = —2Ax = AAx — 4A e~^^. 

Therefore, when we substitute, we have 

(4A.a: 6“^* - 44 e-^^) -f 3(-2Ax e”-"' + A e-^^) -f 2Ax = e-^*, 
(44 - 64. + 24)x -t- (-44 4- 34) = e-2*. 

Therefore, —4 = 1 or 4 = —1, and the general solution is 
y = Cl e-’- 4- Cl - x e-^^. 

The rule to follow for the special cases is really very simple after a few 
practice problems have been worked. If some term in X on the right of 
equation (9.1) is of the form x’‘e^^, where h is zero or a positive integer 
and p is a root of the characteristic equation, then include x'‘+i in 1/2 
and omit if p is a simple root. Include e”"', and of course 
and omit x and in p2 if p is a double root, etc. The first and third 
examples which follow are interesting in that p = 0. The same rule 
applies when p is complex; see the fourth example. 

Example 1. (D^ 4- 2D)y — 4. The complementary function is pi = Ci 4- 

C2 Let 2/2 = 4x; then Dy^ = 4, D^yn = 0, and we have 

0 -b 24 = 4 or 4=2. 

The general solution is 2/ = Ci -f- (72 b~-^ 4- 2i. 
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Example 2. (D- + 4D + i)rj = c--'. The complementar}’ function hji = 

Cl e~-- + C«x c~-~. Let — .-l.'jr c~~, Dy« = —2^12^ c~-- + 2Ax e~~~, = 

4-4ar c~-~ — S.4i c~-- + 2J. e~-". Substituting, we liaA'e (44 — 84 + 44 )r- e~'* 
— (84 - S4)x e-“ + 24 e-*- = 6“-. Therefore, 4. = 0.5 and the general 
solution h y — C\ e~-^ + C^x e"-* + 0.5 ar e~--. 

Example 3. (f>* + ■LD^)y = ar. The complementary function is yi = 

Cl + Cs + Csx + Cior. Let y^ = Aix^ + A^x^ A- AsxL 

= 604iar + 2442X + 643. 

ZAiji = 120.4ix + 244;. 

Substituting, we haA-e 

2404iar + (1204i + 9642)x + (244; + 244.3) = ar. 


Therefore, 


2404i = 1 
1204i + 964; = 0 
244; 4* 244.3 ~ 0 


4i=-^ 
^ 240 

4 « = — 
- 192 

4 =-i- 
" 192 


The general solution is 


y 


Cl c~'~ 4- C; 4“ C3X 4” CiX~ 4" 


I _£i 

192 192 240 ’ 


Example 4, (D- 4- 4)y = sin2.r. The complementar}- function is 

iji = Cl sin 2x 4- C; cos 2x. 


j/2 = 4ix sin 2x 4- 4.2X cos 2x 
C(/2 = 24ix cos 2x 4- 4i sin 2x — 2-4;x sin 2x 4* -42 cos 2x 
D-ys = — 44.1X sin 2x -r44i cos 2x — 44 2X cos 2x — 440 sin 2x 
(D- 4- A)y = — 44ix sin 2x 4- 44.i cos 2x — 4.4 ;x cos 2x — 44.2 sin 2x 

4- 44ix sin 2x 4- 442X cos 2x = sin 2x 


or 

44.1 cos 2x — 4.4; sin 2x = sin 2x. 

Therefore, 

4i = 0, 4; = -0.25. 

The general solution is p = Ci sin 2x 4- C; cos 2x — 0.25x cos 2x. 


B. SrMXJLTAXEOtrs Linear Differential Equations av i t h Con5t.ant 
Coefficients. 

9.6 Introduction. In problems where there are several dependent 
A'ariables and one independent A'ariable we maybe able to relate the seA'eral 
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variables to one another by means of linear differential equations. In- 
deed, this is commonly the case in electric circuit problems where the 
currents in the various branches are dependent variables and time is the 
independent variable. The procedure suggested is a generalization of the 
method for one equation. Since the procedure is rather long it is better to 
work a problem and describe the necessary steps as the problem is solved 

rather than to list the rules and then apply them. 

9.7 Method for Simultaneous Homogeneous Equations, 
following set of simultaneous equations: 

Consider the 


(9.20) 

^ + 5»-2«-0, 

(9.21) 

X + y + z = 0. 

(9.22) 

Make the following substitution; x = X\ e’"', y — Yi e”', z - 
have 

= Zi e"'. We 

mXi e”“ + 2Xi e”** — 2Zi = 0, 

(9.23) 

?nYi e’^' + 571 e"*' - 2Zi e”' = 0, 

(9.24) 

Xi e”‘ -b 7i e«' + Zi e"' = 0. 

(9.25) 

These equations can be divided through by e”'. 


(m + 2)X, - 2Zi = 0, 

(9.26) 

(m -b 5)7i - 2Zi = 0, 

(9.27) 

Xi -b 7i -b Zi = 0. 

(9.28) 

These are three homogeneous algebraic equations in three unknovms. 
Unless the determinant of the coefficients is zero, Xi, Yi, and Zi must all 

be zero. Let us see if we can make the determinant zero. 


(m -b 2) 0 —2 


0 (m -b 5) -2 = 0. 

1 1 1 

(9.29) 

When we expand the determinant symbol, equation (9.29) becomes 

+ llm -b 24 = 0. 

(9.30) 

This equation is the characteristic equation of the set of simultaneous 
equations. Since it is of the second degree our set of differential equations 

is of the second order, and we expect two arbitrary constants 
solution. 

in the general 
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Since the roots of equation (9.30) are -3 and -8, expressions of the 
form X = Zi e-3‘, y = Yi e-®',' s = and x = Xi e~^‘, y = Y 2 e~®', 

z = Z2 e"*‘ should satisfy equations (9.20) to (9.22). If we substitute 
X = Xi y = Yi e~^‘, z = Zi in equations (9.20) to (9.22), we have 


-3Zi e-s' + 2Zi c-=>‘ - 2Zi = 0, 

(9.31) 

-37i e-s‘ + 5Yi e-»‘ - 2Z, = 0, 

(9.32) 

Zi e-3‘ + F, c-®' + Zi = 0. 

(9.33) 

If we now divide through by e“®‘, we have 

-Zi - 2Zi = 0, 

(9.34) 

2Fi - 2Zi = 0, 

(9.35) 

Zi + Fi + Zi = 0. 

(9.36) 


The determinant of the coefficients 

-1 0 -2 
0 2-2 
1 1 1 


is of rank 2. We can solve for Zi and 7i in terms of Zi and obtain 


Zi = -2Zi, 

(9.37) 

II 

(9.38) 

Therefore, a solution of the given equations is 


X — — 2Zi e~*‘ 

(9.39) 

y = Zi e-*‘, 

(9.40) 

z — Zi e“*‘ . 

(9.41) 

Similarly, if we substitute x = Z2 e~®', y = F2 e“®', z = Z^e- 
(9.20) to (9.22), we have 

in equations 

-8Z2 e-s' + 2Z2 - 2Z2 = 0, 

(9.42) 

-8F2 e-s' + 5F2 e-s' - 2Z2 = 0, 

(9.43) 

Z2 e-s' + Fa e-8' + Z2 e'*' = 0. 

(9.44) 

These can be diidded by e~®', giving 


6Z 2 — 2Z2 — 0, 

(9.45) 

— 3F2 — 2Z2 = 0, 

(9.46) 

Z2 + Fa + Z2 = 0. 

(9.47) 
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The determinant of the coefiBcients 

-6 0 -2 
0 -3 -2 
111 

is of rank 2. We can solve for and Fs in terms of Z^. 


X, = -1^2, (9.48) 

F2 = -IZ 2 . (9.49) 

Therefore, a solution of the given equations is 

x=-lZie-^‘, (9.50) 

2/=-P2e-«‘, (9.51) 

z = Zi e-«‘. (9.52) 

Since the given equations are linear, a sum of two solutions is a solution. 
We have for the general solution 

x= -2Zi e-=“ - iZi e-8', (9.53) 

2/ = fZse-s', (9.54) 

2 = Zi e-^‘ + Zi e-8‘. (9.55) 


The constants Zj, and Z 2 are the two integration constants which we expect 
to find in the general solution of a second order set of differential e()uations. 

9.8 Multiple Roots of the Characteristic Equation. We saw that, in the 
case of a single equation, multiple roots of the characteristic equation 
called for special consideration. We find that multiple roots of the char- 
acteristic equation of a set of simultaneous differential equations also re- 
quire special study. 

The rules to follow are (1) If, when we substitute the multiple root into 
the equations, the determinant of the coefficients is of rank one less than 
the order of the determinant, we treat the problem just as we did for one 
equation, i.e., use e”“ and t e"'; (2) If the rank of the determinant is 2 less 
than the order of the determinant when we substitute a double root, we 
use only e"“ and the double root will be taken care of automatically. It 
is apparent that there are many possible situations that may arise. We 
present examples of the two possible cases of a double root. 

Example 1. 

da; 

+ +2x-6y = 0. 


6y — 30 = 0. 
X + y -f 0 = 0. 


(9.56) 

(9.57) 

(9.58) 
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These equations can be written in operator form if preferred. 

(D2 + 4D + 2)x -6y = 0, (9.59) 

6tj -3z = 0. (9.60) 

a: + 2/ + z = 0. (9.61) 

First substitute x = Xi e”', y = Yi e™', z = Zi e”', and then divide by e”“, 
giving 

(m2 + 4m + 2)Xi - 6Fi = 0, (9.62) 

6Fi - 3Zi = 0, (9.63) 

Xi+Yi+Zi = Q. (9.64) 

The characteristic equation is obtained from the coefRcients of equations (9.62) 
to (9.64) by equating the determinant of the coefficients to zero. 

(m2 + 4m + 2) —6 0 

0 6 -3 = 0. (9.65) 

1 1 1 

On expansion of the determinant symbol, this equation is 

m2 + 4m + 4 = 0. (9.66) 

Again we have a second order sj’^stem of equations. Equation (9.66) has a double 
root, —2. 

Substitute x = Xi e~^‘, y = Y\ e~^‘, z = Zi e~^‘ in equations (9.56) to (9.58) 
and obtain 


4Zi e-2‘ - SZi e-2' + 2Zi e-2« - 6 Fj e-2» = 0, (9.67) 

6Fie-2< - 3Zie-2' = 0, (9.68) 

Zi e-2‘ + Fi e-2« + Zi e-2< = q. (9.69) 

These equations, when divided by e~^‘, become 

-2Zi - 6Fi =^0, (9.70) 

6Fi - 3Zi = 0, (9.71) 

■^1 + Fi + Zi = 0. (9.72) 


The determinant of the coefficients 

-2 -6 0 

0 6-3 

1 1 1 

is of rank 2. We can solve for Zi and Zi in terms of Fi. 


-^1'= ~3Fi. (973) 

Zi = 2Fi. (974) 

A solution of the given equations is 

a;=- 3 Fie- 2 ‘, (975) 

2/ = Fi e-2‘, (9 7Q) 
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Since our third order determinant was of rank 2, we must next substitute 

X = X^t e~^‘, 
y = 

2 = Z2i e 

in the original equations; we require 

Dx = -2Z2< 6-2' + X 2 6-2', 

D^X = iX2t 6-2' - 4 X 2 6-2'. 

Equation (9.56) becomes 

4X2< 6-2' - 4 X 2 6-2' - SXaf 6-2' + 4X2 6-2' + 2X2« 6-2' - 6Y2t 6-2' = 0, 

-2X2f 6-2' - 6F2< 6-2' = 0. (9.78) 


Equations (9.57) and (9.58) become"] 

6 F2« 6-2' - SZit 6-2' = 0, (9.79) 

Xii 6-2' + F2< 6-2' + Z2i 6-2' = 0. (9.80) 

T^Tien we divide equations (9.78) to (9.80) by t e~^‘, we have 

- 2 X 2 - 6 F 2 = 0, (9.81) 

6 F 2 - 3 X 2 = 0, (9.82) 

X 2 + F 2 +X 2 = 0. (9.83) 

The determinant of the coefficients 

I -2 -6 0 I 

0 6-3 


I 1 1 1 I 

is of rank 2. We can solve for X 2 andX 2 in terms of F 2 and obtain 


X 2 = - 3 F 2 , (9.84) 

Z 2 = 2 F 2 . (9.85) 

A solution of the equations is 

x=-3F2fe-2', (9.86) 

y = Y 21 6-2', (9.87) 

z=2F2(c-2'. (9.88) 

The general solution of the set of simultaneous equations is 

X = -3Fi 6-2' - 3F2f 6-2', (9.89) 

2/ = Fi 6-2' + F2f 6-2', (9.90) 

3 = 2 Fi 6-2' + 2 Y2i 6-2'. (9.91 ) 


Fi and F 2 are the two constants of integration required by a second order set of 
equations. 
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Example 2. 

(D + 2)x - (2D + 4)7/ = 0. (9.92) 

(D + 2)x - {3D + 6)2 = 0. (9.93) 

a: + 7/ + 2 = 0. (9.94) 

As before, substitute a: = Xi e"“, y = Yi z = Zi e”'. We have, after 

(li^^dmg by e”'‘, 

(m + 2)Zi - (2771 + 4) Fi = 0, (9.95) 

{m + 2)Xi - {3m + 6)Zi = 0, (9.96) 

Xi+Yi+Zi = 0. (9.97) 

The characteristic equation is obtained from the coefficients of equations 
(9.95) to (9.97) as 

{m + 2) — (2777 + 4) 0 

(?7i + 2) 0 - (3771 + 6) = 0. (9.98) 

I I 1 

On expansion of the determinant symbol, this equation becomes 

777=* + 4777 + 4 = 0. (9.99) 

We have a second order set of equations and the characteristic equation has a 
double root —2. Substitute x = Xi y = Yi e~^*, z = Zi e~^‘ in equations 
(9.92) to (9.94) and we obtain 

(-2 + 2)Xi - (-4 + 4) Yi e-2* = 0, (9.100) 

(-2 + 2)Xi e-^< - (-6 + 6)Zi e"**' = 0, (9.101) 

+ Fi + Zi = 0. (9.102) 

If these are divided by e~-‘, we have 

OXi + OFi + OZi = 0, (9.103) 

OXi + OFi + OZi = 0, (9.104) 

^1 + Yi+Zi = 0. (9.105) 

The determinant of the coefficients is 

0 0 0 
0 0 0 
1 1 1 

and is of rank one. We can solve for one unknown in terms of the other two. 

Xi = -{Yi+Zi). 

The general solution of the set of equations is 

x= -(Fi+Zi)e-=', 

7/ = Yi 
2 = c-2'. 


(9.106) 

(9.107) 

(9.108) 
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4. (D^ + ZB)y = cosh 2x 

6. + 2D^ — D — 2)y = + e* + x sin 2z 

6. {D^ + 5D-)y — sink 3x 

7. (D* + 3D3 + 3D2 + D)y = e^ + e-^ + 

8. {D^ -AD‘^ + 3D + 2)y = e®* 

9. (D’ - 2D2 + 5D + 26)2/ = sin 2x 


Find the general solution of the following sets of simultaneous equations. 


10 . 


12 . 


’ d?x 
(Py 


de 


— 6x + 2?/ = 0 

— 72/ + 3x = 0 
~ 6x + 22 / = e' 

— 7// + 3x = sin 3f 


11 . < 


13 . { 


f d^x 
dl^ 
dhj 

de 

( dx 
dt 

di 


— 6x -{- 2y = i 

- 7y + 3x = 2t + 4 
+ 3x — 122/ = i 

+ 32/ + 3x = sin 2t 



CHAPTER 10 

GAMMA FUNCTIONS AND BESSEL’S FUNCTIONS 

10.1 Introduction. If a hea^^ chain is supported at one end and is 
permitted to suing as a pendulum, the motion cannot be expressed in 
simple functions like pourers, exponentials, logarithms, and trigonometric 
functions. When a mathematical analj^sis is made, the following equation 
is obtained. 



+ = 0 . 

ax 


The same tj’pe of equation is obtained when problems are worked in- 
vohing round uires, shafts, round diaphragms, and other objects that are 
round in section. The importance of the problem for round wires, etc., 
makes it worth while for the engineer to be able to solve the above equation. 

The equation above is one form of Bessel’s equation. Its solution is 
written formally in tenns of Bessel’s functions, and therefore we must 
determine what Bessel’s functions are and how to use them. It is desirable, 
however, to study the factorial function and the gamma function before 
considering Bessel’s functions. 

10.2 Factorial Function. The factorial function n\ is d efi ned, for a 
positive integer > 1, as the continued product of the first n positive inte- 
geis. Thus, 2! = 2*1, 3! = 3- 2-l, etc. In general, we have 


7!! = n{n - l)(7i - 2){n — 3) • • - 3 • 2 • 1 

= 7Z[(77 - l)(7l - 2) • • - 3 • 2 • 1] = 7?(7l - 1)! 

This relation enables us to define two special cases not covered by the 
definition given above. If we let tj = 2 in 

(71 -1)1 = - 


we have 


1 ! 


2-1 

2 


= 1 . 
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Now, let n = 1 and we have 



The numerical values of n\ are tabulated for a few values of n in Table X-1. 


n 

0 

1 

2 

3 

4 


TABLE X-1 

ji! n n! 

1 5 120 

1 6 720 

2 7 5040 

0 8 40,320 

24 9 362,880 


10.3 Gamma Function. The gamma function is a sort of generalization 
of the factorial fimction. The gamma function r(n) is defined for any 
real value of n except zero and negative integer values. If n is a positive 
integer we shall find that r(n) = (n — 1)! It may seem unfortunate at 
first that the “ minus one ” appears in this equation, but it offers no real 
difficulty. 

Definition. The gamma function is defined by the following definite 
integral; 

r(n) = J z''-^e-‘dz n > 0. (10.1) 

For n = 1, we have r(l) = J" e~^dz = 


~ “150 

— e~* = 

Jo 


-0 1 = 1 . 


10.4 In order to investigate the properties of the gamma function we 
shall first consider the integration by parts of the following integral: 

I 3 "“! e~^dz = I udv = uv\ — f vdu ( 10 . 2 ) 

Jo Jo lo Jo 

Let = u and e"* dz = dv; then du = {n — l)z”~^ dz and v = —e~‘. 

f z"~^ e~^ dz = — z"”* — f — l)z’‘~^ dz (10.3) 

Jo |o t/ 0 


= — i"-* e"' + (n — 1) J' z"-^ e~‘ 


dz 


(10.30 


We shall show that, as t becomes large, er' approaches zero. To do 
this we show that, as i is made large, 
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approaches infinity. MacLaurin’s series for is 


p. p 

e^ = l + t + - + - + 




(10.4) 


For any value of n — 1, there is a term in the series 


i!! 

m\ 


such that m > 71 - 1. Therefore, we write 
e' 


^ = J- + — + — i— 

p-i p-i p-i 2\V'-^ 


+ 


4in—n+l 

+ - — j — h 

771 ! 


(10.5) 


Since 7 n> 7 i-l, 7W-7i + lis larger than 0, and t vfith this quantity as 
an exponent 


approaches infinity as t approaches infinity. Therefore, if we let i approach 
infinity in equation (10.3'), we have 

r( 7 i) = J e-‘ dz = (n — 1) J' e-' dz. (10.6) 

We recognize the second integral in equation (10.6) as r(7i — 1). There- 
fore, we have shovoi that 


r(7i) = (ti — l)r(7i — 1). 


From equation (10.7), we have 


■r(7i) 


r(7i + 1) 
n 


(10.7) 

(10.70 


10.6 Equation 10.7 enables us to show the relation between the fac- 
torial function and the gamma function of a positive integer. Repeated 
use of equation (10.7) gives us, if ti is a positive integer, 

r(7!) = (ti — l)r(7i — 1) = (tt — l)(n. — 2)r(7i — 2) 

= (77- l)(7i-2)(7i-3)---3-2-l-r(l) = (ti - 1)1 r(l). 

Since it was shown in section 10.3 that r(l) = 1, we have F (ti) = (ti — 1)! 
if Ti is a positive integer. 

Values for F (ti), for values of n between 1 and 2, will be found in Dvdght’s 
“ Tables of Integrals and other Mathematical Data,” Macmillan Com- 
pany and values of the logarithms of F(ti) mil be found in Peirce’s 
“ A Short Table of Integrals,” Ginn and Company. 
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luiowing r(70 for values of n between 1 and 2 , we can compute r(n) 
for any positive value of n with the aid of equation (10.7) or (10.7'). 

r(3.2) = 2 . 2 r( 2 . 2 ) = ( 2 . 2 )( 1 . 2 )r( 1 . 2 ) 

= (2.2) (1.2) (0.9182) = 2.424. 

r(1.6) 0.8935 


r(0.6) = 


0.6 


0.6 


= 1.489. 


We can extend the definition to include negative values of n, except 
negative integers. Equation (10.7') gives 


r(-0.4) = 


r( 1 . 6 ) 


r(0.6) 

-0.4 ~ (-0.4) (0.6) 


= -3.723. 


The curve in Fig. 10-1 shows the variation of the gamma function. 

10.6 The numerical value of F (0.5) can be determined by the following 
device which depends upon the fact that a definite integral is not a function 
of the variable of integration. The definite integral 

J' xdx = 2 

has the same value whether we write it any of the following ways: 

ydy -= 2, zdz = 2, w dio = 2, J 4>d<j> = 2. 
r(0.5) can be written using the definition equation (10.1) 


r(o 


.5,=/ 

VO 




( 10 . 8 ) 


We can eliminate the fractional exponent by -substituting z = x-; then 
dz = 2x dx and (lO.S) becomes 


r(0.5) = f x-^fr^2xdx = 2 f e-=' dx. 

Jo 


(10.9) 


We have the same limits since, when s = 0, x = 0, and when z = » 
X = 00 . We now change the variable of integration in the last integral. ’ 

r(0.5) = 2 J'Je-^dy. 

K we multiply (10.9) and (10.10), we have 


( 10 . 10 ) 
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This is a surface integral over the area in the first quadrant between the x 
and y axes. If we change to polar coordinates r, d, and the 

element of area dy dx becomes rdddr. Therefore 


[r(0.6)]2 = 4 r r dd dr 

Jo Jo 


( 10 . 12 ) 


— er'^rdr = 7r(— 0 + 1) = tt 


and we have r(0.5) == "v/^. (10.13) 

10.7 Bessel’s Equation. Many problems involving circular construc- 
tions, such as round diaphragms, wires, pipes and tubes, horns, etc., lead 
to a differential equation of the following form : 

2- — + 2^ + ( 2 ^ - n^)y - 0 (10.14) 

dz^ dz 

where n is a number whose value is determined by the particular problem. 
This type of equation is known as Bessel's equation since the first intensive 
study of its solution was made by Bessel. Bessel’s equation is a second 
order homogeneous linear differential equation; therefore, its general 
solution contains two constants of integration. If yi and yi are indepen- 
dent solutions, y = Ciyi 4- C 22/2 is the general solution where Ci and C 2 are 
arbitrary constants. 

10.8 Bessel’s Function. Let 1/1 = J{z) be a particular solution of 
equation (10.14). The form of J ( 2 ) depends on the value of n iu the given 
equation. This dependence of the form of Jiz) on the value of n is in- 
dicated by using a subscript on the functional letter J. If n = 0 in the 
given equation, we write a particular solution yi = <Io(z). If n = 2 in the 
given equation, a particular solution is yi = J^{z). In the general case, a 
particular solution of equation (10.14) is written yi = Jt,{z). This func- 
tion is called Bessel’s function of the first kind of order n. The reason it is 
called the function of the first kind will become evident later. 

A formula is derived in section 10.10 for Jn{z) in terms of n and 2 . 
Values for /„( 2 ) have been computed by mathematicians for certain values 
of n and are tabulated just as values of sin x and log x are listed in trigo- 
nometric tables and tables of logarithms. A few values of and 

Ji{x) are to be found in Table X-2. For a more complete table the 
student is referred to Jahnke-Emde “ Tables of Functions.” 
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10.9 Another Form of Bessel’s Equation. Let z — ax. Then 

d\j dy dx _ 1 dy 
dz dx dz a dx 

d-y ^ 1 dy 
dz" a- dx- 

Substituting in equation (10.14), we have 

x-p{ + x^+ - n")y = 0. (10.15) 

dx- dx 

If yi = /n(z) is a solution of equation (10.14), yi = J„(ax) is a solution of 
equation (10.15). Equation (10.14) can be considered as a special case 
of equation (10.15). 

10.10 A Solution of Bessel’s Equation. In order to derive an expres- 
sion for yi in terms of z to satisfy equation (10.14), we make the following 
substitution ; 

yi = aoz' -f- + UiZ’^- -}-••• where Oo 0 (10.16) 

and find what values of r, Oo, oi, etc., will make this expression for yi 
satisfy the equation. 

Differentiating (10.16), we have 

^ = raoz’“^ + (r -[- l)aiz’’ -f (r -f 2)022’+^ -!-•••, (10.17) 

^ = r(r - l)aoS'~- + (r -f l)roiZ’“i 
dz- 

-f (r 4- 2) (r -f l)a2S'- -| . ■ (10.18) 

Substituting these expressions into (10.14), we obtain a power series 

Ads'- 4- Aiz’+i 4- 4 (10.19) 

where 

Aq = Gor(r — 1 ) 4- Oor — 

Ai = ai(r 4- 1)?* 4- ai{r -}- 1) — n^ai 

A 2 — a2(r 4* 2) (r 4“ 1) 4" 02(r 4~ 2) 4" Go — n-a^ 

As = G3(r 4~ 3) (r 4" 2) 4- osCr 4- 3) 4- ai — tx^Gj 

Ai — ai{r 4" 4) (r 4" 3) 4" ai{r 4- 4) -}■ 02 — 71^04 


A„ = a„{r 4- m)(r 4- m - 1) 4- a„,{r 4- m) 4- 
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These expressions simplify to 

-Ao = ao(r= — n°) 

A, = a,[(r + 1)2 - n2] 

Aj = a2[(r + 2)2 — n^] + oo 
A, = a3[(r + 3)2 - + a. 

A 4 = a4[(r + 4)2 — n2l + 


A„ = amf(r + m)- — 71=] + a^-z 

If 2/i is a solution of equation (10.14), the power series (10.19) equals 
zero for any value of z whatsoever. Therefore, each coefficient equals zero, 
or Ao = Ai = As = • • • =0. 

If Ao = ao(r2 — n2) = 0, while Oo ^ 0, then r- = n*. Then, since 
Ai = ai(2r + 1) = 0, ai =-0 except for the special case where = 0.25 
so that r can be equal to —0.5. We shall consider the general case now and 
therefore make ai = 0. At first this seems as though we are neglecting a 
possible solution. In the following section we consider the special case 
where ri^ = 0.25 to show that we lose nothing by assuming in general that 
a: = 0. 

At = a2[r2 + 4r + 4 — n2] d- Oo = 0. 


at = 


Oo 


4(r + 1) 

As = 03(72 + fir + 9 — n2) + oi = 0. 

If Oi = 0, Os = 0 unless r = —1.5. This special case is included in the 
general case if we make 03 = 0. (See the following section.) In general 
all the o’s with odd subscripts are made zero. 

A4 = 04(72 + 87 + 16 — 7 i 2) -j- 02 = 0 


G4 — — 


Qo 


8(7 + 2) 4-8(7+ 1)(7 + 2) 

Ae = 00(72 + 12r + 36 — n^) + 04 = 0 

CI4 — Qo 


Oe = -“ 


12(7 + 3) 4-8- 12(r + 1)(7 + 2)(7 + 3) 

(-l)’a. 


2^31(7+ 1)(7 + 2)(7 + 3) 

The general formula for the a’s with even subscripts is 

(—1)^00 


an = 


22'-A!(7 + l)(r + 2) • - • (r + Ifc) 


( 10 . 20 ) 
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and oo is a^bit^a^J^ Since each coefficient is proportional to Oo, the solu- 
tion 7/1 is proportional to ao. 'Novr, since t/i times any constant is a solution 
(Bessel’s equation is a linear homogeneous differential equation), we can 
assign to co an}’- value that we find convenient. It is customary to let 


Oo = 


1 

2’T(r + 1) * 


Then, equation (10.20) becomes 




(-1)^ 

r(r -f /: 4- 1) * 


( 10 . 21 ) 


Since r- = n-, we can have r = n or — n. If r = 77 , not an integer, we have 


« l-^k^n+ik 

7/1 = J„(2) = + k + 1 )' 


( 10 . 22 ) 


If we let r == —n, not an integer, we have 

I/O = J_„ (z) - 2^2-’'+2*A-!.r(-7i + k + l)' 


(10.23) 


2/1 and y« as defined in equations (10.22) and (10.23) will each satisfy equa- 
tion (10.14). Furthermore, t/i is not a multiple of 7/2 when n is not an 
hiteger (the first term in 7/1 contains s" while the fimt term in 7/2 contains 
2 ""). Therefore 

y = Ci7/i + Ciyi = CiJ„( 2 ) -f C 2 J-n{z) (10.24) 


is the general solution of equation (10.14). 

If 77 is zero or a positive integer, we can write equation (10.22) as 


Jniz) = 


ce 

s 

fc=0 


(__l)*2n+2i 
2"+2'tA-! (71 -f A)!’ 


(10.25) 


Since (A — 7?)! is not defined for A < n, equation (10.23) is meaningless if 
we make 7i a positive integer. However, as 7? approaches a positive integer 
iV, the fii-st N terms approach zero. We omit the first n terms, which are 
the only terms which would contain the factorial of a negative integer, and 
when 77 is"a positive integer define J-n{z) as 

J-. ( 2 ) = 2—+^-i^k\{-n + k )[ ' (10.26) 

Let k = n s 


J-.(2) 


E 

3=0 


(— 1)»(— l)'‘2"'*‘-' 
2 "+-’ (77 + s)!s! 


(-1)'>J„(2). 


(10.27) 
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Therefore, if w is an integer, /„(z) and J-„{z) are not independent solu- 
tions, and some other device must be employed to obtain the general solu- 
tion. 

If n is an integer, the general solution is written 

y = -t- CailfnCz). (10.28) 

Nn{z) is known as Bessel’s function of order n of the second kind. We 
shall not derive an expression for Nn{z) at this time. 

10.11 Special Case, -f- 0.25. We shall now consider the special case 
where = 0.25. In this case if r = —0.5 Oi need not be zero and we have 


asi&r -[- 9) 

o 

II 

+ 


— Oi 

_ —Oi _ 

— Oi 

3(2r-i-3) 

“ 6 “ 

3! ’ 

a5(10r -}- 25) -}- as — 

0, 

— 03 

_ _ 

Oi 

5(2r + 5) 

~ 5-4“ 

51* 

a7(14r -b 49) -b Os = 

0, 

-06 

_ _ 

-Oi 

7(2r -b 7) 

7- 6 “ 

7! 


We also have, when r = —0.5, 

— flo 

a2 = — . 


04 


— 02 Go 

3~^ "" il’ 


Ge 


— G4 — Go 

5^ "" 


Therefore, for our general solution in this case, we have 


2/1 


2*1. i 


+ IT” 


-b 0,1 


6 ! 


+ 


["■••-fr 


S g4.5 


71 


+ 


(10.29) 
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containing two arbitrary constants. If we now let r = 0.5, we have 




-Qo 

2-3 


— flo 


3! 


j 




— 02 
.4-5 


Oo 


Ce 


—Oj 

6-7 



This gives for a solution 


2/2 = Oo 



- 2.5 


4.5 


3! 5! 



(10.30) 


Although it seemed as though we had lost the second part of (10.29) by 
making oi = 0, it is now e^ddent that we have it in (10.30). 



10.12 Bessel’s Function of the First Kind of Order Zero. Jo( 2 ) is quite 

frequently met in engineering problems. In this case (10.25) becomes 


Jo(z) = 


00 


E 

i=0 


{-lyz^h 

2"\kiy 


(10.31) 


= 1 h 1 = '• . 

2 “ 2 ‘ 4 ?- 2 = 4 ^ 6 - 22426=82 

The graph of this function for real values of z is like a cosine curve which 
tapers off as it goes from z = 0; see Fig. 10-2. It is shown in a later 
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chapter that a circular drum head or diaphragm can vibrate so that a sec- 
tion through the center of the circle would have displacements proportional 
to the ordinates of the curve for Jo(z). 


TABtE X-2 


X 

her X 

bei X 

her' I 

bei'i 

Jo(x) 

/i(x; 

X 

0 0 

1 0000 

0 0000 

0 0000 

0 0000 

1 0000 

0 0000 

0 0 

0 5 

0 9990 

0 0625 

-0 0078 

0 2499 

0 9385 

0 2423 

0 5 

1 0 

0 9844 

0 2496 

-0 0624 

0 4974 

0 7652 

0 4401 

1 0 

1 5 

0 9211 

0 5576 

-0 2100 

0 7302 

0 5118 

0 5579 

1 5 

2 0 

0 7517 

0 9723 

-0 4931 

0 9170 

0 2239 

0 5767 

2 0 

2 5 

0 4000 

1 4572 

-0 9436 

0 9983 

-0 0484 

0 4971 

2 5 

3 0 

-0 2214 

1 9376 

-1 570 

0 8805 

-0 2601 

0 3391 

3 0 

3 5 

-1 194 

2 2832 

-2 336 

0 4353 

-0 3801 

0 1374 

3 5 

4 0 

-2 563 

2 2927 

-3 135 

-0 491 

-0 3971 

-0 0660 

4 0 

4 5 

-4 299 

1 686 

-3 754 

-2 053 

-0 3205 

-0 2311 

4 5 

5 0 

-6 230 

0 116 

-3 845 

-4 354 

-0 1776 

-0 3276 

5 0 

5 5 

-7 974 

-2 789 

-2 907 

-7 373 

-0 0068 

-0 3414 

5 5 

6 0 

-8 858 

-7 335 

-0 293 

-10 846 

0 1506 

-0 2767 

6 0 

6 5 

-7 867 

-13 607 

4 717 

-14 129 

0 2601 

-0 1538 

6 5 

7 0 

-3 633 

-21 239 

12 765 

-16 041 

0 3001 

-0 0047 

7 0 

7 6 

5 455 

-29 116 

24 130 

-14 736 

0 2663 

0 1352 

7 5 

8 0 

20 974 

-35 02 

38 31 

-7 680 

0 1717 

0 2346 

8 0 

8 5 

43 94 

-35 30 

53 44 

8 290 

0 0419 

0 2731 

8.5 

9 0 

73 94 

-24 71 

65 60 

36 30 

-0 0903 

0.2435 

9 0 

9 5 

107 95 

3 41 

68 13 

78 68 

-0 1939 

0 1613 

9 5 

10 0 

138 84 

56 37 

51 20 

135 31 

-0 2459 

0 0435 

10 0 


10.13 Zeros of Bessel’s Function. The points where the curve in Fig. 
10-2 passes through zero, i.e., the value of x for which Jo(x) = 0, are very 
important in studying motions of diaphragms. Table X-3 gives the first 
twenty roots of Jo(x) — 0. It will be noticed that the difference between 
the successive values of the roots is very nearly equal to tt for the large 
loots. 


TABLE X-3 


First twenty roots of Jo(x) = 0 


2 40 

18 07 

33 78 

49 48 

5 52 

21 21 

36 92 

52 62 

8 65 

24 35 

40 06 

55 77 

11 79 

27 49 

43 20 

58 91 

14 93 

30 63 

46 34 

62 05 




CHAPTER 12 
VECTOR CALCULUS 


12.1 Point Functions and Fields. If tlie air temperature is measured 
by several people at tbe same time vre would expect some of tbe obsen^ed 
temperatures to be dift’ei'ent from others. The air temperature at an 
instant of time is a function of the position of the point of interest; the 
temperature at am* point depends upon the location of the point. The 
temperatm-e, a scalar, is a scalar point fimction or a scalar field. 

If the obsen’em were measuring wind velocity instead of temperature 
they would note it in miles per hoim in a definite direction. The wind 
velocity, a vector, is at each point a fimction of the location of the point 
and therefore the velocity is a vector point function or a vector field. 

12.2 Derivatives. A scalar point function can be represented as a 
function of the coordinates of the point and perhaps time; the tempera- 
ture of the air depends on the latitude, longitude, altitude, and time and 
is a fimction of four variables 

S ( 12 . 1 ) 

0 is the temperature at a point, x is the latitude, y the longitude, z the 
altitude of the point, and t is the time, d can 
be differentiated with respect to anj' of the vari- 
ables as is done for ani’ ti-pe of scalar quantit 3 ^ 

When a vector point fimction is differentiated 
the result is defined as follows: Let the vector R 
be a fimction of location and time. Let R = Rj 
be the value of the vector at point P and at time 
t.i, and let R = Rb = Rj. -f AR be the value of 
the vector at the same point P at a later instant 
of time -b At. See Fig. 12-1. If the vector 
AR is dmded by At and the ratio is found to 
approach a finite luuit as At approaches zero, this 
limit is by definition the derivative of the vector point function R with 
respect to f at the point P. The sjunbol for the derivative is the same 
for the derivative of a vector field as for scalar derivatives. 

dR AR 

— = lim — • 
di ij-iO At 
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AR 



( 12 . 2 ) 
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If we substitute R = ERi, we have 

dR d{KR.x) ® 

dt ~ dt ~ dt ^ dt' 


(12.3) 


If the magnitude of the vector R is constant, R is constant and 

m 

dt 


0 


and equation (12.3) becomes in this case 


' dR ^ dRi 
dt dt 


(R constant) 


(12.4) 


Referring to Fig. 12-2, if R is constant, the triangle is an isosceles triangle 
and as At approaches zero AR approaches zero, and the angle 6 in Fig. 
12-2 approaches 90°. Therefore, in the limit we find the derivative of 
R is perpendicular to R if iZ is constant. 

Ri is a vector of constant length (imity). Therefore the derivative of 
Ri is perpendicular to Ri and also perpendicular to R. Since 

^^dt 

is parallel to R, we find that the two vectors on the right of equation 
(12.3) are perpendicular to each other. The first vector is perpendicular 
to R and the second one parallel to R. 




If the vector point function R, which depends on three space coordi- 
nates X, y, and z, as well as time t, is differentiated noth respect to x instead 
of t, the results obtained above when we differentiated with respect to t 
still hold true. In Fig. 12-3 the value of R at the point P is R^, the value 
at Q at the same instant of time is Ra, and the distance between P and Q 
is Ax. AR is found by drawing Ra from the same point from which R^ is 
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drawn and the figure obtained is just the same as we had before. The 
derivative is found by finding the limit if it exists of AR divided by Ax 
when Ax approaches zero. 


dR AR 

= lim 

dx Ax 


(12.5) 


/ 12.3 Integration. Integration of vector functions is analogous to 
integration of scalar functions. The line integral 

■.B 

FdS 

'A 


/: 


is defined as follows: Dhdde the path A to B (Fig. 12-4) into a nmnber 
of segments, the longest one being AS. Let Fi be the vector function 



Pig. 12-4 


somewhere in the first intennl A/Si, let Po be the vector function some- 
where in the second segment AS:, etc. The sum of the products of the 
vectors in each segment multiplied by the length of the respective seg- 
ment is 

EFpASp. 

AB 


If tins sum has a limit as AS approaches zero, this limit is by definition 
the integral desired. 



lim EFpASp. 
AS-^OAB 


( 12 . 6 ) 


Surface integrals and volmne integrals are defined by analogous defini- 
tions. The elements are elements of area or volume rather than elements 
of length as for fine integrals. 

^ 12.4 Gradient. Let 9 be the temperature at any point in a bod 3 ^ If 
we set up X, y, and z coordinate axes, 0 is a frmction of x, y, and z. Heat is 
conducted from points of higher temperature to points of lower tempera- 
ture and if we are studjdng the heat flow in a bodj’- we must know how the 
temperatiue varies from point to point. We must consider the space 
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rate of change of the temperature, or temperature gradient. Tempera- 
ture gradient tells how the temperature varies in degrees Centigrade per 
centimeter and in what direction the heat flow w'ould be. The rate of 
temperature change along the x axis is ddjdx, the rate of change in the 
y direction is dB/dy and along the 2 axis is 39 /dz. These partial deriva- 
tives are the three components of the temperature gradient P, and 


„ .39 . 39 39 

P = i {-3 bk — 

3x 3y 3z 


P is the gradient of 9, and this is sometimes written 

P = grad 9. 


A useful abbreviation is arrived at as follows: Let the symbol V (called 
“ del ”) represent an operator 


V = 


.3 .3 3 

1 hj t-k— • 

dx dy 3z 


Then 


/ 3 a 3 \ 39 39 

V3 = (i— -i-j — -l-k-)3 = i— -bj — -f-k 
\dx ^3y dzj 3x ^dy 


dz 


The distributive law holds for finding the gradient. 

V(9 + 4>) = V9 + V<l>. 


The commutative law fails. V6 9V because BV is meaningless. The 
associative law becomes the rule for differentiating a product: V(9ij)) = 
4>V9 -b 0 V 0 . 

As an example of finding the gradient consider a scalar field 9, such that 
9 at each point equals the distance from the origin to the point, ot 9 = r = 
To find grad 9 we proceed as follows: 


grad 9 = V9 


. dr . . dr dr 

1 bj bk — 

dx -’dy 32 


. ^ 

i- + i 

r 


y 

r 



If r is the radius vector of a point, that is, r tells both the distance of a 
point from the origin and the direction as well, 

r = he -b j?/ -b k2, 

Vr = i- + + k- = n. 
r T r 
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It is suggested as an exercise for the student to show that 

Vr" = nr"“‘ri. 

/ 12.5 Divergence. Consider the motion of the air at a point P vdth co- 
ordinates X, y, and z in space. The velocity V of the air has components 
Vz, Vy, and V. parallel to the tliree co- 
ordinate axes. Consider a rectangular 
prism AxAyAz vdth the point P at the 
center. See Fig. 12-5. The upward 
velocity of the air at the center of the 
bottom face of AxAyAz is 



1 

1 

1 

y 

y 

y 

p 



AY 




dVy 
dy 2 ‘ 


AX 


Fig. 12-5 


With Ax and As small there is little error in assuming that this is the aver- 
age upward velocitj’- over the face of the prism. The upward velocity 
on the upper face of the prism is similarly foimd to be 


Vy -f 


QVy 
dy 2 ‘ 


Tlie total volume of air passing through these faces is found multipl 5 dng 
the average velocity expressed above by the area of the face AxAz. Fol- 
lovdng this procedure the total volume of air leaving the prism is found 
to be 




AxAz 


(' 


+ F. 


dV^ Az\ 


The total air entering the prism is 

dVx Aix\ 
dx 2 


F. 


JAt/Az -f 


+ 


(■ an 

\ dy 2 J 

(v - 

\ ■ dz 2/ 


AxAz 


AxAy. 


The total volume of the air leaving, minus the air entering, is 
/dVz 




dy dz ) 


AxAyAz. 
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If this is di^^ded by the volume AxAyAz and the volume is allowed to 
shrink to zero in all directions, we have 


dV. dV„ 3V. 

dx dy dz 


as the increase in the volume of air per unit volume. This is by definition 
the divergence of the air velocity V and is sometimes written div V. The 
divergence of V can also be written V*V since 


\ dx dy dz/ dx dy dz 


The divergence obeys the distributive law. 

V-(V + U) = V-V + v.u 


but of course does not obey the cummutative law, V-V 5 =^ V*V, since V*V 
is meaningless. 

An interesting example of divergence is the case of the vector field r ' 
where the magnitude is everjrwhere equal to the distance to the origin, 
and the direction is away from the origin. 

I + ^ I; + 


^ 12.6 Gauss’ Theorem or the Divergence Theorem. The divergence 
theorem states mathematical!}’' that the total flux leaving a body equals 
the flux that originates inside the body. The divergence is the flux origi- 
nating per xmit volume; therefore, (V*V) dv is the flux originating in the 
elementary volume dv. The integral of this throughout the volume of the 
body 


/ 


V’V dv 


is the total flux originating inside the body. Let n be a \mit vector normal 
to the surface of the bodj^ at point P. Then Vm is the normal component 
of the flux per unit area and V*n da or V*da is the normal flux leaving 
through the elementary area da. Integrating over the entire surface, we 
have 

J V-da 


as the total flux leaving the bod}'. Therefore 

J' V‘V dv = J' V’da. 
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This is a xiseful formula enabling us to replace a volume integral by a sur- 
face integral and ^dce versa. 

12.7 Ciurl. Consider a magnetic field ha-\dng components Hy, and 
Ez at the point P, whose coordinates are x, y, z. Figure 12-6 shows an 
elementarj’- rectangle Aa;A?/ on a plane 
through P perpendicular to the s axis. The 
point P lies at the center of ,the rectangle 
AxAy. The average value of the horizon- 
tal component of the magnetic field along 
AB in Fig. 12-6 is 



A Y 


Hz - 


dHz 
ay 2 * 


Fig. 12-6 


If a unit magnetic pole is moved from A to 5 the work done bj”- the field 
on the pole is 



dHz Ay\ 
— )Ax. 

dy 2 J 


WTien the pole is moved from B to C the work done by the field on the 
pole is 


( 


dHyAx\ 


When the pole is moved from C to D the work done by the field on the 
pole is 




And when the pole is moved from D to A the work done on the pole by the 
field is 




I TJ 


The total work done by the field on the pole during the trip around the 
rectangle AxAy is 


/ dEz , dHy\ 


If this is divided by the area AxAy and the area allowed to shrink to zero 
m all directions, we have 
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as the work done per unit area by the field on a unit pole when the pole 
moves around an elementarj^ area normal to the z axis. 

To get a better picture of what we have, consider two unit iY poles at- 
tached to a short bar with a pivot halfwaj-^ between them. If the pivot 
is held parallel to the z axis, there will be a tendency for the poles to re- 
volve about the pivot, proportional to 

dHy dHx 
, dx dy 

If the pivot is held parallel to the x axis the tendency for rotation can 
be found by a cyclic change of the letters x, y, z and is 

bHx dHy 
dy dz 

The tendency for rotation about the y axis is proportional to 

dHx dHx 
dz dx 


These three quantities tending to produce rotation about the x, y, and 
z axes are the x, y, and z components of the tendency to produce rotation 
about some single axis. That is, the vector 



measures the tendency to produce rotation and indicates the axis about 
which the rotation would take place. The vector P is defined as the curl 
of the vector H. P = curl H. The right-hand side of the above equa- 
tion can be recognized as V x H and we have 


P 


curl H = V xH = 


i 

dx 

Hx 


j 

d 


dlj 

Hy 


k 

dz 


Hx 


It is suggested as an exercise for the student to show that curl r = 0, 
where r is a vector field as described above in the discussion of divergence. 
/ 12.8 Stokes’ Theorem. If VxH is proportional to the tendency to 
produce rotation about a certain axis, n*(VxH) is proportional to the 
tendency to produce rotation about an axis parallel to the imit vector n. 
Now n‘ (V X H) da or (V x H)*da is the work done by the magnetic field on 
a umt pole when it is moved around an elementary area da. normal to n. 
Now consider any area. A, bounded b 3 '- a cunm, C, Fig. 12-7. Draw lines 
cutting the surface A into man 3 ' small areas. If a unit pole is carried 
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around every area in the same direction, during the process the pole will be 
carried both waj’^s on every path other than parts of the curwe C. There- 
fore, the work done on all paths except C 
will cancel out. The work done rvill be 
the work done in going around the closed 
path C, or 


/ 


H-ds. 


The circle on the integral sign indicates 
that the integration is about a closed 
path. 

Since the work done in moving the unit 
pole about the area da is (V xH)*da, the 
srrm of such expressions for all the areas 
of the surface A is 



xH)*da. 


Fig. 12-7 


If the number of dividing lines is increased so that everj’’ da approaches 
zero the sum becomes an integral and we have 



/ 


H-ds. 


This is known as Stokes’ theorem. It enables us to replace a surface 
integral by a line integral, 

^ 12.9 Repeated Use of Operator V. The operator V can be used more 
than once, for example, the gradient of a scalar field is a vector field which 
may have a divergence. The number of possibihties where V is used twice 
are 


1. V* (V0) = div grad 9. 

2. V X (V0) = curl gi-ad 6. 

3. V(V’V) = grad div V. 

4. V*(V xV) = div curl V. 

5. V X (V xV) = curl cmd V. 


d-e d^9 d^-e 

VV0 = — -I 1 = V2fl 

dx- ^ ^ dz^- 


Tills is an important expression that occurs frequently in studies of elec- 
tric and magnetic fields and elasticity. The operator V*V = is called 
the Laplacian. 
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V X (V0). Since the operator V can be treated as an algebraic quantity 
so long as the order of factors is not disturbed, we can use the associative 
law to show V X (V0) = (V xV)0 = 0. 


/a a a\/aF,r aF„ auA 
V(V.V) = + 3 ^ ^ ^ 

\ dx- dxdy dxdzj ^ \dxdy dy^ dydz) 


+ k 


' dW, ^ an^A _ 

^dxdz dydz dz^ ) 


This expression cannot be simplified further. 

V'(V xV). Since V can be treated as an algebraic quantity as long as 
we do not disturb the order of the factors we can interchange the dot and 
cross and we have 

V(VxV) = (VxV)*V = 0. 

V X (V xV). We can use the formula for the triple product on this and 
we have 

V X (V xV) = V(7-V) - (V-V)V. 


The term V(V*V) was considered above. (V*V)V is the Laplacian of V 
and is found to be 


+ k(: 


+ 

a=F. . a^F; 


dy^ azV 


a=FA 


ay= 


dz^ 


y 


12.10 Green’s Theorem. Green’s theorem supplies us with a formula 
that is sometimes verj'’ useful in solving some problems in vector algebra. 
The formula can be obtained by substituting W = C/VF in the divergence 
theorem. 


/ 


V’W dv — 


f 


W-da. 


The suggested substitution requires us to evaluate V'(17VF). To do this 
we recall the rule to differentiate a product: {xy)' = zy' + x'y and we 
have 

V(C7VF) = (V?7)*(VF) + CfV-F. 

The divergence theorem becomes 


iVV)dv+ Ju'^Wdv= J Uiyvyda. 
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If we interchange TJ and V above we have 


J ivvy(yu)dv+ J VV"Udv = J V(vuyda. 

Now the difference of these expressions is known as Green’s theorem and is 
J (t/V-7- VV^-U) dv = J (UVV - WUyda. 


PROBLEMS ON CHAPTER 12 

1. Prove the formulas 

V(t7T') = UVV + VVU. 

V(U-V) = U-W+V-VU + irx{VxV) +Vx(VxU). 

2. Prove the formulas 

V-(f7V) = UV-Y + V-VU. 

V-(UxV) = V-VxU -TJ-VxV. 

3. Prove the formulas 

Vx(t/V) = (VC7)xV+ f/(VxV). 

V X (U X V) = V-VU - IJ-W + UV-V - W-U. 

4. If t/ is a scalar field at each point equal to r", where r is the radius vector 
of the point, find VU. 

6. If 17 is a vector field at each point equal to r"ri, where r is the radius 
vector of the point, find V-U and V x U. 

6. If V-B = 0 everjTvhere, prove 

Vx {Vx[Vx (VxB)]} = V^V^B. 

7. Prove that the volume enclosed bj^ the surface A is equal to 

i f r da 


integrated over the surface A. 

8. If A is a closed surface prove that 


J{V xir)-da = 0, J (VU) xda = 0. 


9. Using the divergence theorem prove 


J’(VU) xV-da = J'(VU)-VxYdv. 


Hint: Expand V-(Vf7xV). 

10, If V is the velocity of a point on a rigid body whose angular velocity is 
£0, show that 


VxV = 2o). 
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STRETCHED STRING AND ROUND DIAPHRAGM 

13.1 Introduction. The study of natural ^-ibrations in round members, 
such as telephone receiver diaphragms, loudspeaker cones, and round 
plates, is extremely important in the design of equipment suitable for 
use where there may be a tendency for such vibrations to occur. In a 
loudspeaker cone natural vibrations tend to amplify certain frequenc 5 ' 
ranges and therefore may be very objectionable. A drum head or bell 
produces a sound depending upon the frequencies of the natural 'vdbra- 
tions and therefore the natural vibrations are all important. 

If the vibrating member is round, the equation of motion turns out to 
be Bessel’s equation and the solution is in Bessel’s functions. The study 
of the vibration of a stretched string is a much simpler problem and just 
as important. If vibrations of guy wires become too great there is a 
danger that the wires may break. The method of solution of the two 
problems is the same. The stretched string has a solution in simple func- 
tions and vill therefore be considered fii-st. After the stretched string 
has been analyzed the same method will be used for the round diaphragm, 
and the presence of Bessel’s functions nill not complicate the discussion 
since the method has already been presented (Chapter 10). 

The solution to the problem of the stretched string will give the dis- 
placement of a point on the string in tenns of time and the location of the 
point along the string. There are, therefore, two independent vari- 
ables, time and position, and we shall find we have partial derivatives 
in our equations. 

13.2 Partial Derivatives. If w is a function of x, the ordinary deriva- 
tive of u with respect to x is denoted by the symbol 

du 

dx 


and is defined as 

u{x + Ax) — u{x) 

lun 

— >0 Ax 

provided the limit exists. In the above expression u(x -j- Ax) indicates 
that X has been replaced by a; -{- Aa; in the expression for u. Therefore, 
u (x) is not u times x which •would be ■mitten xu or ux. 

236 
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If M is a function of two variables x and y and if the following limit 
exists 

ii(x + Ax,y) - ti(x,y) 

Inn : 

Ax— »0 

it is defined as the partial derivative of u vdth respect to x and is denoted 
by the sjunbol 


In obtaining the partial derivative of u with respect to x the value of y is treated 
as a constant. 

Similarly, the partial derivative of it with respect to 7 / is 
^ ^ it(a:, y + Ay) - u{x, y) 
dy Ai/j^ 

provided the limit exists. 

As illustrations, let it = re® + Zx. 

du 

— = 3a:= + 3.1 
dx 

Tills is the ordinary derivative since there is only one independent variable. 
Let It = 2x^ + Zx-y + xy^. 

du 

— ~ 8.T® + 6x1/ + 1/®. 
du 

— = 3x2 + 3 2 

dy 

Each of these partial derivatives is found by following the usual rules for 
ordinary differentiation; in the former case y is treated as a constant and 
in the latter case x is treated as constant. 

If u is expressed as a function of two variables x and y, but y is known 
to be a function of x, then there is only one independent variable and to 
get the ordinaiy derivative of u with respect to x we need the foUovdng 
limit if it exists. 

^ ^ 11 (x + Ax, y + Ay) — u(x, y) 

dx Ai- — ^ Ax 


= lim y + Ay) - y + Ay) + n(x, 1/ + A1/I - n( x y) 

Ax-iO Ax 

Ay— >0 
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du r u(x + Ax, y + Ay) — u{x, y + Ay) 

— = lim 

dx Ai->oL ^ 

Ay— »0 

^ u(x, y + Ay)- u(x, y) Ayl 
Ay AxJ 

u{x Ax,y + Ay) — u(x, y + Ay) 

— ijjji 

At-»o Aa: 

Ay-»0 

+ lim y + ^y) - y) ^ . 

Ay — »o Ay ^ Ax 

du du ^ du dy 
dx dx dy dx 


To illustrate the application of this formula, let u = 2x^ + 3x^ + xy’ 
and let y = 2x. The formula gives for the derivative 

diL 

— = (8xa + %xy + y^) + (3x= + Zxy^) (2). 


When we substitute y = 2x this becomes 
du 

— = 8x5 + 12 x 2 + 8J.3 4 . 6^.2 4 24x5 = 40x5 + ISx^. 
dx 

To check this result substitute y = 2x in the expression for u and then 
differentiate. 

u = 2x^ + 6x5 4 = lOx^ + 6x5. 

du 

— — 40x5 + 18x5. 
dx 


13.3 Total Differential, 
defined as 


If u is a fimction of x, the differential of u is 


du = —dx 
dx 


where dx is an arbitrary increment in x and 


du 

dx 


is the ordinary derivative. Note that the differential of u generally is 
not the same as an increment in u. Let u — x^. Then 


du = 2xdx 
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the increment in u in this case is 

Au = (a: + dx)~ — x~ 

= X- + 2xdx {dxY — 
= 2 . 1 ; dx + {dx)~. 


The differential is an increment measured on the tangent line rather than 


on the curve itself. 

If « is a function of two variables, the graph of u plotted against .^• and 
p maj'^ be considered as a surface. The total differential in u is an in- 
crement in u measured on the tangent plane when x and y are subject to 
increments, that is 


du j ^ du 

du ~ — ax d dy 

dx dy 


13.4 

we get 


Partial Differential Equations. If we differentiate 
u = X® -}- 3x^ — 4 


5 -' = 3 »= + 6 *. 
dx 


This is an ordinary differential equation the general solution of which is 

u = X® -b 3x^ -t- C. 

In order to show that the integration constant is —4 we require a boundary 
condition. 

Let us see what the corresponding example is with more than one inde- 
pendent variable. Let us differentiate 

u = + 3x-y® -J- AiY -b 3y d- 2 

with respect to x. Tins gives us 

du 

— = 3x- -b 6x!/®. 


If we attempt to integrate this partial differential equation, we have 

w = X® -b 3x^5 -b fiy) 

and we have to depend on boundary conditions to show that the function 
of integration f{y) = 4y- -b 3?/ -b 2. 

As another example, let 

If = .X- -b 2xy -b y®. 
dll 

— = 2x d- 2y. 
dx 

du 

i^ = 2* + 2». 
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Therefore, u satisfies the equation 

du du 
dx dy 

Now let 

u = {x + yy + sin (x + y). 

— = Z{x + yY + cos (x + y). 

OX 

Sii 

— = 3(x + yY + cos (x + y). 
dy 

This value of u also satisfies the same differential equation 

du _ du 
dx dy 

If we were given this partial differential equation and were required to 
find an expression for u to satisfy the equation, we would have to depend 
on the boundary conditions almost entirely. Any function of x + y will 
satisfy the differential equation above. 

In this chapter and the following chapter four examples involving 
partial differential equations are worked out. Attention is called to the 



Fig. 1.3-1 

f 

effect of applying the boundary conditions, for example, that the ends of 
the string are stationary and that the edge of the round diaphragm is 
stationary. The motions obtained for the string and diaphragm are free 
motions. The equation for the driven diaphragm might be quite different 
from that obtained. In the cases of skin effect only the effect with al- 
ternating current is considered. The skin effect produced by a switching 
transient or lightning surge passing along a wire would be a different 
matter. 

13.6 Equation of Motion of Stretched String. Consider a string of 
uniform construction so that the mass per unit length p is the same over 
the entire length. The string is fastened at the ends and is under tension 
T . The length of the string is L. Assume that w’hen the string vibrates, 
the Aubrations are so small that the tension remains constant. We shall 
neglect the effect of air on the string and neglect all friction effects. 
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Let X be measured along the equilibrium position of the string until 
origin at one end of the string; let y be the deflection of the string at any- 
place X at time i. Note that y is a function of x and t, and if any differ- 
entiation is performed vre must use partial derivatives. Consider an 
element of the string of length A,t. See Fig. 13-1. The dii’ection of the 
tension on the left of Ax is along the tangent to the curve at x. Let the 
angle bet-w'een the tangent and the x axis be A. Since the deflection of 
the string is small A -ttill be small, and therefore tan A, A, and sin A -will 
all be practically equal. Therefore 

sinA = tan A = —• (13-1) 

dx 

The down-R'ard component of the tension on the left of Ax is 

T sin A = T — • (13.2) 


The up-nmd component of the tension on the right of Ax maj’- be different 
from the aboA’^e since the slope of the curA^e may be different. It can be 
found by adding to the term in equation (13.2) an extra term to take into 
account the change produced in sin A AA’hen it is measured a distance Ax 
to the right. The result is 

TsinA (!rsinA)Ax = T^Ax. (13.3) 

dx dx dx- 

The resultant upward force A\ill be found by subtracting the force in equa- 
tion (13.2) from the force in equation (13.3) and is 

^ = (13A) 


Equating this to the mass times the acceleration of the element u^e haA’-e 



Ax = pAx 


djy^ 

dt- 


(13.5) 


If equation (13.5) is diAuded by Ax and the element Ax alloAA’ed to ap- 
proach zero, Ave obtain the general equation of the motion of a stretched 
string. 




(13.6) 


13.6 Harmonic Vibrations. Let us make the folloAAung assumption: 
the manner in aa hich the motion depends on time is a sine function. We 
assume, therefore, that 


y = F sin {oit -h B) 


(13.7) 
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where Y takes care of the variation ^dth respect to x. cc and B are constants 
whose values are not yet known. We substitute equation (13.7) into equa- 
tion (13.6) and try to obtain F as a function of x. To do this we require 
derivatives of y and they are listed below for the convenience of the student. 


dx 


dx 


sin (wi -j- B). 


dx- 


d-F 

-—sin (cdi -H B). 
dx- 


at 

df 


Yai cos (oil -|- B). 

— Ycj3^ sin (ut -f- B). 


Substituting in the equation of motion (13.6), we have 

dY 

T sin {oit -Y B) = —pwY sin (oif + B). 
dx- 

Dividing by T sin (<oi! -f B), we have 


d^F 


pw^ 




(13.8) 


(13.9) 


(13.10) 


This is a homogeneous linear differential equation. Any expression for 
F that will satisfy equation (13.10) will make y in equation (13.7) satisfy 
the equation of motion (13.6). The characteristic equation for (13.10) is 


Therefore, we have for m 



(13.12) 


We can now write a solution for equation (13.10) 

F = Cl sin cox + Ct cos cox yj (13.13) 

Since the string is fastened at both ends we know that F = 0 when 
x = 0 and when x = L. To satisfy the first condition, C 2 must be zero. 
Substituting the second condition into equation (13.13) gives 

0 = CisincoL 



(13.14) 
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For this to be satisfied, either Ci = 0 and there is no vibration, or 



where A'’ is any integer. Fi'om this we have 



(13.15) 


(13.16). 


Equation (13.13) can now be wiitten 

7 = Cl sin ' (13.17) 

Li 

In Fig. 13-2 we have plotted the curve of equation (13.17) for the three 
cases JV = 1, iV = 2, A'’ = 3. 



Substituting equations (13.16) and (13.17) into (13.7), we have for a 
solution 


_ . Nivx . 

2/ = Cl sm — - — sin 

Li 

w in equation (13.16) is 27r/. Therefore 




(13.18) 


(13.19) 


Tliis equation shows that the frequency is increased by decreasing the 
length of the string, increasing the tension and by using lighter material 
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or a string of smaller cross section. The value of N' in equation (13.19) 
depends upon the type of ^'ibration. If the string is -vibrating as shoum 
in the curve marked N = lia Fig. 13-2, iV = 1 in equation (13.19). If 
the mode of -vibration is as shoivn by the curve marked N = 2 in Fig. 
13-2, N = 2 in equation (13.19) and the frequency -will be double that 
for N = 1, etc. If A'” = 1 the string vibrates at the lowest possible fre- 
quency and this is called the fimdamental frequency. If iV = 2 the Ai- 
bration is the second harmonic, and for iV = 3 the "vibration is the third 
harmonic, etc. In the case of the stretched string the frequency of the 
Nth harmonic is N times the frequency of the fundamental. 

13.7 Fourier Series Solution. Since equation (13.18) gives a different 
solution of the equation of motion (13.6), for each integer value of N, we 
have an infinite number of solutions. Since equation (13.6) is a linear 
equation and the sum of two or more solutions is also a solution we can 
now write for a solution 



The velocity of the string at any point is 



(13.21) 


If we know the configuration of the string and the velocity of every point 
of the string at any time, we can determine all the B’s and C’s in equations 
(13.20) and (13.21) and the problem is completely solved. Some nu- 
merical examples follow. 



Fig. 13-3 


13.8 Examples of Stretched String. Suppose the string is displaced at 
its middle a distance ilf as shown in Fig. 13-3, and at < = 0 the middle is 
released and the string is allowed to -vibrate freely. 
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Since the string is stationaiy at i = 0, all the B’s equal -it/2, or we can 
write equation (13.20) using cosines instead of sines. 

” . Nttx Nirt It . 

y = E Cjf sin— -cos— A/- • (13.22) 

j\^=i B L ^ p 

At i = 0, equation (13.22) is 

" ATirr 

2/0= E CA^sin-— • (13.23) 

w=i B 

Now equation (13.23) is the Fourier series for the function of Fig. 13.3. 
Since equation (13.23) is a sine series, an odd function, the curv'-e to be 
analyzed should be an odd function. Figure 13-4 shows how the function 


M 



in Fig. 13-3 should be extended to make it a periodic odd function. If we 
define a new variable z so that 


TTX 



equation (13.23) becomes 


2/0 = E C^' sin Nz 

N=1 

and we can find the C’s from the formula 

I f(z) sin Nzdz. 
-IT Jo 


(13.24) 


(13.25) 


(13.26) 


Substituting for /(z), we have 
^-/2 2 Mz 


C 


iV 


=- r 

■kJo 


TT 


sin Nz dz + 


-/ 

TT 


2ilf 


I sin Nz dz 


5r/2 

,2ir 


4ilf _ 1 

3r/2 


^ sin. Nzdz. (13.27) 
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The result of performing the integration in equation (13.27) shows 
that, if N is even, C jv = 0 and, if Af is odd, we have 


"" ^^2 for iV = 1, 5, 9, • • • . (13.28) 

C'v = - for AT = 3, 7, 11, ... . (13.29) 


These can be combined into 


N-l 

Cn = (- 1 ) " 


Mf 


(13.30) 


where N is odd. 

The final result is obtained by substituting in equation (13.22). 


y = 


8M 




JV = 1 


N-l 

(- 1 ) " 
ATS 


. NttX Nirt 
sm — — cos — — 
L/ L 


' o 


(13.31) 


where N is odd. 

If the string is set in vibration in this manner the amplitude of the third 
harmonic is only 11 per cent that of the fundamental, the fifth harmonic 
is 4 per cent, the seventh harmonic 2 per cent, etc. If the string were 
held at a place other than the middle, the form of the function Y would be 
different from that in Fig. 13-3 and therefore the Fourier series should be 
different and the harmonics would have different percentages. In the 
case just worked out, where the string w^as held in the middle, there are 
no even harmonics. If the string had been plucked one-third the dis- 
tance from one end there would be no harmonics that are multiples of 
three. If the string is plucked, bowed, or struck with a mallet, the posi- 
tion along the string at which it is actuated affects the relative magnitudes 
of the harmonics. This accounts for the production of “sour notes” on 
the violin by the tyro. 

13.9 Equation of Motion of a Round Diaphragm. The analysis of this 
problem is based upon the same type of assumptions as made for the pre- 
ceding problem. The diaphragm is uniform everywhere, its density is 
p mass per unit volume, its thickness is h, and it is stretched to a tension 
of T per unit area. The deflection at any point is y and is everyv'here so 
small that T, p, and h remain constant. The diaphragm has a radius R 
and is clamped so that its periphery is stationary. Let x be the distance 
measured from the center of the diaphragm, and consider a circular ele- 
ment between x and x + Ax. See Fig. 13-5. 
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We shall restrict our study to the case where all particles in the circular 
element are mo^dng together. The upward component of the tension 
inside the element is 

= 2TrxhT sin B (13.32) 




where B is the angle between the tangent to the curve and the x axis. 
Since the deflection is small B is small and 


^ drj 

sinB = B =tanB = - 

ax 

(13.33) 

Therefore, we can wite the upward component 


Fi = -2t,x)iT — • 
dx 

(13.34) 

To determiue the downward component of the force on the outer edge of 
the element note that both x and the partial derivative in equation (13.34) 
can change if we move to the outer edge of the element. The donmward 
component of the force on the outer edge is found from 

dFi 

Fo - Fi + — Ax 
dx 

(13.35) 

= ~2i,hxT— + ~(-27rxhT^) Ax 
dx dx \ dx/ 

(13.36) 

= -2^hxT— - (^TchT^ + 2^hTx^ 
dx \ dx dx-j 

|ax. (13.37) 

The resultant upward force is 




(13.38) 
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The mass of the element is 2vpxhtix. Equating mass times acceleration 
to the resultant force, we have 


2Trhpx ^ Aa: = 2-uhT (^ + x As. 
dt- \dx 3x7 


(13.39) 


K this is divided by 2-hAx, and Ax is allowed to approach zero, we have 
the equation of motion of the round diaphragm. 


dt- dx 


(13.40) 


It is customarj' to multiply this equation by x and divide it by T to obtain 
a special form. The result, when rearranged, is 


3-1/ , dij 

X + X — 

3x^ 3x 


57 

x^-^ = 0. 


(13.41) 


13.10 First Solution for Round Diaphragm. As in the case of the string 
we assume that the motion varies in time as a sine function. 

2 / = r sin (tot + <^>) (13.42) 

where Y takes care of the variation in space, and therefore Y is a function 
of X but not of t. The derivatives of y can be written in terms of Y and t 
as follows: 

By dY . , 

— = — sm (ojt + <#.) 


dx- 


d^Y 

dx- 


sin {pit + ^i) 


dy 

—— = Yco cos {wt d" ?!>) 
dt 


(13.43) 


dt- 


— Yo}- sin {ut + 4>) 


If these are substituted into equation (13.42), and the factor sin (at + 4>) 
which appears in every term divided out, we have 


.d-Y , dY 
dx^ dx 



0 . 


(13.44) 


TT e recognize this as Bessel's equation of order zero. If we let a- — ca'^pjT, 
the solution is 


Y = CiJo(ax) -f CzMoiax) 


(13.4.5) 
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where Ci and Cs are arbitral^’- constants that depend on the boundary 
conditions. 

It happens that No{ax) is infinite for a; = 0. Therefore (72 = 0 since 
we have agreed to consider small free ^dbrations. Now, where x = R, 
7 = 0 corresponding to the stationary lim of the diaphragm. Therefore 

0 = CiJoiaR). (13.46) 

Table X-3 gives the first 20 values of aR that will satisfy equation 
(13.46), for example, 

aR = 2.40, 5.52, 8.65, etc. 


Substituting for a the value assigned it above, we have 


uR 



2.40, 5.52, or S.65, etc. 


(13.47) 


Now R, p, and T are known; therefore equation (13.47) enables us to 
determine w. The values of co so determined will tell what the natural 
frequencies are. Our solution can be vTitten 


y = CiJo 



sin (wt + ij)). 


(13.48) 


13.11 Harmonic Frequencies. The frequency of ^^b^ation / of the 
•diaphragm is given by 2s/ = « and u is determined from equation (13.47). 
The lowest frequency possible corresponds to the root 2.40 and is 



The next lowest frequency is 



The ratio of the second lowest to the lowest frequency is 5.52/2.40 = 2.3. 
This is quite different from the case of the stretched string where we found 
the ratio of the frequencies of the second harmonic to the fundamental to 
be exactly 2. 

13.12 More Complete Solution for Roimd Diaphragm. Each value of 
CO found by means of equation (13.47) will make equation (13.48) a solu- 
tion to the differential equation (13.41). Since there is an infinite num- 
ber of roots to the equation 

Jo(ax) = 0 

there will be an in fi nite munber of values of co given by equation (13.47) 
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and therefore an infinite number of solutions to the differential equation. 
Since the differential equation is a linear equation, the sum of two or more 
solutions is also a solution, and therefore we can write as a more general 
solution 


y = Ci/o 



sin (oiit + <^>l) + 


C.Jo 



sin (cost “h (^* 2 ) 


4 " CzJa 



sin (cojt + ^ 3 ) + • • • . 


(13.49) 


The velocity at any radius x is obtained by taking the partial derivative 
of equation (13.49) vdth respect to t. 


dt 


ClCOltl 0 



cos {(tilt + <j>i) + CiftizJ 0 



COS (cost 4 " 4*2) 



COS (cost 4 " ^3) 4 " ■ ■ ■ • 


(13.50) 


If we choose some point of the diaphragm x, the series in equations 
(13.49) and (13.50) are Fourier series for the deflection and velocity of 
that point as functions of time. If we choose any instant of time, the 
series are series of Bessel’s functions of order zero of the first kind. If the 
deflection of each point and the velocity of each point are kno^vn for any 
one instant of time, the C’s and the co’s can be computed using the method 
of section 10.17 in Chapter 10. 


PROBLEMS ON CHAPTER 13 

1. A steel wire 0.005 in. in diameter (specific grawty = 7.83, or density = 
489 lbs. per cu. ft.) is stretched between two edges 3 ft. apart with a force of 
15 lbs. What wiU be the lowest natural frequency? 

2. If the wire in problem one is to be stretched so that the fundamental 
frequency is 500 cycles per second, what force will be required? 

3. If the safe working stress of the steel in problem 1 is 40,000 lbs. per sq. in., 
how high can the fundamental frequency be made? 

4. Perform the integration indicated in equation (13.27) and check equation 
(13.30). 

6. Work the example in section 13.8 if the string is displaced a distance M 
at a point one-third the distance from one end, and at t = 0 this point is released. 

6. What is the ratio of the amplitude of the fourth harmonic to the ampli- 
tude of the fundamental in problem 5? 

7. What point of the string should be ^ven the maximum displacement 
(see the example in section 13.8) so that the amplitude of the second harmonic 
will be equal to one-fourth the amplitude of the fundamental? 

8. Solve problem 7 where the amplitude of the third harmonic is to be made 
equal to the amplitude of the second harmonic. 
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9. Work the example of section 13.8 where the string is not displaced but 
at i = 0 every point of the middle third is given a velocity v. 

10. A round diaphragm is made of sheet steel 0.05 in. thick and 4 in. in diame- 
ter. If it is stretched to a tension of 30,000 lb. per sq. in., what will be the fre- 
quency of the fundamental? 

11. The diaphragm in problem 10 is replaced by a brass diaphragm of the 
same size. If brass has a density of 534 lbs. per cu. ft., what tension should be 
applied to give the brass the same frequency? 

12. If a diaphragm 3 in. in diameter and 0.005 in. thick is to be stretched so 
that its fundamental frequency is as high as possible, which material listed below 
should be used? 

Pounds per Maximum Stress 

Material Cubic Foot pounds per square inch 

Steel 489 40,000 

Brass 534 45,000 

Bronze 554 40,000 

Nickel 537 65,000 

13. Rate the materials in problem 12 on the basis of the value of the funda- 
mental frequency. Give the ratio of the fundamental frequency for each ma- 
terial to the fundamental frequency of the material having the highest funda- 
mental. 

14. If the frequency of the second harmonic of one string is twice the frequency 
of the fundamental of another string, what will be the ratio of the fundamental 
frequencies? 

16. If the frequency of the second harmonic of one round diaphragm is twice 
the frequency of the fundamental of another round diaphragm, what will be the 
ratio of the fundamentals? 

16. If the frequency of the second harmonic of a round diaphragm is double the 
frequencj’' of the fundamental of a string, what will be the ratio of the funda- 
mentals? 

17. If the frequency of the tliird harmonic of one round diaphragm is three- 
fifths of the frequency of the fifth harmonic of another round diapliragm, what 
wiU be the ratio of the fundamentals? 

18. If the frequency of the second harmonic of one round diaphragm is equal 
to the fundamental of another what will be the ratio of the third harmonics? 

19. What will be the ratio of the fourth harmonics in problem 18? 

20. In problem 18 what will be the ratio of the frequency of the fundamental 
of the first to the second harmonic of the second diaphragm? 

21. If the fundamental frequency of a round diaphragm is equal to the funda- 
mental frequency of a string, what wiU be the ratio of like harmonics, e.g., third, 
fourth, etc.? 

22. If the fundamental frequency of one string is twice the fundamental fre- 
quency of another string, what will be the ratio of the second harmonics? Third? 
Fourth? 

23. If the fundamental frequency of a round diaphragm is twice the funda- 
mental frequency of a string, what will be the ratio of the second harmonics? 
Third? Fourth? 

24. If the fundamental frequency of one round diaphragm is twice the funda- 
mental frequency of another round diaphragm, what will be the ratio of the 
second harmonics? Third? Fourth? 



CHAPTER 14 
SEm EFFECT PROBLEMS 

14.1 Introduction. If the current in a cjdindrical conductor is con- 
stant or is varying at a low rate, the current density nail be practically 
uniform over the cross section. However, if the current is varying at a 
high rate, the current density will no longer be uniform but will be greater 
near the outer surface of the conductor, producing what is called skin 
effect. This crowding of the current in the skin or outer surface of the 
conductor increases the effective resistance of the conductor so that resist- 
ance measurements made with direct current or at low frequencies are of 
little value if the conductor is used at high frequency. 

14.2 Flat Conductor. High current circuits frequently are made up 
of flat conductors to take advantage of their mechanical flexibility and 
improved space factor in the slots of electrical macliinery. Figure 14-1 

shows the cross section of a flat conductor of width A 
and thickness B. The du-ection of current is perpen- 
dicular to the plane of the page. The flux set up out- 
side the conductor is produced by all the current in the 
conductor, and any change in this flux induces a volt- 
age which is the same throughout the cross section. 
The flux inside the conductor is produced by only part 
of the current and, therefore, changes in the internal 
flux induce voltages over only part of the cross section. 
If A is large compared to B the flux path (see Fig. 14-1) 
may be assumed to be of length 2A and we may neglect 
the influence of the shape of the path at the ends of 

the cross section. 

14.3 Equation for Flat Conductor. The mathematical treatment which 
follows shows how the skin effect in flat conductors can be determined on 
the basis of the following restrictions. 

1. Steady conditions have been established. 

2. Currents and voltages are sine functions of time. 

3. The return conductor is far enough away so that its effect is negligible. 

4. The permeability of the conductor and of the space around the con- 
ductor is constant and uniform. 

Referring to Fig. 14-1, we set up a reference axis Ox perpendiculai’ to 
the wide surface and with the origin halfway between sides. Let D be the 
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Fig. 14-1 
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current density at a distance x from the center line of the conductor. The 
total current in the area within a distance x from the center line is 

ix = 2A f D dx. (14.1) 

»/ 0 

The length of the flux path is 2A, neglecting end effect. Therefore 

If /t is the permeability of the conductor, the flux density at a distance x 
from the center line is 


D dx. 


(14.3) 


Bx = iJiHx = f 

«/o 

We can eliminate the integral sign by differentiating with respect to x 

(14.4) 


- n 

— = fiD. 

dx 


■ B 


The partial derivative is used since 5* is a function of both position and 
time. 

Figure 14-2 shows the edge of the conductor of length 
S. The flux in the elementary area BFGH is 

A0 = BxSAx. (14.5) 

The voltage induced around the circuit EFGHB, when 
A(^ changes, is 

d (A<f)) dBx 

dt dt ^ ^ 


E 

AX* 


H 


Fig. 14r-2 


The resistance drop along EH is pSD where p is the 
resistivity of the conductor material. The resistance 
di'op along FG, which is a distance Ax farther from the 
center line of the conductor, is 

The resistance drops along EF and GH are zero since the current is along 
the length of the conductor. The resistance drop around EFGHE is 




dD 


A 


.dD 
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The resistance drop must be equal to the voltage induced or 


pS — Aa: = /S Ax. 

dx dt 

(14.8) 

dD dB ^ _ 

^ dx dt 

(14.9) 

Differentiate equation (14.9) with respect to x. 

d^D _ d^-B:, _ 

^ dx^ ~ dxdt 

(14.10) 

Differentiate equation (14.4) with respect to i 

d^B^ dD _ 

dtdx ^ dt 

(14.11) 

The last two equations give 

d^D _ dD 
^ dx^~ ^ dt' 

(14.12) 


This is the differential equation for the general problem of a flat conductor. 

14.4 Special Case for Alternating Current. Our problem now is to find 
an expression for D as a function of x and a sine function in time that will 
satisfy equation (14.12). We prefer to use exponential expressions rather 
than sine functions in tliis problem since it is easier. We sTiall first estab- 
lish the folloufing : 

If D' -b W satisfies equation (14.12), where D' and D are real, D' and 
D uflll each satisfy the same equation. If Z>' + iD satisfies equation 
(14.12), we have 


+ iO) d{D’ + iD) 

P rt P r: = 0- 


dx^ 


dt 


(14.13) 


This can be arranged as follows : 



d^D' , . dm dD' . dD 

P + ^p — ~ ''■P "TT = 0- 

dx^ dx^ di dt 

(14.14) 


r dW' dD'i , .r a=D dDi 

(14.15) 

The real part 

on the left and the imaginary part on the left are each equal 

to zero, or 

dm' dD' 

(14.16) 


dm dD 

’’ dx^ dt ~ ^ 

(14.17) 
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showing that, if we can find a complex expression that satisfies equation 

(14.12) , the real part and the imaginarj’- part will satisfy the same equation 

(14.12) . Let us try 

D' + iD = y e’“' 


in equation (14.12) and see if a value of y in terms of z can be found to make 
it satisfy the equation. 

dhj 

p — e*“' — = 0. ' (14.18) 

dx^ 


The partial derivative with respect to x in equation (14.12) becomes the 
ordinarj’’ derivative in equation (14.18) since i/ is a function of x alone. 
The partial derivative with respect to t does not appear in equation (14.18) 
since we can differentiate ^ e'“ ' with respect tot and obtain iosy e’“ Equa- 
tion (14.18) becomes 


d~y . yu) 

l—y=0_ 

dx‘ P 


(14.19) 


If we can find a value for y in terms of z to satisfy equation (14.19), 
2 /e’"‘ vfill satisfy equation (14.12) and the imaginary part of will 
also satisfy (14.12). Suppose that we find y = yi + nj 2 satisfies equation 
(14.19). Thenijc'“‘ = {yi + iyi){cos(ot + isincat) = {ijicos ut — y 2 sin cot) + 
i{yi sin cot -h 7/2 cos cot) satisfies equation (14.12) and our solution at this 
step would be 7/1 sin cot -+• 7/2 cos cot. 

Let 



Equation (14.19) then becomes 

dx^ 


i2m^y = 0 . 


(14.20) 


(14.21) 


Tliis is a homogeneous linear differential equation with constant coeffi- 
cients. The general solution is 


y = ^ -h K 2 e~”''^' \ (14.22) 

The symmetry of the problem tells us that the effect is the same on both 
sides of X = 0, or Ki = K 2 — K, and 

y = -j- ®). 

y = 2K cosh m\^i x. 


(14.23) 

(14.24) 


14.5 Three Special Cases. There are three special cases depending 
upon the ^alue of vi in equation (14.23). These cases are illustrated in 
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Fig. 14-3 which shows the maximum current density for each level in the 
conductor. 

If m is small we have practically the case of direct current where the 
current density is uniform throughout the cross section of the conductor. 



If TO is large enough so that is large compared to unity, ^ can 

be neglected in equation (14.23) and we have in this case 


y = a: > 0, 

y = * a; < 0. 


(14.25) 


The case for medium values of to does not simplify as much as the others 
and will not be considered at this time. 

Taking the case of higher frequency where to is larger, we have 


y = a; > 0, (14.26) 

y — Ke”'^ (cos mx + i sin mx). (14.27) 

Now D, the current density, is the imaginary part of y e'“', or 

D = Ke"'^ (cos mx sin wt + sin mx cos ut) (14.28) 

= Ke”'^ sin (mx + wl) x > 0. (14.29) 


We see that the current density reaches a maximum at different levels 
at different instants of time. If we integrate equation (14.29) from x = 0 
to X = 0.5B, we will get half the total current in the conductor. However, 
since to is large, equation (14.29) gives negligible values for D when x is 
zero and for negative values of x. We therefore integrate equation (14.29) 
from X = — 00 to X = 0.5B instead of from x = 0 to x = 0.5B. 

/ 0 5B 

e”* sin (mx + dx (14.30) 

-CO 

= e,o.=mB _j_ o.5otB) — cos (&)t + 0.5 toB)] (14.31) 

® l^sin (cot + 0.5 toB) — sin ^cot + 0.5 toB + J • (14.32) 


AK 

TO 

AK 


TO 
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In vector form we have 

A TT 

I = (1 - (14.33) 

7n\/2 


The current densitj’- at the surface of the conductor is 
stitutingx = 0.5B in equation (14.29). This gives 

found by sub- 

Do = Xe®-®"® sin {a>f -f 0.5mB). 

(14.34) 

The voltage drop per unit length equals the resisthdty times the current 

density at the surface, or 


V — Xpe®-®”® sin (ut -i- 0.5niB). 

(14.35) 

In vector form we have 


Kp 

^ — L. ^O.SmB^tO.SfnS 

v/2 

(14.36) 


The impedance Z is equal to the voltage V divided by the current I. There- 
fore 


Z = R.c + iX 


pm 


pynjl + i) 

2A 


pm 


+ i 


. pm 


2A 


(14.37) 


Therefore the resistance per unit length to alternating current, Rac, is 
found to be 


R 


_ pm 
^ M 


The resistance per unit length for direct current, Rjc, is given by 


Rdc = 


p 

ab‘ 


The ratio of the resistances is 


Rac 

Rdc 


mB 

~2 


B [pa 
~2^Yp 


(14.38) 


for large values of in. 

There is an interesting relation that becomes evident when we write 
equation (14.31) as follows: 


t 


4/va/2 


m 


sin (cof 4- O.omB — 45°). 


(14.39) 


If this is compared with equation (14.34), we note that the total current 
lags the current densit 3 ' at the surface of the conductor by 45°. It is 
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evident that measurements made by using test leads to touch parts of the 
circuit are unreliable. 

14.6 Equation for Round Conductor. The skin effect problem for a 
round wire is physically the same as for a fiat conductor. The mathe- 
matical development is different because of the difference in the con- 
figurations. The follovdng analysis for a round wire has been made 
independent of the case for the flat conductor so that either case may be 
omitted if desired. If both cases are studied either one can be taken up 
first. 

The magnetic field due to current in a round wire is indicated in Fig. 14-4. 
There vdll be flux both inside and outside the wire which follows circular 
paths concentric mth the center of the conductor. The flux outside the 
vdre is set up by all the current in the wire, and 
any change in the outer flux will induce a voltage 
mthin the wire which vdll have the same effect over 
the whole cross section. There is a different story 
inside the wire. The current in the conductor out- 
side the radius x in Fig. 14-4 does not help set up 
the flux inside the radius x. The voltage due to a 
change in flux inside the radius x vdll appear only 
within this radius; there will be no induced voltage 
outside the cu-cle of radius x due to changes in 
the flux inside tliis radius. 

The following mathematical treatment shows how the magnitude of the 
skin effect can be evaluated for round vires on the basis of the following 
restrictions : 

1. Steady conditions have been established. 

2. Currents and voltages are sine funciions of time. 

3. The return wire is far enough aw^ay so that its effect is negligible. 

4. The permeability of the wire and of the space around the wire is con- 
stant and uniform. 

Let D be the current density in the wire a distance x from the center. 
Then the total current within the radius x is 

ix = 2Tr r xD dx. (14.40) 

This current is available to set up flux along the cii'cle having radius x. 
The magnetic intensity is 

H = ^ = - r xD dx. (14.41) 

2TrX X Jo 



Fig. 144 
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The flux density is 


B 


= r 

xJo 


xD dx. 


Figure 14-5 shows a longitudinal section of unit length of the we. 
flux density in the element ABCD can be taken as 
the value obtained m equation (14.42). Therefore 
the total flux in this area will be 


(14.42) 
The 


= B(area ABCD) = BAx 

fiAx 


fiAx 
X Jo 


xD dx. (14.43) 


The voltage induced in the path ABCD will be 


cZ(A0) ijlAx r^dD 


dt 


jiAx 
X Jo 


di 


-xdx. 


(14.44) 



The partial derivative is necessar}’^ since D depends 
on both time and position and is a function of t 
and X. 

The resistance drop along AD will be pD where p is the resistmty; and 
the resistance drop along BC where the current density has a different 
value from that on AD will be 

^ 9D 
p£> + p — Ax. 
dx 


The resistance drops along AB and CD are zero because the current is 
in the direction of the conductor. The total resistance drop around 
ABCD must be equal to the voltage induced, or 


dD 

pAx P^dD 


pD + p — A.t: — pD 
dx 

= / —xdx 

X %) 0 

(14.45) 

dD 

M C^dD , 


^ dx 

IMultiply both sides by x. 

= - / — xdx. 
xJo dt 

(14.46) 

dD 1 

P^dD , 


'■"to"") 

[ —xdx. 

0 dt 

(14.47) 

Differentiate with respect to x to eliminate the integral. 


d-D , dD 

dD 



^^Tt' 

(14.48) 
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This equation can be written for convenience 


, dW 

dx^ 


dD 


n dD 


+ X x'^ = 0. 


dx 


p dt 


(14.49) 


If (Di + iD) satisfies the above equation, where Di and D are both real 
and P = —l,Di and D will each satisfy the equation. This can be shovTi 
as follows: Since (Di + iD) satisfies the equation, we have 


dHDi + iD) , d( Di+iD) „p diD, + iD) 


dx^ 


+ X 


This becomes 


.dWi 


,d^D , dDi 


dx 


dD 


dt 


= 0. (14.50) 


dx^ 

,dmi 

Idx^ 


ix^ — -+x- h ix — 


— fr.2 


dx^ 


+ X x^ 

dx 


dx 

p dt 

+ i 


dx 


p dDi 
p dt 


p dD 


— = 0 . 

p dt 


(14.51) 


= 0.' 1(14.02) 

L dx^ dx pdt A 


Therefore 


and 


d^Di dDi 


dx^ 


+ X 


dx 


p dt 
, p dD 


(14.53) 


x^ \- X x^-- — - = 0 (14.54) 

dx^ dx p dt 

showing that each Di and D satisfy the equation. 

Since the currents and voltages are sine functions in time, we let 

Di + iD = y e*"' 

and trj' to find a value for y in terms of x that will satisfy the above equa- 
tion. Ha'vdng found y in terms of x, the magnitude of the imaginary part 
of y e'"' will be the solution we seek and vdll be, if y = 2/i d- iy 2 , 

D = yismwt + 1/2 cos coi. 

If we substitute y e’"‘ in equation (14.49), we get 


, dhj dy 




+ X- x* — i/ = 0 . 


(14.55) 


dx^ dx p 
These are ordinary derivatives since y is a function of x alone. This 
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equation can be recognized as Bessel’s equation if we replace — zw^/p by 
a^, obtaining 


^ ^ + a'^x^ = 0 . 


dx- 


dx 


(14.56) 


This has for the general solution y = KiJo(ax) + K 2 No(ax) . Since 
No{ax) becomes infinite as x approaches zero, the integration constant 
must be zero to keep the current density at the center of the wire finite, 
as we know it is. Therefore the solution isy = KJoiflx), and the current 
density we seek is the imaginary part of KJo{ax) e'“‘, where K is a con- 
stant of integi-ation which can be evaluated from the boundary conditions. 
The solution just obtained has the disadvantage that the constant a is 
not a real constant but has an imaginary part not equal to zero. 

Let ufi/p = 7n^ in equation (14.55) and obtain 


,d^ dy 

x- + a: -T ixhn^y = 0. 

dx^ dx 


(14.57) 


This leads to the modified Bessel’s functions. See section 10.14. The 
general solution is 

y — K (ber mx •+• i bei mx). (14.58) 

Then D is the imaginary part of K (ber mx -f i bei mx) e‘“ ' 

D = /C(ber mx sin at bei mx cos at). (14.59) 

The total current is given by 

i = 2ir j xD dx = 2TrK sin at I x ber (?nx) dx 
J 0 Jo 


2TrK sin at 


-h 2TrK cos at f x bei {mx) dx (14.60) 
Jo 

pR 

I mx her {mx) d{mx) 

Jo 

27rK cos at 

d ; / mxhai {mx) d{7nx). (14.61) 

The two integrals in equation (14.61) are evaluated in equations (10.38) 
and (10.37), giving 

2t^K sin at T) X -r f jx.. 2wK cos at _ 

I ; bei' {mR) - - — — mR ber' {mR) (14.62) 


m^ 

2t,KR 

m 

2-kKR Y, 
m 


[bei' {mR) sin at ~ ber' {mR) cos cot] (14.63) 

j^bei' {mR) sin at - ber' {mR) sin (^t + ^ 


(14.64) 
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In vector form we have 

I = [bei' (mR) — i ber' {mB)]. (14.65) 

mV2 


The voltage drop in the unit length of wire equals the resistance drop 
at the surface, or 

(14.66) 


V = pK [ber {mR') sin wt + bei irnR') cos oil] 

b 


= pK l^ber (mR) sin col + bei (mR) sin ^ • (14.67) 

In vector form tliis is 


V = [ber (mR) + fbei (mR)]. 
V2 


(14.68) 


The impedance is found by dividing V by I and is 


Z = Rac i" = 


p7n ber (mR) + i bei (mR) 
2 tR bei' (mR) — i ber' (mB) 


(14.69) 


Multiply numerator and denominator by bei' (mR) + i ber' (mR) and 
take the real part 


pm ber (mR) bei' (mR) — bei (mR) ber' (mR) _ 
2tR bei'^ (mR) + ber'- (mR) 


(14.70) 


Now the resistance to direct current is 


Rdc 


P . 

■kR'^' 


Therefore the ratio of Rac to R^a is 

Rac _ mR ber (mR) bei' (mR) — bei (mR) ber' (mR) _ . . 

bei'= (mB) -b ber'^ (mR) ‘ ^ 


The following values can be used for copper wdre: 

p = 1.257 10“® henry, 

cj = 2ir/, 

P = 1.7241 10“* ohm-cm, 

viR = 0.214fl\^ 

where E is in cm and / is in cj^cles per second. 
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PROBLEMS ON CHAPTER 14 

1. Show bj* direct substitution that D as defined in equation (14.29) is a 
solution of the differential equation (14.12). Note: in is defined in equation 
(14.20). 

2. A flat conductor is made of copper 1 in. wide and 0.1 in. thick. If it is 
used in a 200,000-cTcle circuit how does the a-c resistance compare ^dth the d-c 
resistance? 

3. If we arbitrarily say that the “ skin ” carries S5.9 per cent of the total 
current, how thick is the skin in problem 2? 

4. How thick is the skin in problem 2 if the frequency is 500,000 cycl^? 

5. Solve problem 2 for an iron conductor. ((^onducti^'itJ' of iron is 17.4 
per cent of that for copper; permeabilitj' of iron is 1500 times that of copper.) 

6. Solve problem 3 for an iron conductor. 

7. Solve problem 4 for an iron conductor. 

8. If the skin of the conductor carries 85.9 per cent of the total current, 
what per cent is carried by the core in problem 2? IThy is this more than 14.1 
per cent? 

9. Show that the d-c resistance of the skin of a flat conductor is equal to 
half the a-c resistance. 

10. A copper wire has a diameter of 0.05 in. and a resistance to direct current 
of 10 ohms. Compute the resistance for several frequencies and plot a curve 
showing how the resistance varies mth frequenc^^ Be sure the computations 
give a point on the cun-e above 20 ohms. At what frequency wiU the a-c re- 
sistance of the wire be double the d-c resistance? 

11. Repeat problem 10 for a wire 0.1 in. in diameter. 
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„ /2A'' , 4A'''\ . n-xx „ (IN ^N\ . nxx 

27. 2/ = T. [ — + — + Y. {- j 

1,5,9 \TIX n-x‘-J I 3 , 7,11 Vnir TV-X^J Z 

, _ 2N . nxx 

+ 2^ — sm-^ 

2,4,6 2 

8A'’ „ 1 . nxx %N ^ 1 . nxx 

29. 22 = — r- L “2 SJQ —A 2 ^ “5 sm — 

« 1^9 71^ 4 TT^ 3,1mi 4 

8A'’V2 1 . nxx 8NV2 _ 1 . mrx 

31. y = — r— sm — 5 — sin — 

1,3,9,11 w 4 ir^ 5,7,13,15 4 


33. y = 


16A^(V2 - 1) ^ 1 . nira: , 16A’'(V2 + 1)^1 


_2 


1,9 «■= 


+ 


E J. . lAliA 

3,11 71'“ 5 


16A^(V2 4- 1) v' 1 • nx-x , 16A^(1 - V2) 

5 iL, “o sin — - — r o 

TT^ 5,13 5 TT^ 


~ 1 t nxx 

7,15 o 


8N _ 1 . 2a7rx 8N' „ 1 . 2mrx 

35. 7/ = — 2^ sm — X 2^ -5 sm — 

" 1,5,9 TZ-' 7 TT^ 3,7,11 77^ 7 

37. 4.530, 1.901 
39. 0.648, -0.031 


CHAPTER 8 

1. 2/| + ^ = 0 

3. (x= - 1) + x^ = 0 

\ax/ 

6 = r/^^Y4- 

dx \dx^J Lwze/ J rfa? 

7. 2x= + Qy^- = C 
9. p = Cx — 4x^ 

11. In (xy) + 3y = C 
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13. (a? + 1 ) 2 / — 6 In z = C 
15. 2xxj - 1 = Car 

17.tan-0)-ili.[l + (0']-In. + C 

19. y = Cic-^ + C 2 
21. hf- = Cia; + Co 
33. y — Cic ' + Coc ~~ 

35. 2/ = Cl -j- Cs-t; + Cse”"^ -I- Cixe~ 

37. 2 / = Cl cos a: + C 2 sin .a; 

1 « . c 

39. 2 / = q e * 4 r e 

1 — e e — 1 

, 2 — cos 1 . 

41. 2 / = cos a: -} : — ;; — sm X 

" sin 1 


CHAPTER 9 


1. 2/ = Cic ® + Coc”®' + ~ ^ 

3. 2 / = Cl + C 2 cos 3a: + C 3 sin 3a; 4- ^a? — -^a; 

5. 2 / = Cie^ + Coe"* + Cze~~- + — -^a: sin 2a: 

+ ^ cos 2a: — sin 2x — cos 2.x 

7. y — Cl + Coc"® + Csxe"' + Cix-e"® — ^a:®e“® + ie'' 

+ .^af — 3x- + 12x 

9. 2 / = Cic”-* + Coe* sin 3x + Cse* cos 3x + 2 x — -s-Itj- cos 2 x 

11. X = 2Cic3' + 2C2e-5' + Cze-‘ + Cic"*' - W-f 

y = -3Cie®‘ - 3Coc-s' + C3C=' + Cic"-' ~ - i 

f 1 492 

13. X = 2Cie~^‘ sin 6 i — 2C2e'“®' cos 6 i + — r + px + rjprr sin 2i 

lo 10 1825 

i ^ 147 

y = C«e-^‘ sin 6t + Cic"^' cos ^ -f ^ sin 2t 


46 


1825 


- cos 22 


CHAPTER 10 


1. 3,628,800 
3. 1,307,674,368,000 
5. 1.3293 


7. -3.5448 
9. -0.94528 
11 . -0.06002 


CHAPTER 11 

1. 2i - llj + _13k; - 6 i + 12j - 4k; 4i - j - 9k 
3. i -f ] -{- k; i — j — k; — i + 3 — k; — i — 3 + k 
6 . 30° north of west 

^9. 48; i + 29j - 5k; 103; -i - 293 + 5k; 54; 2i + 583 - 10k 
13. 4.242i' + 1.1553' - 2.577k 
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CHAPTER 12 

5. {n — l)r"“^(a: + 2/ + z) + Sr""! 

(1 - n)r”-= [ix( 2 / + 2 ) + \y{z + x) + 'kz{x + y)] 


CHAPTER 13 


448 

103 


6. y = 


9M Vs r - irx 


irt [T , 1 . 2Trx 2irt IT 

i;Vp + 4"“-r“®irV7 

1 . 47rx 47r2 IT 1 . 5irx SttI ff "] 

- X V; - Vp- • -J 


l^sin cos 


■ 3 

9. y 


from one end. 


2vL fp r . TTX . iri It 2 . Sttx . Sttj It 
, 1 . Sttx . B-xt Jt , 1 . 7xx . 7Trt It ■] 

+ ^^“^T-®“irVp + 49"“T-®“irVp-"J 


L 

16. 0.868 
17. 1.037 
19. 0.434 


11. 32,800 
13. Nickel 1.00 
Brass 0.84 
Steel 0.82 
Bronze 0.77 

21. Second; 1.150; third: 1.200; fourth: 1.227 
23. Second: 2.30; third; 2.40; fourth: 2.46 


CHAPTER 14 


3. 0.0116" 
6. 139 


7. 0.000455" 

11. 32,250 cycles 
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Abbreviated dhdsion, 94 
Absolute value, 64 
Acceleration, 43, 241, 248 
Action at a distance, 50 
Addition of determinants, 23 
Admittance, 44 
Air, 229 

Air temperature, 225 
Airplane wing, 53 
Algebra of complex numbers, 64 
Algebraic equations, simultaneous solu- 
tion of, 27, 28 
Alternating current, 254 
Alternator, 132 
Amplitude, 58, 246 
Analysis, approximate, 143 
results of approximate, 145 
Angle, 43, 64 
Angular acceleration, 43 
Angular velocity, 43 
Approximate analysis, results of, 145 
Approximate coefficients, 150, 152 
Approximate Fourier analysis, 143 
Area, 42, 43, 50, 51, 222 
Argument, 64 
Arrow, 214 

Associative law, 215, 216, 217, 219 
Augmented matrix, 33 

Bell, 236 
bei, 208 
ber, 208 

Bessel’s equation, 197, 202, 248, 261 
Bessel’s function, 197, 202 
modified, 209, 261 
series of, 212 
zeros of, 208 

Bessel’s intei-polation formula, 8, 9 
for the derivative, 10 
Bound, 97 
lower, 99, 100 
upper, 97, 98, 100 
Boundary condition, 155 


Breadth, 42 

Buckingham’s tt theorem, 55 
introduction to, 51 

Capacitance, 44 
Cartesian form, 64 
Chain, 197 

Change of system, 45 
Characteristic equation, 170, 182, 186, 
190 

Charge, 44 
Charge density, 44 
Checking physical formulas, 48 
Circuit, high current, 252 
Circular form, 64 
Circular function, 71 
of complex numbers, 73 
Coefficient, 133 
approximate, 150, 152 
constant, 169 
coupling, 44 
the determinant of, 37 
undetermined, 182, 183 
Coefficients and roots, 121 
Color, 42 

Common factor, 107, 108 
Commutative law, 215, 216, 217, 219, 
228, 230 

Complementarj’^ function, 182 
Complete linear differential equation, 
168, 181 

Complex number, 62, 64 
Cartesian form, 64 
circular form, 64 
circular function of, 73 
conjugate, 68 
exponential form, 65 
hjq)erbolic function of, 73 
logarithm of, 69 
orthogonal form, 64 
polar form, 64 
power of, 67, 68 
roots of, 67 
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INDEX 


Complex number, trigonometric form, 
64 

Complex numbers, algebra of, 64 
as operators, 66 
Component, 216 
Condition, boundarj’', 155 
Conductance, 44, 55 
Conductmty, 44 
Conductor, 252, 25S 
Cone, loudspeaker, 236 
Configuration, 244 
Conjugates, 68 
Constant, 158 
dimensional, 49, 50 
gravitational, 43, 50 
Constant coefficients, 169 
Continuitj’^ of a pol5Tiomial, 90 
Convergence, 143 
Coordinate equations, 214 
Cosine series, 140 
Coupling coefficient, 44 
Cramer, 13 
Cramer’s rule, 27, 28 
Cross product, 219 
Cubic equation, solution of, 101 
Curl, 231 

Current, 44, 55, 252, 253, 258, 260 
alternating, 254 
direct, 252 

Current density, 44, 253, 256, 258, 
259 

CuTi'es, family of, 156 
Cylindrical conductor, 252 

Degree, of diSerential equation, 158 
of pol3Tiomial equation, 87 
Del, 228 

Densitj’’, 43, 52, 53, 246 
charge, 44 

current, 44, 253, 256, 258, 259 
energjq 43 

flux, 44, 50, 51, 253, 259 
Dependent variable, 165 
Derivation of phj'sical formulas, 50 
Derivative, 106, 225 
interpolation formulas for, 9 
partial, 236 

Determinant, addition of, 23 
diagonal, 26, 27 
element of, 18 


Determinant, expansion of, 21, 22 
fourth order, 18 
minor of, 20 
nth order, 18 
order of, 14 
rank of, 30 
reduction of, 26 
second order, 15, 17 
term of, IS 
third order, 15, 17 
of a matrix, 29 
of the coefficients, 37 
Determinant solution of simultaneous 
algebraic equations, 27, 28 
Diagonal determinant, 26, 27 
Diaphragm, 197, 236, 246 
Diesel engine, 132 
Difference, 2, 215 
Difference table, 2, 3, 4, 5 
Differential, 238 
Differential equation, 155, 158 
degree of, 158 
linear, 161, 167 
order of, 158 
ordinarj', 239 
partial, 239 

Differential formulas invohdng /o and 
Jx, 210 

Differentiation, 78, 142 
Dimension, 42 
fundamental, 43, 44 
Dimensional constants, 49, 50 
Dimensional formulas, 42, 45 
Dimensionless products, 57 
Direct current, 252 
Direction, 214 
Discontinuity, 133, 137 
Displacement, 214, 217 
Distributive lav, 216, 217, 219, 228, 
230 

Divergence, 229 
Divergence theorem, 230, 234 
Dh-ision, abbreviated, 94 
sjmthetic, 92 
trial. 111 

Divisor, greatest common, 107 
Dot product, 217 
Double product, 14 
Double root, 106, 108, 115, 128 
Drum head, 236 
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Effective resistance, 252 
Elastance, 44 
Elasticity, 214 
Elastmty, 44 
Electric charge, 44 
Electrical macliineiy, 252 
Electromagnetic fields, 214 
Element of a determinant, IS 
Elementary transformation of a ma- 
trix, 30 
Energ}’’, 43 
Energy density, 43 
Engine,’ 132 

Equation, characteristic, 170, 1S2, 1S6, 
190 

coordinate, 214 
differential, 155, 15S 
homogeneous, 37 
linear differential, 161, 167 
pol 3 momial, 87 
transformation of, 94, 95, 96 
Equation of motion, of diaphragm, 246 
of string, 241 

Equation of the model, 59 

Equivalent matrices, 30 

Equivalent systems, 45 

Euler’s theorem, 66 

Even function, 139 

Even harmonic, 246 

Ex'aluation of integration constant, 173 

Exact equations, 159 

Expansion of a determinant, 21, 22 

Exponential form, 65 

Factor, 87, 106 
highest common, 107, 108 
integration, 159 
power, 44 
space, 252 

Factor theorem, 88, 106 
Factorial function, 197, 199 
Familj' of cuives, 156 
Famili’- of functions, 156 
Field, 225 

electromagnetic, 214 
magnetic, 231, 258 
Fifth harmonic, 246 
First kind, function of, 202, 207 
Flat conductor, 252 
Flow, heat, 214 


Flower, 42 

Fluid mechanics, 214 

Flux, 230, 252, 258 

Flux density, 44, 50, 51, 253, 259 

Flux, magnetic, 44 

Force, 43, 46, 47, 50, 51, 214, 217, 219, 
241, 247 

Formulas involving J o and J i, 210 
Fourier, 48 

Fourier anal}"sis, approximate, 143 
Fourier series, 133, 137, 250 
differentiation of, 142 
integration of, 142 
Fourier series solution, 244 
Fourier’s principle, 49, 50 
Fourier’s theorem, 132 
Fraction, 14 
partial, 182 

Frequency, 43, 243, 249, 252 
fundamental, 244, 249 
harmonic, 249 
natural, 249 
Function, 132 
Bessel’s, 197, 202 
complementary, 182 
even, 139 
factorial, 197, 199 
family of, 156 
gamma, 198 

modified Bessel’s, 209, 261 
nonperiodic, 138 
odd, 139 

of integration, 239 
of order zero, 207 
of the first kind, 202, 207 
periodic, 132 
point, 225 

series of Bessel’s, 212 
single valued, 132 
zeros of Bessel’s, 208 
Fundamental, 244, 249 
Fundamental dimensions, 43, 44 
Fundamental frequency, 244, 249 
Fundamental theorem of algebra, 87 

Gamma function, 198 
Gauss’ theorem, 230 
General solution, 155, 158 
Geometric interpretation of hj'perbolic 
functions, 81 
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INDEX 


Grad, 228 
Gradient, 227 
pressure, 43 
voltage, 44 
Graeffe’s method, 121 
Gra%dtational constant, 43, 50 
Gravity, 219 

Greatest common divdsor, 107 
Green’s theorem, 234 
Gudermanian, 77 
Guy wire, 236 

Harmonic, fifth, 246 
second, 244, 249 
seventh, 246 
third, 244, 246 
Harmonic frequency, 249 
Harmonic Aubrations, 241 
H. C. F., 107, 108 
Head, 215 
Heat, 227 
Heat flow, 214 
High frequency, 252 
Highest common factor, 107, 108 
Homogeneous equations, 37, 162 
determinant of the coefficients, 37 
Homogeneous function, 162 
Homogeneous linear differential equa- 
tion, 168 

Homer’s method, 110 
HjqDerboUc functions, 70, 71 
geometric interpretation of, 81 
of complex numbers, 73 

i-numbers, 62 
i operator, 63 
Imaginary number, 62 
Impedance, 44, 257, 262 
Impulse, 43 

Independent variable, 166 
Induced voltage, 253, 259 
Inductance, 44 
Inertia, moment of, 43 
Inflection, point of, 119 
Infinite series, 76 
Integer, negative, 62 
positwe, 62 

Integral, particular, 182 
surface, 231 


Integral, volume, 231 
Integral formulas involving Jo and Ji, 
210 

Integration, 142, 227 
repeated, 182 
by means of series, 175 
Integration constant, 173 
evaluation of, 173 
Integration factors, 159 
Intensity, magnetic, 258 
Internal flux, 252 
Interpolation, inverse, 11 
Interpolation formula, 

use of Taylor’s theorem, 11 
Bessel’s, 8, 9 
for the derivative, 10 
La Grange’s, 10 
for the derivative, 11 
Newton’s, 5, 6, 7 
for the derivative, 9 
Stirling’s, 7 
for the derivative, 10 
Introduction to Buckingham’s tt theo- 
rem, 51 

Inverse functions, 74 
Inverse interpolation, 11 
Inversions in a permutation, 16 
Irrational number, 62 

J-number, 64 
Jo, 210 
Ji, 210 

Kind, function of the first, 202, 207 

La Grange’s interpolation formula, 10 
for the derivative, 11 
Laplacian, 233 
Leads, test, 258 
Leakage conductance, 55 
Left-hand system, 217, 221 
Leibnitz, 13 

Length, 42, 43, 58, 240, 252 
Lifting magnet, 50, 51 
Limit, 225 

Linear differential equation, 161, 167 
complete, 168, 181 
homogeneous, 168 
Logarithm of complex numbers, 69 
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Loudspeaker cone, 236 
Low frequencj’-, 252 
Lower bound, 99, 100 

Machinery, 252 

MacLaurin’s series, 65, 76, 139, 175 
j\Iagnet, lifting, 50, 51 
Magnetic field, 231, 25S 
Magnetic flux, 44 
Magnetic flux density, 44 
Magnetic intensity, 44, 258 
klagnetic pole, 231 
Magnetomotive force, 44 
Magnitude, 214 
Mass, 42, 43, 58, 214, 240, 246 
Matrix, 29 
augmented, 33 
equivalent, 30 
rank of, 29 
of a determinant, 30 
of the system, 33 
Maximum, 118, 133 
Mechanics, fluid, 214 
Metaphj’sics, 42 
Minimum, 119, 133 
Minor of an element in a determinant, 
20 

Model, equation of the, 59 
Model study' 59 

Modified Bessel’s functions, 209, 261 
hlodulus, 64 
Moment, turning, 219 
of inertia, 43 
of momentum, 43 
Momentum, 43 

Multiple roots, 106, 108, 116, 128, 171 
of characteristic equation, 171, 190 
Miiltiplication, 216 
Mutual inductance, 44 

Natural frequenc 3 q 249 
Natural \dbrations, 236 
Negative integer, 62 
Negative root, 116 
Negative vector, 215 
Newton’s interpolation formula, 5, 6, 7 
for the derivative, 9 
Newton’s method, 116 
Nonperiodic function, 138 
Notes, 246 


Number, complex, 62, 64 
algebra of, 64 
as operator, 66 
Cartesian form, 64 
circular form, 64 
circular function of, 73 
conjugate of, 68 
exponential form, 65 
hjqierbobc function of, 73 
logarithm of, 69 
orthogonal form, 64 
polar form, 64 
power of, 67, 68 
root of, 67 

trigonometric form, 64 
1-, 62 

imaginary, 62 
irrational, 62 
J-, 64 

rational, 62 ' 

real, 64 

Odd function, 139 
Operator, 170 
complex number as, 66 
i, 63 

Order, 202 
of a determinant, 14 
of an equation, 158 
Order zero, function of, 207 
Ordinar}’- differential equation, 239 
Origin, 215 
Orthogonal form, 64 
Oscillograph, 143 

Parabola, 151, 156 
Parameters, variation of, 182 
Partial derivative, 236 
Partial differential equation, 239 
Partial fractions, 182 
Particular integral, 182 
Particular solution, 155, 158, 182 
Pendulum, 58, 197, 219 
Period, 138, 140 
Periodic function, 132 
Periodicity, 73, 138 
Peripherj'-, 246 

Permeability, 44, 50, 51, 252, 258 
Permeance, 44 
Permitthdty, 44, 50 
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Permutations, 15 
inversions in, 16 
odd and even, 16 
Petals, 42 

Physical formulas, checking, 48 
derivation of, 50 
Plane angle, 43 
Plate, round, 236 
Point function, 225 
Point of inflection, 119 
Polar form, 64 
Pole, unit magnetic, 231 
Polynomial, 87, 106, 108, 109, 132 
continuity of, 90 
Positive integer, 62 
Power, 43 
Power factor, 44 

Powers of complex numbers, 67, 68 
Pressure, 43, 52 
Pressure gradient, 43 
Product, 14 
cross or vector, 219 
dot or scalar, 217 
quadruple, 14 
triple, 222 
Pump, 132 

Quadratic equation, 129 
Quadruple product, 14 

Rank, 35, 36 
of a determinant, 30 
of a matrix, 29 
procedure for finding, 31 
Rational number, 62 
Reactance, 44 
Real number, 64 
Receiver diaphragms, 236 
Reciprocating pump, 132 
Rectangular wave, 134 
Reduction of the order of a determi- 
nant, 26 

Relations between roots and coeffi- 
cients, 121 
Reluctance, 44 
Reluctivity, 44 
Remainder, 107 
Remainder theorem, 88 
Repeated integration, 182 
Repeated use of V, 233 


Resistance, 44, 53, 55, 252, 257, 262 
Resistance drop, 253, 259 
Resistivity, 44 

Results of approximate analysis, 145 
Resultant, 215 
Right-hand screw, 219 
Righl^hand system, 217 
Root, 87, 90, 91, 92, 97, 98, 99, 100, 
107, 108, 109, 110, 170, 249 
double, 115, 128 

Graeffe’s method of obtaining, 121 
Horner’s method of obtaining, 110 
multiple, 106, 108, 116, 128, 171 
negative, 116 

Newton’s method of obtaining, 116 
of characteristic equation, 170 
of complex numbers, 68 
of cubic equation, 101 
simple, 106, 108 
sjunmetric, 109, 110, 128 
Roots and coefficients, 121 
Rotation, 63, 64, 219, 232 
Round conductor, 258 
Round diaphragm, 197, 246 
Round plate, 236 
Round wire, 197 

Scalar, 214 
Scalar field, 225 
Scalar point function, 225 
Scalar product, 217 
Screw, 217, 219 
Second harmonic, 244, 249 
Self inductance, 44 
Sepals, 42 

Separable variables, 159 
Sequence, 143 
Series, 175 
cosine, 140 

Fourier, 133, 137, 250 
MacLaurin’s, 65, 75, 139, 175 
sine, 140 

of Bessel’s functions, 212, 250 
Series solution, Fourier, 244 
Seventh harmonic, 246 
Shafts, 197 
Simple root, 106, 108 
Simpson’s rule, 151 

Simultaneous algebraic equations, solu- 
tion of, 27, 28 
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Simultaneous differential equations, 
ISS, 194 
Sine series, 140 
Single valued functions, 132 
Skin effect, 252, 25S 
Slot, 252 

Solution, ISl, 250 
Fourier series, 244 
general, 155, 15S 
paiiicular, 155, 15S, 1S2 
for round diaphragm, 248 
of cubic equation, 101 
of simultaneous algebraic equations, 
27, 28 
Sound, 52 
Sour notos, 246 
Space factor, 252 
Special case of the quadratic, 129 
Speed, 53 
Stamens, 42 

Steady conditions, 252, 258 
Sth'ling's interpolation formula, 7 
for the derivative, 10 
Stokes’ theorem, 232 
Stream, 214 
String, stretched, 240 
Sum, 14, 215 

Superposition theorem, 185 
Surface integral, 231 
Susceptance, 44 
Symmetric root, 109, 110, 128 
Ssmmetrjq 139, 255 
Sjmthetic di^usion, 92 

Tail, 215 

Taylor’s theorem, 106 
use in interpolation, 11 
Telephone receiver diaphragms, 

236 

Temperature, 44, 225, 227 
Tension, 240, 246, 247 
Term of a determinant, 18 
Terminus, 215 
Test leads, 258 
Thickness, 42, 246 
Third harmonic, 244, 246 
Time, 43, 58, 214 
Torque, 43, 132, 219 
Total current, 253, 258 
Total differential. 238 


Transformation, of a matrix, 30 
of algebraic equations, 94, 95, 96 
Transmission line, 55 
Trapezoid, 143 
Trapezoidal rule, 151 
Trial divdsion. 111 
Trigonometric functions, 69 
Trigonometric form, 64 
Trigonometric solution of cubic equa- 
tions, 101 

Triple product, 14, 222 
Tunnel, wind, 55 
Turning moment, 219 
Tj’ro, 246 

Undetermined coefficients, 182, 183 
Unit, 42 

Unit magnetic pole, 231 
Unit vectors, 216, 218, 221 
Universal system, 45 
Upper bound, 97, 98, 100 

Variable, dependent, 165 
independent, 166 
separable, 159 

Variation of parameters, 182 
Vector, 214 
negative, 215 
unit, 216 

Vector addition, 215 
Vector area, 222 
Vector difference, 215 
Vector field, 225 
Vector multiplication, 216 
Vector point function, 225 
Vector product, 219 
Velocity, 43, 48, 52, 53, 214, 217, 225, 
229, 244, 250 
Ifibration, 236, 241 
Violin, 246 
lTscosit3>-, 43, 53 
Voltage, 44, 55, 132, 252, 260 
gradient, 44 
induced, 253, 259 
Volume, 42, 43, 214, 229, 246 
Volume integral, 231 

Water, 214 

Wave, rectangular, 134 
Weight, 58 
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■R'iiid, 225 
Wind tunnel, 55 
Wing, 53 
Wire, 197 
guj’, 236 


Work, 217, 231, 233 

Zero of Bessel’s function, 208 
Zero order function, 207 



